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Abstract

This doctoral dissertation is focused on the development of control algorithms
within the Vector Field Orientation (VFO) methodology for nonholonomic mobile
robots and distributed multi-vehicle systems composed of nonholonomic vehicles,
which simultaneously take into account task execution time constraints and control
input constraints.

This work uses the concept of fixed-time stability, which guarantees that the
system’s errors will converge to zero within a fixed time, which is upper-bounded by a
certain constant value. Furthermore, the value of this upper bound is independent of
a particular initial condition and holds for all initial conditions belonging to a certain
set of admissible initial conditions. In this dissertation, due to the simultaneous
consideration of time constraints and control input constraints, the use of a ‘local’
estimation of this upper bound is proposed.

The control algorithms developed are dedicated to unicycle-like mobile robots
and were designed based on a two-stage control design approach, which means that
a nominal control law is first designed, which does not guarantee satisfaction of the
imposed constraints on the control inputs, and then a scaling procedure is performed
to rescale the control signal values in order to satisfy the constraints.

This dissertation presents control laws for two control problems defined for a
nonholonomic mobile robot, namely the set-point stabilization problem and the
path-following problem with a nonparametrized reference path. Furthermore, two
control algorithms for a nonholonomic multi-vehicle system are proposed, which
address the problem of distributed formation control. The stability of the proposed
algorithms has been formally proven, and the performance was verified by numerical
simulations and experimental tests using physical mobile robots.



Kooperatywna rozproszona nawigacja
dla kołowych robotów mobilnych z wykorzystaniem

metodyki orientowania pól wektorowych (VFO)
w obecności ograniczeń czasowych

Rozprawa doktorska
Rafał Mateusz SOBAŃSKI

Streszczenie

Niniejsza rozprawa doktorska poświęcona jest opracowaniu algorytmów stero-
wania w ramach metodyki orientowania pól wektorowych (VFO, ang. Vector Field
Orientation) dla nieholonomicznych robotów mobilnych oraz rozproszonych syste-
mów wielopojazdowych złożonych z pojazdów nieholonomicznych, które jednocze-
śnie uwzględniają ograniczenia czasu wykonania zadania oraz ograniczenia wejść
sterujących.

W pracy wykorzystano koncept stabilności w czasie ustalonym (ang. fixed-time
stability), który zakłada, że zbieżność błędów systemu do zera nastąpi w skończo-
nym czasie, który jest odgórnie ograniczony przez pewną stałą wartość. Ponadto,
wartość tegoż górnego ograniczenia jest niezależna od poszczególnego warunku po-
czątkowego i jest słuszna dla wszystkich warunków początkowych należących do
pewnego zbioru dopuszczalnych warunków początkowych. W niniejszej rozprawie,
ze względu na jednoczesne rozważanie ograniczeń czasu i ograniczeń wejść sterują-
cych, zaproponowano wykorzystanie pewnego „lokalnego” szacowania tegoż górnego
ograniczenia.

Opracowane algorytmy sterowania są dedykowane dla robota mobilnego typu
monocykl i zostały zaprojektowane w oparciu o dwuetapową ideę projektowania
sterowań, to znaczy najpierw projektowane jest nominalne prawo sterowania, które
nie gwarantuje spełnienia nałożonych ograniczeń wejść sterujących, a następnie wy-
konywana jest procedura skalowania, która skaluje wartości sygnałów sterujących w
celu spełnienia nałożonych ograniczeń.

W niniejszej rozprawie przedstawiono prawa sterowania dla dwóch problemów
sterowania zdefiniowanych dla nieholonomicznego robota mobilnego, a mianowicie
problemu podążania wzdłuż nieparametryzowanej ścieżki referencyjnej oraz pro-
blemu sterowania do punktu. Ponadto zaproponowano dwa algorytmy sterowania dla
nieholonomicznego systemu wielopojazdowego, które rozwiązują problem rozproszo-
nego tworzenia formacji. Stabilność proponowanych algorytmów została formalnie
wykazana, a wydajność została zweryfikowana za pomocą symulacji numerycznych
oraz testów eksperymentalnych z wykorzystaniem fizycznych robotów mobilnych.
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Streszczenie rozszerzone
Niniejsza rozprawa doktorska poświęcona jest opracowaniu algorytmów stero-

wania w ramach metodyki orientowania pól wektorowych (VFO, ang. Vector Field
Orientation, zobacz [2]) dla nieholonomicznych robotów mobilnych oraz rozproszo-
nych systemów wielopojazdowych złożonych z pojazdów nieholonomicznych, które
jednocześnie uwzględniają ograniczenia czasu wykonania zadania oraz ograniczenia
wejść sterujących.

W pracy wykorzystano koncept stabilności w czasie ustalonym (ang. fixed-time
stability) zdefiniowany w [5]. Koncept ten zakłada, że zbieżność błędów systemu do
zera nastąpi w skończonym czasie ts, który jest odgórnie ograniczony przez pewną
stałą wartość Tc. Ponadto, wartość tegoż górnego ograniczenia Tc jest niezależna
od konkretnego warunku początkowego z0 i jest słuszna dla wszystkich warunków
początkowych należących do pewnego zbioru V ⊆ Rn dopuszczalnych warunków
początkowych. Zgodnie z [5], badanie stabilności w czasie ustalonym punktu rów-
nowagi danego systemu opiera się na wykorzystaniu metody Lapunowa, to znaczy
na znalezieniu takiej dodatnio określonej funkcji V (z) której pochodna czasowa jest
ograniczona następującym wyrażeniem:

V̇ (z) ≤ −β1V
P1(z) − β2V

P2(z), (1)

gdzie β1 > 0, β2 > 0, P1 ∈ (0, 1), oraz P2 > 1. Następnie, w oparciu o uzyskane
wartości β1, β2, P1, P2 oraz o odpowiedni lemmat sformułowany na przykład w [1,4]
można oszacować wartość górnego ograniczenia Tc czasu ustalania ts. W niniejszej
rozprawie, ze względu na jednoczesne rozważanie ograniczeń czasu i ograniczeń wejść
sterujących, zaproponowano wykorzystanie pewnego „lokalnego” szacowania, które
pozwala uzyskać wartość Tc słuszną dla konkretnego zbioru V ⊂ Rn warunków
początkowych i zależną od największej normy warunku początkowego z rozważanego
zbioru.

Opracowane algorytmy sterowania są dedykowane dla robota mobilnego typu
monocykl, którego model kinematyczny może być zapisany następująco:

q̇ ≜ G(q)u =



1 0
0 cos θ
0 sin θ




[
u1
u2

]
= g1u1 + g2(θ)u2, (2)

gdzie q =
[
θ x y

]⊤
jest wektorem konfiguracyjnym zawierającym pozycję (x, y)

punktu prowadzenia pojazdu umieszczonego pośrodku osi łączącej koło prawe i lewe
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robota, oraz kąt θ wyrażający orientację robota w układzie globalnym (por. Rys. 1).
Wejścia sterujące u =

[
u1 u2

]⊤
w przypadku robota typu monocykl są interpreto-

wane jako prędkość kątowa u1 oraz prędkość postępowa u2 punktu prowadzenia po-
jazdu. W pracy przyjęto, że wejścia sterujące są ograniczone, to znaczy u ∈ U ⊂ R2,
gdzie U ≜ {u : |u1| ≤ u1M , |u2| ≤ u2M} jest zbiorem dopuszczalnych wejść sterują-
cych, natomiast u1M i u2M są wybierane przez projektanta i oznaczają odpowiednio
największą dozwoloną wartość bezwzględną prędkości kątowej i postępowej (por.
Rys. 2).

x

y

yG

xG

yL

xL

h

θ
θa

Rysunek 1: Dwukołowy robot mobilny typu monocykl.

Rysunek 2: Zbiór U dopuszczalnych wejść sterujących.

W rozprawie wykorzystano dwuetapową ideę projektowania sterowań, to znaczy
najpierw projektowane jest nominalne prawo sterowania uN ∈ R2 które nie gwaran-
tuje spełnienia nałożonych ograniczeń wejść sterujących, a następnie wykonywana
jest procedura skalowania (zobacz, np. [3]), która wykorzystuje funkcję skalującą
s do przeskalowania nominalnych wartości sygnałów sterujących w celu uzyskania
prawa sterowania u = suN ∈ U spełniającego nałożone ograniczenia. Wykorzy-
stana procedura skalowania gwarantuje, że kierunek i zwrot nominalnego wektora
sygnałów sterujących zostanie zachowany.

Metodyka VFO została opublikowana w [2]. Opiera się ona na intuicyjnych geo-
metrycznych zależnościach, a jej kluczowym elementem jest tak zwane wektorowe
pole zbieżności definiowane następująco:

h =
[
hθ

h̄

]
=




hθ

hx

hy


 , (3)

S–2
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które dla każdego punktu przestrzeni konfiguracyjnej wskazuje pożądany kierunek
zbieżności gwarantujący realizację wybranego zadania ruchu. Sposób zdefiniowania
pola h determinuje zadanie, które będzie wykonywane. Innym charakterystycznym
elementem metodyki VFO jest tak zwana orientacja pomocnicza θa, która oznacza
orientację pozycyjnej części h̄ wektorowego pola zbieżności h w układzie globalnym
(por. Rys. 1). Ogólna postać prawa sterowania VFO może być zapisana następująco:

u1 ≜ hθ, (4)
u2 ≜ h⊤g2(θ), (5)

gdzie u1 nazywane jest sterowaniem orientującym, gdyż odpowiada za zmianę orien-
tacji robota na orientację zgodną z pozycyjną częścią h̄ wektorowego pola zbieżno-
ści, natomiast u2 nazywane jest sterowanie popychającym, ponieważ jego celem jest
pchnięcie robota wzdłuż wektorowego pola zbieżności.

Niniejsza rozprawa zawiera cztery algorytmy sterowania opracowane z wykorzy-
staniem metodyki VFO i konceptu stabilności w czasie ustalonym. Dwa z zapropo-
nowanych algorytmów dedykowane są dla pojedynczego nieholonomicznego robota
mobilnego i pozwalają rozwiązać następujące problemy sterowania:

• sterowanie do punktu (por. [9]) – zadanie polega na zagwarantowaniu, że ro-
bot osiągnie zadaną stałą konfigurację. W rozprawie przedstawiono syntezę
prawa sterowania wraz z formalnym dowodem stabilności w czasie ustalonym,
oraz metodą pozwalającą znaleźć a priori maksymalne możliwe wartości bez-
względne nominalnych sygnałów sterujących dla warunków początkowych na-
leżących do pewnego zbioru dopuszczalnych warunków początkowych. Dzia-
łanie zaproponowanego algorytmu zostało przetestowane poprzez symulacje
numeryczne i testy eksperymentalne z wykorzystaniem fizycznego robota mo-
bilnego.

• odtwarzanie ścieżki referencyjnej (por. [10]) – zadanie polega na zagwaranto-
waniu, że robot dojedzie do zadanej ścieżki referencyjnej w skończonym czasie
i następnie będzie się nią poruszał ze stałą prędkością postępową. W pracy
przedstawiono syntezę prawa sterowania wraz z formalną analizą stabilności,
oraz wyniki symulacji numerycznych i testów eksperymentalnych wykorzystu-
jących fizycznego robota mobilnego.

Algorytmy sterowania dedykowane dla rozproszonych systemów wielopojazdowych
(por. [6]) skupiały się na realizacji zadania tworzenia zadanej formacji. W rozprawie
przedstawiono dwie propozycje rozwiązania tego problemu:

• podejście wykorzystujące rozproszone obserwatory (por. [7, 8]) – zapropono-
wano wykorzystanie rozproszonych obserwatorów, których zadaniem jest obli-
czenie dla każdego z pojazdów zadanej konfiguracji pozwalającej na utworzenie
formacji o kształcie zdefiniowanym przez projektanta. Obserwatory wykorzy-
stują informację o konfiguracji początkowej danego pojazdu i o konfiguracjach
początkowych pojazdów, które mogą się z nim wymieniać informacjami. To
podejście wykorzystuje pewien dwuetapowy proces sterowania: najpierw roz-
proszone obserwatory estymują zadane konfiguracje, a następnie na każdym
z pojazdów zostaje uruchomione prawo sterowania pozwalające zrealizować
zadanie stabilizacji w punkcie. Stabilność w czasie ustalonym zaproponowa-
nych obserwatorów została formalnie wykazana, a działanie algorytmu zostało
zweryfikowane poprzez symulacje numeryczne.

S–3
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• podejście wykorzystujące mechanizm konsensusu – mechanizm konsensusu po-
lega na pewnego rodzaju negocjacjach w wyniku których pojazdy uzgadniają
wspólną wartość pewnej zmiennej. W przypadku zadania tworzenia formacji
zmienna ta związana jest z pozycją punktu wokół którego pojazdy utworzą for-
mację o kształcie zadanym przez projektanta. W zaproponowanym algorytmie
sterowania pojazdy wykonują ruch w celu utworzenia zadanej formacji mimo,
że aż do zakończenia ruchu nie jest wiadome gdzie ta formacja zostanie utwo-
rzona (zaletą tego podejścia jest jeden etap sterowania w porównaniu do dwóch
etapów w przypadku podejścia wykorzystującego obserwatory). W rozprawie
przedstawiono syntezę algorytmu sterowania wraz z formalnym dowodem sta-
bilności oraz metodą rozproszonego uzgadniania najmniejszej wartości funkcji
skalującej s generowanej przez pojazdy wchodzące w skład systemu, która po-
trzebna jest do poprawy jakości działania algorytmu sterowania i formalnego
wykazania stabilności. Działanie algorytmu zostało przetestowane poprzez sy-
mulacje numeryczne oraz testy eksperymentalne.

W rozprawie został także zawarty przegląd literatury wskazujący na nowość i
wkład zaproponowanych rozwiązań, oraz dyskusja dotycząca dalszych możliwości
rozwoju.
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Navigation distribuée coopérative pour robots mobiles
en utilisant une approche d’orientation de champ

vectoriel (VFO) sous contraintes de temps

Thèse de doctorat
Rafał Mateusz SOBAŃSKI

Résumé

La présente thèse de doctorat est consacrée à l’élaboration d’algorithmes de
commande dans le cadre de la méthodologie d’orientation des champs vectoriels
(VFO, en anglais Vector Field Orientation) pour les robots mobiles non holonomes
et les systèmes multi-véhicules distribués composés de véhicules non holonomes, qui
tiennent compte à la fois des contraintes sur le temps d’exécution de la tâche et des
contraintes sur les entrées de commande.

Ce travail s’appuie sur le concept de stabilité en temps fixe (en anglais fixed-
time stability), qui suppose que la convergence des erreurs du système vers zéro
se produira en un temps fini, limité a priori par une certaine valeur constante. De
plus, la valeur de cette limite supérieure est indépendante de la condition initiale
particulière et vaut pour toutes les conditions initiales appartenant à un certain
ensemble de conditions initiales admissibles. Dans la présente thèse, compte tenu
de la prise en compte simultanée des contraintes de temps et des contraintes sur
les entrées de commande, il est proposé d’utiliser une estimation « locale » de cette
limite supérieure.

Les algorithmes de commande développés sont destinés à un robot mobile de
type unicycle et ont été conçus selon une approche de conception en deux étapes :
on commence par concevoir une loi de commande nominale, qui ne garantit pas le
respect des contraintes imposées aux entrées de commande, puis une procédure de
mise à l’échelle est effectuée, qui redimensionne les valeurs des signaux de commande
afin de respecter les contraintes imposées.

Cette thèse présente des lois de commande pour deux problèmes de commande
définis pour un robot mobile non holonome, à savoir le problème du suivi d’une tra-
jectoire de référence non paramétrée et le problème de la stabilisation en un point
donné. De plus, deux algorithmes de commande pour un système multi-véhicules
non holonomes sont proposés, qui résolvent le problème de la formation de forma-
tion distribuée. La stabilité des algorithmes proposés a été formellement démontrée,
et leur performance a été vérifiée à l’aide de simulations numériques et de tests
expérimentaux utilisant des robots mobiles physiques.

9:5133030480
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vectoriel (VFO) sous contraintes de temps

Thèse de doctorat
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Résumé détaillé
La présente thèse de doctorat est consacrée à l’élaboration d’algorithmes de com-

mande dans le cadre de la méthodologie d’orientation des champs vectoriels (VFO,
en anglais Vector Field Orientation, voir [2]) pour les robots mobiles non holonomes
et les systèmes multi-véhicules distribués composés de véhicules non holonomes, qui
tiennent compte à la fois des contraintes sur le temps d’exécution de la tâche et des
contraintes sur les entrées de commande.

Ce travail utilise le concept de stabilité en temps fixe (en anglais fixed-time
stability) défini dans [5]. Ce concept suppose que la convergence des erreurs du
système vers zéro se produira en un temps fini ts, qui est limité par une certaine
valeur constante Tc. De plus, la valeur de cette borne supérieure Tc est indépendante
de la condition initiale particulière z0 et vaut pour toutes les conditions initiales
appartenant à un certain ensemble V ⊆ Rn de conditions initiales admissibles. Selon
[5], l’étude de la stabilité en régime permanent d’un point d’équilibre d’un système
donné peut reposer sur l’utilisation de la méthode de Lapunov, c’est-à-dire sur la
recherche d’une fonction définie positive, radialement bornée, V (z) dont la dérivée
temporelle est bornée par l’expression suivante :

V̇ (z) ≤ −β1V
P1(z) − β2V

P2(z), (1)

où β1 > 0, β2 > 0, P1 ∈ (0, 1), et P2 > 1. Ensuite, à partir des valeurs obtenues
β1, β2, P1, P2 et d’un lemme approprié formulé par exemple dans [1,4], on peut esti-
mer la valeur de la borne supérieure Tc du temps de stabilisation ts. Dans la présente
thèse, compte tenu de la prise en compte simultanée des contraintes de temps et des
contraintes sur les entrées de commande, nous proposons d’utiliser une estimation
dite « locale », qui permet d’obtenir une valeur de Tc valable pour un ensemble
concret V ⊂ Rn de conditions initiales et dépendant de la plus grande valeur de la
norme de la condition initiale parmi l’ensemble considéré.

Les algorithmes de commande développés sont destinés à un robot mobile de
type unicycle, dont le modèle cinématique peut s’écrire comme suit :

q̇ ≜ G(q)u =



1 0
0 cos θ
0 sin θ




[
u1
u2

]
= g1u1 + g2(θ)u2, (2)

où q =
[
θ x y

]⊤
est le vecteur de configuration contenant la position (x, y) du point

de guidage du véhicule situé au milieu de l’axe reliant les roues droite et gauche
du robot, ainsi que l’angle θ exprimant l’orientation du robot dans le repère global

R–1
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(voir Fig. 1). Les entrées de commande u =
[
u1 u2

]⊤
dans le cas d’un robot de

type unicycle sont interprétées comme la vitesse angulaire u1 et la vitesse linéaire
u2 du point de guidage du véhicule. Dans cette thèse, on suppose que les entrées
de commande sont limitées, c’est-à-dire que u ∈ U ⊂ R2, où U ≜ {u : |u1| ≤
u1M , |u2| ≤ u2M} est l’ensemble des entrées de commande admissibles, tandis que
u1M et u2M sont choisis par le concepteur et désignent respectivement la valeur
absolue maximale autorisée de la vitesse angulaire et de la vitesse linéaire (voir
Fig. 2).

x

y

yG

xG

yL

xL

h

θ
θa

Figure 1 – Robot mobile à deux roues de type unicycle.

Figure 2 – L’ensemble U des entrées de commande admissibles.

Cette thèse s’appuie sur une approche en deux étapes de la conception des lois
de commande : on commence par concevoir une loi de commande nominale uN ∈ R2

qui ne garantit pas le respect des contraintes imposées sur les entrées de commande,
puis on applique une procédure de mise à l’échelle (voir, par exemple, [3]), qui
utilise la fonction de mise à l’échelle s pour redimensionner les valeurs nominales
des signaux de commande afin d’obtenir une loi de commande u = suN ∈ U
respectant les contraintes imposées. La procédure de mise à l’échelle utilisée garantit
que la direction et l’orientation du vecteur nominal des signaux de commande sont
conservées.

La méthodologie VFO a été publiée pour la première fois dans [2]. Elle repose
sur des relations géométriques intuitives, et son élément clé est ce qu’on appelle le
champ vectoriel de convergence, défini comme suit :

h =
[
hθ

h̄

]
=




hθ

hx

hy


 , (3)
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qui, pour chaque point de l’espace, indique la direction de convergence souhaitée ga-
rantissant la réalisation de la tâche de mouvement choisie. La manière dont le champ
h est défini détermine la tâche qui sera exécutée. Un autre élément caractéristique
de la méthodologie VFO est ce qu’on appelle l’orientation auxiliaire θa, qui désigne
l’orientation de la partie relative à la position h̄ du champ de convergence vectoriel
h dans le repère global (voir Fig. 1). La forme générale de la loi de commande VFO
peut s’écrire comme suit :

u1 ≜ hθ, (4)
u2 ≜ h⊤g2(θ), (5)

où u1 est appelé commande d’orientation, car elle est chargée de faire pivoter le robot
selon une orientation conforme à la composante de position h̄ du champ vectoriel
de convergence, tandis que u2 est appelé commande de poussée, car son objectif est
de pousser le robot le long du champ vectoriel de convergence.

La présente thèse présente quatre algorithmes de commande élaborés à l’aide
de la méthodologie VFO et du concept de stabilité en temps fixe. Deux des algo-
rithmes proposés sont destinés à un robot mobile non holonome seul et permettent
de résoudre les problèmes de commande suivants :

• stabilisation en un point (voir [9]) – le problème consiste à garantir que le robot
atteigne une configuration fixe prédéfinie. Cette thèse présente une synthèse
de la loi de commande accompagnée d’une preuve formelle de stabilité en
temps fini, ainsi qu’une méthode permettant de déterminer a priori les valeurs
absolues maximales possibles des signaux de commande nominaux pour des
conditions initiales appartenant à un certain ensemble de conditions initiales
admissibles. Le fonctionnement de l’algorithme proposé a été testé par des
simulations numériques et des essais expérimentaux à l’aide d’un robot mobile
physique.

• suivi d’un chemin de référence (voir [10]) – la tâche consiste à garantir que le
robot atteigne un chemin de référence spécifié, en un temps fini, puis qu’il le
suive à une vitesse d’avancement constante. Cette thèse présente la synthèse de
la loi de commande ainsi qu’une analyse formelle de la stabilité, et les résultats
de simulations numériques et d’essais expérimentaux utilisant un robot mobile
physique.

Les algorithmes de commande dédiés aux systèmes multi-véhicules distribués ont été
développés afin d’assurer la réalisation de la tâche consistant à former une formation
prédéfinie (voir [6]). La thèse présente deux propositions pour résoudre ce problème :

• approche utilisant des observatoires distribués (voir [7, 8]) – il a été proposé
d’utiliser des observateurs distribués dont la tâche consiste à calculer, pour
chaque véhicule, une configuration prédéfinie assurant la réalisation d’une for-
mation dont la forme est définie par le concepteur. Les observateurs utilisent
les informations relatives à la configuration initiale d’un véhicule donné et aux
configurations initiales des véhicules avec lesquels il peut échanger des infor-
mations. Cette approche utilise un processus de contrôle en deux étapes : tout
d’abord, les observateurs distribués estiment les configurations données, puis
une loi de contrôle est appliquée sur chaque véhicule afin de réaliser la tâche
de stabilisation en un point donné. La stabilité en temps fixe des observateurs

R–3
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proposés a été formellement démontrée, et le fonctionnement de l’algorithme
a été vérifié par des simulations numériques.

• approche utilisant un mécanisme de consensus – le mécanisme de consensus re-
pose sur une forme de négociation à l’issue de laquelle les véhicules s’accordent
sur une valeur commune pour une variable donnée. Dans le cas d’une tâche de
génération de formation, cette variable est liée à la position du point autour
duquel les véhicules réaliseront une formation dont la forme est définie par
le concepteur. Dans l’algorithme de contrôle proposé, les véhicules effectuent
un mouvement afin de réaliser la formation spécifiée, bien que l’emplacement
de cette formation ne soit pas connu avant la fin du mouvement (l’avantage
de cette approche réside dans le fait qu’elle ne comporte qu’une seule étape
de contrôle, contre deux dans le cas de l’approche utilisant des observateurs).
La thèse présente une synthèse de l’algorithme de commande, accompagnée
d’une preuve formelle de stabilité, ainsi qu’une méthode de recherche distri-
buée de la valeur minimale de la fonction d’échelle s générée par les véhicules
composant le système, nécessaire pour garantir le respect des contraintes sur
l’algorithme de commande et démontrer formellement sa stabilité. Le fonc-
tionnement de l’algorithme a été testé par des simulations numériques et des
essais expérimentaux.

La thèse comprend également une revue de la littérature mettant en évidence
la nouveauté et l’apport des solutions proposées, ainsi qu’une discussion sur les
perspectives de développement futures.
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List of symbols

General notation

z a symbol used in definitions, lemmas, etc.
z (bold lowercase letter) a vector
Z (bold uppercase letter) a matrix
|z| absolute value of z
∥z∥ Euclidean norm of the vector z
∠(z1, z2) angle between vector z1 and vector z2
ż time derivative of z
zN (subscript N) a value computed based on nominal control inputs

(without considering input constraints)
zi (subscript i) value of z for the i-th vehicle
z0 an initial value z(0) of variable z(t)
ẑ a value estimated, computed by an observer, or calculated based

on a value estimated by an observer

Other notation

0 vector of zeros
1 vector of ones
Atan2 (·, ·) four-quadrant inverse tangent function: R × R → (−π, π]
Atan2c (·, ·) continuous version of the four-quadrant inverse tangent function:

R × R → R
aij an element of adjacency matrix A
A adjacency matrix associated with the communication topology
dG(z1, z2) graph distance, that is, the number of edges between node z1 and

node z2
dx displacement in the x-coordinate
dy displacement in the y-coordinate
d configuration displacement vector
d̄ positional displacement vector
D domain of acceptable positions in the path-following problem
De error space in path-following problem
eθ orientation error
ēθ difference between the auxiliary orientation θa and the desired ori-

entation θd

ea auxiliary orientation error
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List of symbols

e∗
a value of the auxiliary orientation error ea at which u1N reaches the

maximum admissible value u1M

eF positional error in path-following problem
ex error in the x-coordinate
e∗

x analytically determined x-coordinate of the integral curve, ex-
pressed in error space

ey error in the y-coordinate
e∗

y analytically determined y-coordinate of the integral curve, ex-
pressed in error space

ĕy value of the y-coordinate at which the curvature of the motion along
a given integral curve reaches its maximum value

e error vector
ē positional subvector of the error vector e
ē∗ vector of the analytically determined positional coordinates of the

integral curve, expressed in error space
E set of edges
E set of admissible initial configuration errors
Ē set of admissible initial positional errors
f(·) a function
fθ(·) function such that R → (−π, π]
fp base function defining the reference path
fo function that switches between the observation phase and the con-

trol phase
fs function that switches between the orientation phase and the push-

ing phase
F function defining the reference path
Fx partial derivative of the function F with respect to x
Fy partial derivative of the function F with respect to y
∇F gradient of the function F defined as a column vector
g1 first column of matrix G
g2(θ) second column of matrix G
ḡ2(θ) vector containing the second and third elements of the vector g2(θ)
ḡ2d vector ḡ2(θ) computed for the desired orientation θd, that is, ḡ2(θd)
G matrix of vehicle kinematics
G graph of communication topology
hθ element of the convergence vector field associated with the orienta-

tion θ
hx element of the convergence vector field associated with the x coor-

dinate
hy element of the convergence vector field associated with the y coor-

dinate
h convergence vector field
h̄ positional subvector of the convergence vector field
I identity matrix
j a neighbor of vehicle i in a multi-vehicle system
Ka positive gain of the orientation process
Ko positive gain of the observer
Kp positive gain of the pushing process
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21:5616914750



List of symbols

ℓij an element of matrix L
L Laplacian matrix (or nonsymmetric Laplacian matrix) associated

with the communication topology
Lp symmetric positive semi-definite matrix obtained from a nonsym-

metric Laplacian matrix
Lq block matrix formed from two Laplacian matrices
mG lower bound of the gradient of the function F
MF maximum admissible absolute value of the function F
MG upper bound of the gradient of function F
n number of dimensions, for example, an n-dimensional space Rn

nv number of vehicles in a multi-vehicle system
Ni set of neighbors of vehicle i
p∗ function related to the analytical derivation of the integral curve
P1, P2 powers used in definitions, lemmas, etc., such that P1 ∈ (0, 1) and

P2 > 1
q vector of vehicle configuration
q̄ positional subvector of the vehicle’s configuration vector
qc vector of consensus equilibrium states
q̄c positional subvector of the consensus equilibrium states vector
qd vector of vehicle desired configuration
q̄d positional subvector of the vehicle’s desired configuration vector
Qe configuration space in the set-point stabilization problem
rE the smallest admissible norm of positional error belonging to the

set Ē
RE the largest admissible norm of positional error belonging to the set

Ē
R rotation matrix by the angle −π/2
R set of real numbers
R+ set of positive real numbers
s scaling function
s the smallest value of the scaling function for a particular initial

condition
s the smallest value of the scaling function for all possible initial

conditions belonging to the set E
ŝ (conservatively) estimated smallest value of the scaling function for

all possible initial conditions belonging to the set E
s̄D the smallest possible value of the scaling function for an initial

condition belonging to the domain D
sD the smallest possible value of the scaling function in the domain D
s̄ the smallest value of the scaling function among the values gener-

ated by a vehicle in a multi-vehicle system at a given moment in
time

s̄ the smallest value of the scaling function among the values gener-
ated by a vehicle in a multi-vehicle system

s̄iFk
input of the k-th filter on the i-th vehicle in the filter-based ap-
proach

s̃iFk
output of the k-th filter on the i-th vehicle in the filter-based ap-
proach
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List of symbols

Sd set of points that define a reference path
S a dynamical system
t time
ts a settling time
tsa settling time of the auxiliary orientation error
t∗sa time of movement with the maximum possible angular velocity
tsf settling time of the filter error
tsF settling time of the positional error eF

tso settling time of the observation error
tsp settling time of the positional error
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û1E (conservatively) estimated maximum possible value of the orienting

control for initial conditions from the set E
u1M maximum admissible absolute angular velocity
u1N nominal orienting control
u2 longitudinal velocity (and pushing control)
u2E maximum possible value of the pushing control for initial conditions

from the set E
u2d desired longitudinal velocity
u2M maximum permitted absolute longitudinal velocity
u2N nominal pushing control
u vector of control inputs
uN vector of nominal control inputs
U set of admissible control inputs
v1,v2 auxiliary terms used in stability proofs
vλi eigenvector associated with the i-th eigenvalue of matrix L
vd absolute value of the desired longitudinal velocity
V a Lyapunov function
V a set of admissible initial conditions used in definitions, lemmas,

etc.
V set of nodes associated with the communication topology
w auxiliary scalar term used in definitions, lemmas, etc.
w1, . . . , wnv left-hand eigenvalues
w0 left zero unit eigenvector
w̄ the largest left-hand eigenvalue
W diagonal matrix containing the left-hand eigenvalues

iv
23:6038416266



List of symbols

x x-coordinate of the vehicle’s guidance point
xc x-coordinate of the consensus equilibrium state
x̂ci x-coordinate of the consensus equilibrium state estimated by the

observer on the i-th vehicle
xd desired x-coordinate
y y-coordinate of the vehicle’s guidance point
yc y-coordinate of the consensus equilibrium state
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Introduction

Preface and motivation
This doctoral dissertation is an outcome of nearly four years of research conducted
in collaboration between the Institute of Automatic Control and Robotics (IAR) at
Poznan University of Technology (PUT) and Laboratory of Industrial and Human
Automation Control, Mechanical Engineering and Computer Science (LAMIH) at
Université Polytechnique Hauts-de-France (UPHF). The topics covered in this dis-
sertation and the research objectives defined therein are closely related to the latest
trends in the modern world, which are also reflected in the topics addressed by re-
searchers in the field of robotics. The main areas covered in this dissertation can be
characterized as follows:

• Mobile robotics – a field that has consistently captured the attention of re-
searchers for many decades. It is a well-established area that still holds great
potential for further development.

• Multi-vehicle systems – a well-known area, significant due to the fact that
a fleet of coordinated vehicles can perform tasks that would be difficult or
impossible for a single vehicle. As the popularity of robotization grows, the
popularity of multi-vehicle systems is also on the rise.

• Control input constraints – one of the fundamental constraints faced by re-
searchers in the field of mobile robotics, as in practice it stems directly from
the robot’s design and the physical limitations of the actuators used.

• Time constraints – an issue that has gained increasing attention in recent
decades. Today, simply knowing that a task can be completed is often no
longer sufficient, so researchers are increasingly asking themselves how long it
will take to complete a given task.

Nowadays, time management has become particularly important. This fact has
also influenced the topics undertaken by researchers, including those working in the
field of robotics. In recent years, there has been a significant increase in the pop-
ularity of areas related to control systems under task execution time constraints.
There are many factors behind this trend, however the most important one seems
to be the fact that knowing the time required to complete a task can be useful
from a practical point of view. In times of increasing automation and robotiza-
tion, there is a need to synchronize many processes, and knowing the maximum
time required to complete a given process can definitely help with this. From the
perspective of mobile robotics and multi-vehicle systems, control algorithms that
take time constraints into account can find practical application in tasks such as the
spatiotemporal synchronization of a multi-vehicle system, tasks related to flexible
transportation/delivery, monitoring tasks, or tasks related to safety issues, such as
searching for a missing person.

1
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However, algorithms that take time constraints into account will be practically
useful if physical vehicle limitations, such as maximum velocities and related max-
imum control input values, are also considered during the design phase. Currently,
the literature includes studies that consider vehicle velocity constraints, as well as
studies that consider time constraints. However, there are still relatively small num-
ber of studies that address both of these constraints simultaneously, which served as
the motivation for conducting research in this direction, whose results are presented
in this doctoral dissertation.

Control problem, novelty, and contribution
The research objectives of this doctoral dissertation are formulated as follows:

1. Development of the Vector Field Orientation (VFO) control law for a non-
holonomic mobile robot that guarantees satisfaction of the imposed time con-
straints in the presence of the control inputs limitations.

2. Adaptation of the proposed control law to a decentralized multi-vehicle system.
3. Formal stability analysis and numerical and experimental control performance

verification for a single nonholonomic mobile robot and for a multi-vehicle
system.

The research will be conducted in accordance with a three-stage research paradigm
commonly used in robotics, which includes formal mathematical analysis, simula-
tional validation, and laboratory-scale experimental tests using physical robots.

Based on the objectives outlined above, the following research hypothesis has
been formulated:

Hypothesis
The Vector Field Orientation (VFO) methodology enables the development of
a control algorithm for a single nonholonomic mobile robot and its decentral-
ized extension for a multi-robot system, that guarantees satisfaction of time
constraints imposed on the execution of a selected motion task defined for non-
holonomic mobile robots in the presence of control input constraints.

The main novelty of this study lies in the development of control laws within
the VFO methodology for a single nonholonomic mobile robot that simultaneously
takes into account control input constraints and task execution time constraints,
as well as control algorithms for a distributed multi-vehicle system composed of
nonholonomic vehicles, which also takes into account both control input constraints
and task-execution time constraints. The contribution of this work also includes
the extension of the VFO methodology to a version that considers time constraints
in accordance with the fixed-time stability concept, as well as the application of
the method for estimating an upper bound of the settling time for a specific set of
admissible initial conditions. The dissertation explicitly addresses the limitations on
control inputs in the form of maximum admissible absolute values of vehicle velocities
and takes into account the presence of this constraint when estimating the upper
bound of the settling time according to the fixed-time stability concept. Two control
algorithms have been proposed for a single nonholonomic mobile robot to solve the

2
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set-point control problem and path-following problem, as well as two algorithms for
a distributed multi-vehicle system to solve the formation control problem.

Outline
The remainder of this dissertation consists of four chapters. Chapter 1 provides
an overview of the current state of the art and preliminaries. It consists of three
sections that discuss the concept of fixed-time stability (see Section 1.2), the control
of nonholonomic systems (see Section 1.3), and the control of multi-vehicle systems
(see Section 1.4).

Chapters 2 and 3 present the main results obtained during the PhD studies.
Chapter 2 deals with the design of VFO control laws for a single nonholonomic
mobile robot. It consists of four sections: the introduction (see Section 2.1), the
design of a set-point stabilizer (see Section 2.2), the design of a control law for path-
following problem (see Section 2.3), and a conclusion summarizing the presented
results (see Section 2.4). Each of Sections 2.2 and 2.3 includes a formulation of
the control problem (see Section 2.2.1 and 2.3.2), a synthesis of the VFO control
law along with a formal stability proof (see Section 2.2.2 and 2.3.3), the results
of numerical simulations (see Section 2.2.4 and 2.3.4) and experimental tests (see
Section 2.2.5 and 2.3.5). Furthermore, Section 2.2.3 presents an a priori estimation
method for an upper bound of the system error settling times for the set-point control
problem, while Section 2.3.1 provides a definition of a reference nonparametric path
for the path-following problem.

Chapter 3 addresses the VFO control algorithms for a distributed multi-vehicle
system composed of nonholonomic vehicles. It consists of five sections containing:
the introduction (see Section 3.1), the formulation of the control problem common
to both control algorithms discussed (see Section 3.2), an observer-based formation
algorithm (see Section 3.3), a consensus-based formation algorithm (see Section 3.4),
and a conclusion summarizing the presented results (see Section 3.5). Section 3.3
presents the synthesis of distributed observers along with a formal stability proof
(see Section 3.3.1), the synthesis of the VFO control algorithm (see Section 3.3.2),
the results of numerical simulations (see Section 3.3.3), and a discussion of collision
avoidance (see Section 3.3.4). Section 3.4, on the other hand, contains a synthesis of
the VFO control algorithm along with a formal stability proof (see Section 3.4.1), a
distributed estimation method for the smallest value of a scaling function required for
the presented stability proof (see Section 3.4.2), the results of numerical simulations
(see Section 3.4.3) and experimental tests (see Section 3.4.4).

Finally, Chapter 4 provides a summary of the results presented in this disserta-
tion and discusses potential directions for future research.

The results presented in this doctoral dissertation have also been included in the
following journal publications:

[J1] R. M. Sobański, M. M. Michałek, and M. Defoort,
“Fixed-time VFO control design for nonholonomic mobile robots with con-
strained control inputs,”
IEEE Transactions on Cybernetics, vol. 55, no. 7, pp. 3038-3050, 2025.

[J2] R. M. Sobański, M. M. Michałek, and M. Defoort,
“Predefined-time VFO control design for unicycle-like mobile robots,”
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Nonlinear Dynamics, vol. 112, pp. 3591-3603, 2024.

and in the following conference papers:

[C1] R. M. Sobański, M. M. Michałek, and M. Defoort,
“Fixed-time path-following VFO control design for a unicycle-like mobile robot
with constrained control inputs,”
in 23rd IFAC World Congress, 2026, (accepted).

[C2] R. M. Sobański, M. Defoort, and M. M. Michałek,
“Observer-based fixed-time VFO control algorithm for leaderless multi-vehicle
systems with directed communication topology,”
in 22nd Polish Control Conference, 2026, (accepted).

[C3] R. M. Sobański, M. Defoort, and M. M. Michałek,
“Decentralized predefined-time leaderless consensus-formation VFO control for
nonholonomic multi-agent systems,”
in 13th International Workshop on Robot Motion andControl (RoMoCo), 2024,
pp. 136-141.

[C4] R. M. Sobański, M. M. Michałek, and M. Defoort,
“VFO control design for a mobile robot in the presence of time and input
constraints,”
in 27th International Conference on Methods and Models in Automation and
Robotics (MMAR), 2023, pp. 356-361.

[C5] M. M. Michałek, R. M. Sobański, and M. Defoort,
“Fixed-time VFO control for a unicycle,”
in Prace Naukowe. Elektronika, Tom I,. Warszawa: Oficyna Wydawnicza
Politechniki Warszawskiej, 2022, vol. 197, pp. 191-200.
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Chapter 1

Preliminaries and state of the art

1.1 Introduction
This chapter will present preliminaries and the current state of knowledge regarding
the three main areas addressed in this dissertation, namely the concept of fixed-time
stability (see Section 1.2), the control of nonholonomic systems (see Section 1.3),
and the control of multi-vehicle systems (see Section 1.4). Finally, Section 1.5 will
summarize the current state of knowledge and discuss its relation to the topic of
this dissertation.

1.2 Fixed-time stability
This section will discuss the concept of fixed-time stability. First, formal definition of
this concept will be recalled from the literature, along with important lemmas useful
in the practical application, and then a review of the literature will be conducted to
provide an overview of the current state of knowledge and some historical context.

1.2.1 Formal definition
First, let us define a connected set V ⊆ Rn and a dynamical system:

S : ż(t, z0) = f
(
z(t, z0)

)
, z0 ∈ V , (1.1)

with a solution z(t, z0) and an initial condition z0, where f(·) : V → Rn is a
continuous function, such that f(0) = 0.

Then, let us recall the definition of the fixed-time stability concept:

Definition 1 (cf. [22]) The equilibrium point z = 0 of a dynamical system S,
defined in (1.1), is said to be:

1. Lyapunov stable: if for any ϕ1 > 0 there exists ϕ2 > 0 such that for any
∥z0∥ ≤ ϕ2 =⇒ ∀t ≥ 0 ∥z(t, z0)∥ ≤ ϕ1.

2. finite-time stable: if it is Lyapunov stable and there exists an upper bound
T (z0) ≥ 0 of the settling time ts(z0) ≥ 0 such that

∀t ≥ ts(z0) z(t, z0) = 0
and

ts(z0) ≤ T (z0) < ∞.
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1.2 Fixed-time stability

3. fixed-time stable: if it is finite-time stable and there exists an upper bound Tc

such that
sup
z0∈V

T (z0) ≤ Tc ≤ ∞.

4. nearly fixed-time stable: if it is Lyapunov stable and for any ψ > 0 there exists
an upper bound 0 ≤ Tc < ∞ such that

∀z0 ∈ V ∀t ≥ Tc ∥z(t, z0)∥ ≤ ψ.

Therefore, it can be observed that the fixed-time stability concept ensures con-
vergence in finite time, similar to the concept of finite-time stability, and ensures the
existence of an upper bound of the system errors settling time, which is independent
of a particular initial condition, unlike the upper bound whose existence is ensured
by the finite-time stability concept.

Let us now recall the lemma that allows one to verify whether the equilibrium
point of the system is fixed-time stable.

Lemma 1 (cf. [103]) The equilibrium point z = 0 of a dynamical system S, de-
fined in (1.1), is (nearly) fixed-time stable if there exists a continuous radially un-
bounded positive definite function V : Rn → R+ ∪{0} such that any solution z(t, z0)
of system S satisfies

V̇ (∥z∥) ≤ −β1V
P1(∥z∥) − β2V

P2(∥z∥), (1.2)

where β1 > 0, β2 > 0, P2 > 1, and 0 < P1 < 1.

It can be noted that Lemma 1 uses the well-known Lyapunov method (see [59]).
Next, let us look at the problem of estimating the value of the upper bound Tc of

the settling time. Several methods for such estimation are known in the literature
(see, for example, [103,143]), however, they usually lead to conservative results. To
the best of our knowledge, the least conservative estimates are obtained using the
method proposed in [101], which is formulated as follows.

Lemma 2 (cf. [101]) If the equilibrium point z = 0 of a dynamical system S,
defined in (1.1), is (nearly) fixed-time stable and there exists a function V satisfying
Lemma 1, with P1 = 1 − γ, P2 = 1 + γ, γ ∈ (0, 1), then the upper bound Tc can be
assessed as follows:

∀z0 ∈ Rn Tc = π

2γ
√
β1β2

. (1.3)

However, this result introduces an additional restriction on the selection of powers P1
and P2, hence in [3] a solution was presented that generalizes the solution from [101]
to the case of arbitrary selection of P1 and P2, consistent with the guidelines from
Lemma 1.

Lemma 3 (cf. [3]) If the equilibrium point z = 0 of a dynamical system S, de-
fined in (1.1), is (nearly) fixed-time stable and there exists a function V satisfying
Lemma 1, then the upper bound Tc can be assessed as follows:

∀z0 ∈ Rn Tc =
Γ
( 1 − P1

P2 − P1

)
Γ
(
P2 − 1
P2 − P1

)

β1 (P2 − P1)

(
β1

β2

) 1−P1
P2−P1

, (1.4)

where Γ(·) is the gamma function defined as Γ(w) ≜ ∫∞
0 e−ttw−1dt.
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It should be noted that the results presented in Lemma 2 and 3 apply to the global
case, that is, the considered set of admissible initial conditions V = Rn. This ap-
proach is not necessarily interesting when additional constraints are imposed on the
system, especially the constraints on the control inputs considered in this disserta-
tion. Therefore, inspired by the results presented in [23], it is proposed to adapt
the method proposed in [101] to a version that takes into account subsets of Rn for
admissible initial conditions rather than the whole Rn. Let us begin by recalling the
following definition

Definition 2 (see [38]) A continuous function f(·) : [0, z) → [0,∞) is said to
belong to class K if it is strictly increasing and f(0) = 0.

and then let us formulate the appropriate lemma.

Lemma 4 (see [119]) If the equilibrium point z = 0 of a dynamical system S,
defined in (1.1), is (nearly) fixed-time stable and there exist a K-class function V
satisfying Lemma 1, with P1 = 1 − γ, P2 = 1 + γ, γ ∈ (0, 1), then the upper bound
Tc can be assessed as follows:

∀z0 ∈ V Tc = 1
γ
√
β1β2

arctan

β2V

γ(z̄)√
β1β2


 , (1.5)

where β1 > 0, β2 > 0, and z̄ = supz0∈V ∥z0∥.

Proof. Based on Lemma 1, the equilibrium point z = 0 of the dynamical system S
is fixed-time stable, if there exists a continous radially unbounded positive definite
function V , such that any solution z(t, z0) of system S satisfies:

V̇ (∥z∥) ≤ −β1V (∥z∥)P1 − β2V (∥z∥)P2 .

Then, based on the above inequality, it can be observed that:

∀∥z∥ ̸= 0 1
−β1V

P1(∥z∥) − β2V
P2(∥z∥)

dV (∥z∥)
dt

≥ 1

=⇒
∫ ts

0

1
−β1V

P1(∥z∥) − β2V
P2(∥z∥)

dV (∥z∥)
dt

≥
∫ ts

0
dt

=⇒
∫ V (∥z(ts)∥)

V (∥z0∥)

dV (∥z∥)
−β1V

P1(∥z∥) − β2V
P2(∥z∥)

≥ ts

=⇒
∫ 0

V (∥z0∥)

dV (∥z∥)
−β1V

P1(∥z∥) − β2V
P2(∥z∥)

≥ ts

where Tc denotes the upper bound of the settling time ts. Let us select P1 = 1 − γ,
P2 = 1 + γ, γ ∈ (0, 1), and then, by substituting w ≜ V γ, dw

dV
= γV γ−1 =⇒ dw

w
=

γdV
V

, one gets
∫ 0

V (∥z0∥)

dV (∥z∥)
−β1V

P1(∥z∥) − β2V
P2(∥z∥)

=
∫ 0

V (∥z0∥)

dV (∥z∥)
−V (∥z∥)

(
β1V

−γ(∥z∥) + β2V
γ(∥z∥)

)
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1.2 Fixed-time stability

= − 1
γ

∫ 0

V γ(∥z0∥)

dw

w
(
β1w

−1 + β2w
)

= − 1
γ

∫ 0

V γ(∥z0∥)

dw

β1 + β2w
2

= 1
γ
√
β1β2

arctan

β2V

γ(∥z0∥)√
β1β2




where the last line is the solution of the integral according to mathematical tables
devoted to elementary integrals (see, for example, [32]). It should be noted that
since V is a K-class function, then ∀z0 ∈ V V (∥z0∥) ≤ V (z̄) holds, and thus one
can write

∀z0 ∈ V 1
γ
√
β1β2

arctan

β2V

γ(∥z0∥)√
β1β2


 ≤ 1

γ
√
β1β2

arctan

β2V

γ(z̄)√
β1β2


 ,

and consequently

∀z0 ∈ V Tc = 1
γ
√
β1β2

arctan

β2V

γ(z̄)√
β1β2


 .

That concludes the proof. ■

Remark 1 It should be noted that the result presented in Lemma 4 has previously
appeared in the literature (see, for example, [23, 101]), however it has usually been
used as an intermediate step toward developing a ‘global’ method, that is, the one
valid for initial conditions belonging to the set Rn, and to the best of our knowledge
it has not yet been used in a ‘local’ sense as proposed in this dissertation.

1.2.2 State of the art
The fixed-time stability concept postulates that the dynamical system’s errors will
converge to zero within a finite time, which is upper-bounded by a certain constant
value independent of the particular initial condition. It was originally defined in
2012 in [103], which also proposed the first method for (conservative) estimation of
the upper bound of the system’s error settling time. In the following years, new
propositions for estimating this upper bound were published (see, for example, [3,
101,143]), some of which imposed additional restrictions on the choice of the powers
P1 and P2 in (1.2). Ultimately, to the best of our knowledge, the least conservative
results were obtained in [101] (cf. Lemma 2), which imposes an additional restriction
on the choice of the powers, and in [3] (cf. Lemma 3), which can be regarded as
a generalization of the results from [101] that removes the additional restriction.
According to the original concept of fixed-time stability, a particular initial condition
cannot affect the upper bound of the settling time, hence the estimation results
commonly used in the literature apply to the global case, that is, they guarantee
that the settling time will not exceed the estimated upper bound regardless of the
value of the initial condition.

One can rightly point out the similarity between the fixed-time stability concept
and the older finite-time stability concept (see, for example, [6,90]). Basically, both
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concepts guarantee that the dynamical system’s errors will converge to zero in a finite
time and will be upper-bounded by a constant value. The fundamental difference
lies in the value of this upper bound, since in the case of the finite-time stability
concept it depends on an initial condition, whereas in the case of the fixed-time
stability it does not depend on a particular initial condition.

The literature also discusses the concept of predefined-time stability, which can
be treated as a special case of the fixed-time stability concept. For both of these
concepts, the upper bound of the settling time is independent of a particular initial
condition, however, in the case of the predefined-time stability, this upper bound is
taken as a parameter selected by a designer. Predefined-time stability was considered,
for example, in [40,41,123].

The fixed-time stability concept remains an active field of research, and to date,
apart from works in which the authors have explored new methods for estimating the
upper bound on the settling time (see, for example, [3,101,143]), there are also stud-
ies devoted to the development of control algorithms that guarantee the convergence
of system errors within a fixed time. Various control strategies have been developed,
including fixed-time sliding-mode controllers (see, for example, [15,51,89,142]), sta-
bilizers (see, for example, [5,34,105,140]), multi-agent system formation controllers
(see, for example, [2, 17, 18, 56, 136]), as well as adaptive controllers (see, for ex-
ample, [62]) and fuzzy controllers (see, for example, [122]), to name a few. This
dissertation focuses on the design of control laws for a single nonholonomic mobile
robots and for a multi-vehicle system composed of nonholonomic mobile vehicles.
The fundamental novelty and contribution of the achieved results will be compared
with existing works in the following sections of this chapter.

Remark 2 It is worth noting that the literature also presents an alternative ap-
proach of fixed-time stability, which is based on the homogeneity theory instead of
using the Lyapunov method (see, for example, [4, 104,124]).

1.3 Control of nonholonomic systems
This section will focus on the control of nonholonomic systems, which include the
vehicles considered in this dissertation. First, Section 1.3.1 will provide an overview
of the most important literature. Then, Section 1.3.2 will describe the kinematic
model of a unicycle-like mobile robot, and finally, Section 1.3.3 will introduce the
Vector Field Orientation (VFO) design methodology.

1.3.1 State of the art
A nonholonomic system is a system with nonintegrable constraints imposed on their
velocities (see [8, 35]), which means that the system cannot move freely in some
directions. One of the fundamental example of a nonholonomic system is a wheel
rolling without slipping on a flat surface. Movement in the direction of rolling is pos-
sible, however, instantaneous movement perpendicular to the direction of rolling is
impossible. Therefore, the significant number of wheeled vehicles belong to the class
of nonholonomic systems – including the unicycle-like vehicles that are considered
in this dissertation.

9
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The control of nonholonomic vehicles is widely discussed in the literature. The
three fundamental tasks defined for this type of vehicle are trajectory tracking, path-
following, and set-point stabilization, where the last of these is the most challenging.
The reason for this comes from the work [10] of Roger W. Brockett, who pointed
out that there is no continuously differentiable state-feedback stabilizer that would
guarantee asymptotic stabilization of the equilibrium point for these systems. This
issue was also addressed, for example, in [137]. Consequently, the literature dis-
tinguishes three classes of approaches that allow the stabilization of nonholonomic
vehicles at a desired configuration (see, for example, [43,87]):

• Discontinuous stabilizers – in which the control signals are discontinuous func-
tions of states (see, for example, [7]),

• Continuous time-dependent stabilizers – in which the feedback depends on
both the state and the time (see, for example, [106]),

• Hybrid stabilizers – which combine the properties of the two other classes (see,
for example, [121]).

The class of discontinuous stabilizers also includes control laws designed according
to the Vector Field Orientation (VFO) methodology (see [73]), which is used in this
dissertation and will be discussed in more details later.

Considering the issue of control of nonholonomic vehicles, one must also take
into account the practical limitations of vehicles. Physical vehicles cannot reach
arbitrary velocities, as they are restricted by the capabilities of their actuators,
among other factors. These velocity limitations should be taken into account in
the control design process, as they are related to the maximum admissible absolute
values of the control signals. The issue of designing control laws for nonholonomic
vehicles, taking into account control input constraints, is widely discussed in the
literature (see, for example, [16, 31, 37, 39, 49, 97]). Generally, two main approaches
to this problem can be distinguished: taking input constraints into account during
the controller design phase, or designing the nominal controller without considering
input constraints and then ensuring that they are met through a post-processing
phase. An example of the first approach is the use of the Model Predictive Control
(MPC) methodology, which is well-known in the literature (see, for example, [11]),
and treating the control input constraints as an additional constraint in the formu-
lation of the optimization problem. The second approach, in some sense, increases
the designer’s freedom, as it reduces the number of factors that must be taken into
account during the design of the control law. The aforementioned post-processing
can be performed, for example, by using a so-called scaling procedure, which rescales
the nominal control signals to ensure that the imposed constraints are satisfied,
while simultaneously preserving the direction and orientation of the nominal veloc-
ity vector (see, for example, [16,73,97]). The scaling procedure will be discussed in
more details hereinafter.

The literature also includes works in which control laws for nonholonomic vehicles
have been developed based on the concept of fixed-time stability (see, for example,
[46, 98, 99, 133]). However, due to the fact that fixed-time controllers are typically
characterized by relatively large amplitude of control signals for an initial condition,
the problem of satisfying the imposed control input constraints appears particularly
significant. Although there are some propositions in the literature for fixed-time
control laws that take into account input constraints (see, for example, [30, 130,
131, 138]), only a few of them can be applied to nonholonomic vehicles (see, for
example, [23]).
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Figure 1.1 – Two-wheeled mobile robot of unicycle kinematics.

Figure 1.2 – Set U of admissible control inputs.

1.3.2 Unicycle model and input constraints
This work considers a kinematic model of a unicycle-like wheeled differentially driven
mobile robot (see, for example, [12,43]), which can be written as follows:

q̇ ≜ G(q)u =



1 0
0 cos θ
0 sin θ



[
u1
u2

]
= g1u1 + g2(θ)u2 (1.6)

where q =
[
θ q̄⊤

]⊤
=
[
θ x y

]⊤ ∈ R3 denotes the configuration vector containing the
positional coordinates x and y of the vehicle’s guidance point and the orientation
angle θ expressed in the global frame. It should be noted that for the considered
model the vehicle’s guidance point is located in the center of the axis connecting
the right and left wheels (see Fig. 1.1). Vector u =

[
u1 u2

]⊤ ∈ U ⊂ R2 contains
control inputs which denote the angular velocity u1 and longitudinal velocity u2 of
the vehicle’s guidance point, respectively. This dissertation considers control in the
presence of control input constraints, that is, the values of the control inputs must
belong to a bounded set U = {u : |u1| ≤ u1M , |u2| ≤ u2M}, where u1M and u2M are
design parameters and denote the maximum admissible absolute values of angular
velocity and longitudinal velocity, respectively (see Fig. 1.2).

A scaling procedure (see, for example, [16, 73, 97]) will be used to ensure that
control inputs meet the imposed constraints. This method increases the designer’s
flexibility, as it allows to design a nominal control algorithm without paying at-
tention to the imposed control input limitations, and then perform post-processing
of the nominal (unconstrained) control inputs to obtain values that meet the im-
posed constraints. The key element of this procedure is a scaling function defined
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control
algorithm

scaling
procedure

Figure 1.3 – Block diagram showing an example of the scaling procedure application.

as follows:
s(t) ≜

(
max

{
1, |u1N(t)|

u1M

,
|u2N(t)|
u2M

})−1

∈ (0, 1), (1.7)

where
[
u1N(t) u2N(t)

]⊤
= uN(t) ∈ R2 denotes the vector of nominal control signals

(that is, those that do not take into account the imposed constraints). A post-
processing involves scaling the vector of the nominal control inputs by the scaling
function, that is: u(t) = uN(t)s(t) ∈ U (see Fig. 1.3).

1.3.3 Vector Field Orientation design methodology
The Vector Field Orientation (VFO) (see [73]) is a control design methodology for
a certain subclass of dynamical systems, which includes unicycle-like mobile robots
(1.6). The methodology is geometric in nature, and each of its components has a
simple and intuitive interpretation. The key component is the so-called convergence
vector field, which for system (1.6) is defined as follows:

h(e) ≜
[
hθ(e)
h̄(e)

]
=



hθ(e)
hx(e)
hy(e)


 ∈ R3, (1.8)

where e (q(t), qd(·), ·) denotes a vector of system errors that depends on the config-
uration vector q(t) and a desired configuration vector qd(·). The convergence vector
field for each point e ∈ R3 in the error space indicates the direction to the goal, that
is, to obtain e = 0. However, to ensure that the goal can be achieved, it is essential
to ensure that the configuration velocity q̇(t) (1.6)= G(q(t))u(t) converges to the field
h(e(t)), that is, [G(q(t))u(t) − h(e(t))] t→τ−−→ 0, where 0 < τ < ∞ is a convergence
horizon. By taking G(q(t))u(t) − h(e(t)) = 0, it is possible to directly determine
u(t) as follows:

G(q)u = h(e)
G⊤(q)G(q)u = G⊤(q)h(e),

where G⊤(q)G(q) = 1, which leads to the basic form of the VFO control law defined
as follows:

u =
[
u1
u2

]
= G⊤(q)h(e) =

[
hθ(e)

hx(e) cos θ + hy(e) sin θ

]
=
[

hθ(e)
h̄⊤(e)ḡ2(θ)

]
, (1.9)

with ḡ2(θ) ≜
[
cos θ sin θ

]⊤
. In geometric interpretation, u1 is called orienting

control, as it directly affects the change in the orientation of the field g2(θ), while
u2 is pushing control, as it is responsible for pushing the robot along the field h̄.
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Figure 1.4 – Two-wheeled unicycle-like mobile robot with the convergence vector
field and with the auxiliary orientation angle θa denoted.

Let us now introduce an another characteristic component of the VFO method-
ology, namely the so-called auxiliary orientation θa, which is the orientation of the
positional subvector h̄ of the convergence vector field h, expressed in the global
frame (see Fig. 1.4), and it is defined as follows:

θa ≜
{

Atan2c (σhy(e), σhx(e)) if
∥∥∥h̄
∥∥∥ ̸= 0

0 otherwise
. (1.10)

The operator Atan2c (·, ·) : R×R → R is a continuous version of the four-quadrant
inverse tangent function Atan2 (·, ·) : R×R → (−π, π], while σ ∈ {−1, 1} determines
the robot’s motion strategy, that is, forward motion if σ = 1 or backward motion if
σ = −1.

Until now, control laws formulated according to the VFO methodology have been
used to solve fundamental motion tasks, that is set-point control, trajectory tracking,
and path following, for the unicycle-like mobile robot (see, for example, [73,81]) and
for the car-like mobile robot (see, for example, [28, 70, 75]). Usually, the choice
of task determines the definition of the convergence vector field (1.8), while the
general structure of the control law (1.9) remains unchanged. The literature also
includes works that consider other tasks, such as moving through waypoints (see,
for example, [24, 72]), movement in the presence of skid-slip phenomena (see, for
example, [63,65,80]), obstacle avoidance (see, for example, [44,45]), and movement
with a bounded curvature of motion (see [25–27]), to name a few.

However, mobile robots with unicycle and car-like kinematics are not the only
dynamic systems for which control laws have been designed using the VFO method-
ology. The literature includes, for example, VFO control algorithms dedicated to
nonholonomic manipulators (see [68, 76]), for three-dimensional chained systems
(see [69]), for N-trailer vehicles (see, for example, [33,64,67,83]), for visual servoing
(see, for example, [79,86]), as well as for vehicles moving in 3D space (see, for exam-
ple, [47, 48, 84]). The VFO methodology has also been successfully used to develop
driver assistance systems (see, for example, [29,66,82]).

Most of the VFO control algorithms currently available in the literature focus on
the asymptotic convergence of control errors toward zero, with the exception of [71]
and [74], which consider convergence within a finite time, according to the concept
of finite-time stability. This doctoral dissertation, along with the related works
[85, 115–120], expands existing applications of VFO methodology by introducing
control algorithms developed in accordance with the concepts of fixed-time stability
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and predefined-time stability, dedicated to nonholonomic unicycle-type mobile robots
and multi-vehicle systems composed of nonholonomic mobile robots.

1.4 Control of multi-vehicle systems
This section will address the problem of control of multi-vehicle systems. First, in
Section 1.4.1, an overview of the most important literature will be provided. Next,
in Section 1.4.2 terms related to the communication topology will be introduced,
and finally, in Section 1.4.3, the consensus mechanism that can be used to perform
the formation task will be discussed.

1.4.1 State of the art
The term multi-agent system is broad and multidisciplinary, since depending on
the definition of agent, it can be applied to many different scientific disciplines,
covering fields such as robotics, computer science, artificial intelligence, and even
social sciences, economics, and many others. Although the agent can be defined
in many different ways, it will always have several characteristic features, such as
(see [13]):

• autonomy – an agent should have at least partial autonomy, that is, the ability
to make decisions,

• perception – an agent should be able to interact with its environment,
• communication – an agent should be able to communicate with other agents,
• computations – an agent must be capable of performing at least basic calcula-

tions or basic data processing.
This dissertation considers a system composed of agents that are nonholonomic
vehicles, hence it will be referred to as a (nonholonomic) multi-vehicle system. Fur-
thermore, the considered system is decentralized, which means that there is no single
unit that knows everything about the entire system and generates information for
all vehicles. It is also distributed, which means that each vehicle has access only to
a part of the information about the system and, based on this ‘local’ information,
works toward solving the ‘global’ problem facing the entire system.

The control of multi-vehicle systems is a well-established field in the literature
(see, for example, [13, 94, 96, 109]). The discussion should be started with the ob-
servation that such systems can successfully undertake tasks that would be very
difficult or even impossible for a single vehicle, such as: transporting large or heavy
objects that a single robot cannot safely lift or move, or simultaneously real-time
monitoring of a wide area, for example during a search-and-rescue operation, to
name a few. There are many factors that can characterize a multi-vehicle system,
the most important of which appear to be the ability of vehicles to communicate
with others. Without communication, there is no multi-vehicle system. The ability
to communicate is therefore the feature that distinguishes a group of vehicles oper-
ating independently from vehicles cooperating within a multi-vehicle system. The
primary task defined for a multi-vehicle system is a creation of formations, which
can serve as the initial stage of further actions undertaken by the system.

Similar to the case of single nonholonomic mobile robots (see Section 1.3.1),
the literature contains studies on the control of nonholonomic multi-vehicle systems
(see, for example, [14, 55, 102, 128, 132]), as well as studies in which the control
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Figure 1.5 – Four example graphs of communication network.

design takes into account certain constraints imposed on the control inputs (see,
for example, [93, 100, 113]). Naturally, the literature also includes propositions for
control algorithms developed based on the fixed-time stability concept (see, for exam-
ple, [2,17,18,56,136]). This dissertation proposes a fixed-time control algorithm for
a multi-vehicle system composed of nonholonomic vehicles that takes into account
imposed control input constraints. Although the literature contains approaches
proposing fixed-time control algorithms and algorithms that consider control input
limitations, the number of solutions that simultaneously: consider a nonholonomic
vehicle model, utilize the concept of fixed-time stability, and take into account con-
trol input constraints is still relatively limited. Further discussion on this issue will
be presented in the section devoted to the consensus mechanism, which will be used
in this dissertation to perform the formation task.

1.4.2 Communication topologies
The theoretical background in this section follows [109]. A communication net-
work in a multi-vehicle system is described by a graph G = {V ,E }, where V =
{1, 2, . . . , nv} is a set of nodes and E ⊆ V × V is a set of edges containing ordered
pairs of nodes. For a directed graph, the pair (i, j) ∈ E , where i ∈ V , j ∈ V , and
i ̸= j, means that vehicle j can receive information from vehicle i, but vehicle i is not
necessarily able to receive information from vehicle j. In the case of an undirected
graph, the existence of the pair (i, j) ∈ E guarantees that the pair (j, i) ∈ E also
exists. Moreover, if (i, j) ∈ E then vehicle j is called a neighbor of vehicle i. The
set of neighbors of vehicle i is denoted as Ni.

Let us introduce the adjacency matrix A = [aij] ∈ Rnv×nv , with aij > 0 if
(j, i) ∈ E and aij = 0 if (j, i) ̸∈ E , while aii = 0. The values of aij correspond to the
weights of the edges, however, if the weights are not usefull, it is usually assumed
that aij ∈ {0, 1}. It is worth noting that for an undirected graph, aij = aji, and
thus matrix A is symmetrical.

Let us define the matrix L = [ℓij] ∈ Rnv×nv such that ℓij = −aij for i ̸= j
and ℓii = ∑nv

j=1 aij. For an undirected graph, the matrix L is symmetrical and it
is called the Laplacian matrix, while for a directed graph, it is called the nonsym-
metrical Laplacian matrix or directed Laplacian matrix. Furthermore, matrix L is
characterized by a zero row sum.

Four examples of communication topology graphs are shown in Fig. 1.5, for which
the adjacency matrices A and Laplacian matrices L can be written as follows:
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• for the graph in Fig. 1.5a:

A =




0 1 0 0
1 0 1 0
0 1 0 1
0 0 1 0


 , L =




1 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 1


 (1.11)

• for the graph in Fig. 1.5b:

A =




0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0


 , L =




0 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1


 , (1.12)

• for the graph in Fig. 1.5c:

A =




0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0


 , L =




1 0 0 −1
−1 1 0 0
0 −1 1 0
0 0 −1 1


 , (1.13)

• for the graph in Fig. 1.5d:

A =




0 0 0 0
1 0 0 0
0 1 0 1
0 0 0 0


 , L =




0 0 0 0
−1 1 0 0
0 −1 2 −1
0 0 0 0


 . (1.14)

It should be noted that the graph in Fig. 1.5a describe an undirected communi-
cation topology, and therefore the matrices A and L in (1.11) are symmetrical.
On the other hand, the graphs in Figs. 1.5b-1.5d describe directed communication
topologies, and thus the associated matrices A and L in equations (1.12)-(1.14) are
nonsymmetrical.

1.4.3 Consensus problem
The theoretical framework in this section is based on [109], as the consensus problem
is well known in the literature (see, for example, [9, 19,52,60,91,95,126]). A multi-
vehicle system reaches consensus if there is a variable of interest to the system and
the vehicles agree on its common value. The shared variable of interest is called the
information state, while the algorithm for negotiating its common value is known
as the consensus algorithm. The agreed common value of the information state is
called the consensus equilibrium state.

To achieve consensus, it must be possible to exchange information between ve-
hicles in a multi-vehicle system, that is, the graph G describing the communication
topology must contain a directed spanning tree, which means that there must be a
vehicle that has a direct communication path to every other vehicle (see, for exam-
ple, the graphs shown in Figs. 1.5a-1.5c). It is also worth noting that the value of
the consensus equilibrium state is affected only by the information states of those
vehicles that have a direct communication path to every other vehicle. It can there-
fore be concluded that if the graph is strongly connected, that is, if each vehicle has
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a direct communication path to every other vehicle (see, for example, the graphs
shown in Figs. 1.5a and 1.5c), then the information state of each vehicle affects the
value of the consensus equilibrium state. It should also be noted that if the graph G
is undirected and has a directed spanning tree, then it is always strongly connected.

Various consensus algorithms can be found in the literature, among which the
most popular basic algorithm is defined as follows (see, for example, [95,109]):

żi(t) = −
∑

j∈Ni

aij (zi(t) − zj(t)) , i ∈ V , (1.15)

where zi denotes the information state of vehicle i, and z =
[
z1 z2 . . . zn

]⊤
, while aij

denotes the appropriate value from the adjacency matrix A. Consensus is achieved
when z(t) → zc1, where 1 is the nv × 1 column vector of ones, with nv denoting the
number of vehicles in a multi-vehicle system, and zc is the value of the consensus
equilibrium state. It can be easily seen that in the case of algorithm (1.15), consensus
is reached when the value of the information state of each vehicle is the same. Note
that (1.15) can be written in a matrix form as follows:

ż(t) =




−∑
j∈N1 a1j (z1(t) − zj(t))

−∑
j∈N2 a2j (z2(t) − zj(t))

...
−∑

j∈Nn
anj (zn(t) − zj(t))




=




−∑nv
j=1 ℓ1jzj(t)

−∑nv
j=1 ℓ2jzj(t)

...
−∑nv

j=1 ℓnjzj(t)




= −Lz(t). (1.16)

The literature on consensus algorithms typically considers relatively simple sys-
tem dynamics, modeling them as a single-integrator (see, for example, [53,110,127]),
that is,

ż1i(t) = ui(t), i ∈ V ,

or a double-integrator (see, for example, [21,61,129]), that is,

ż1i(t) = z2i(t), ż2i(t) = ui(t), i ∈ V ,

where z1i ∈ Rm is the information state, z2i ∈ Rm is the time derivative of the
information state, while ui ∈ Rm is the control input, associated with the i-th vehi-
cle. The popularity of such models may be related to their mathematical simplicity
and the simplicity of stability analysis for consensus algorithms. In the case of the
single-integrator model, the control input directly affects the change of the value of
the information state, whereas the double-integrator model additionally considers
a certain dynamics of the speed of changes in the value of the information state.
Despite the popularity of such models, many real-world multi-vehicle systems are
characterized by kinematic constraints that often cannot be properly described using
simple linear models. Hence, the literature includes studies that consider nonholo-
nomic vehicle models (see, for example, [36,88,139]) or model them in chained form
(see, for example, [20,92,108,112]). The literature also includes works that consider
the consensus problem for nonholonomic vehicles while taking into account control
input constraints (see, for example, [54]), as well as those presenting fixed-time con-
sensus algorithms for nonholonomic vehicles (see, for example, [42, 111, 112, 127]).
Currently there are only a few approaches that propose fixed-time consensus algo-
rithms for nonholonomic vehicles while simultaneously taking into account control
input constraints. However, these approaches typically do not directly consider the
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Figure 1.6 – Example of a desired formation for a multi-vehicle system consisting
of 4 vehicles, where d̄1, d̄2, d̄3, and d̄4 represent the displacement vectors of the
vehicles’ guidance points from the a priori unknown consensus equilibrium point
(xc, yc). The vehicles are denoted by dashed triangles.

model of a nonholonomic vehicle but simplify it, for example, to a single-integrator
model (see [53]).

This dissertation considers the problem of creating formations by a multi-vehicle
system, and the consensus mechanism can be successfully used to accomplish this
task. In such a case, certain displacements are usually defined such that, when
consensus is reached, the information states of individual vehicles remain in a certain
relation to the consensus equilibrium state and are not necessarily equal to it (cf.
[109]). To create a formation on the XY plane, it can be done as follows:

żi(t) = −
∑

j∈Ni

aij

(
zi(t) − d̄i − zj(t) + d̄j

)
, i ∈ V , (1.17)

where the information state zi ≜
[
xi yi

]⊤ ∈ R2 of the i-th vehicle can be interpreted
as the positional coordinates (xi, yi) of the vehicle’s guidance point, and d̄i ∈ R2

denotes the displacement vector of the vehicles’ guidance point from the consensus
equilibrium point. Thus, it can be noted that the vector d̄i defines the position of
the i-th robot in the formation (see Fig. 1.6).

1.5 Conclusions
This chapter provides preliminaries and literature review on the fixed-time stabil-
ity concept, the control of nonholonomic systems, and the control of multi-vehicle
systems. The objective of this dissertation is to develop control laws for a single
nonholonomic mobile robot and for a multi-vehicle system composed of nonholo-
nomic vehicles, based on the concept of fixed-time stability. Based on Sections 1.3
and 1.4, it can be concluded that fixed-time control algorithms for such systems
currently exist in the literature. However, unlike most approaches in the literature,
the purpose of this doctoral dissertation is to design fixed-time control laws while
simultaneously taking into account control input constraints. This is a gap in the
current state of knowledge that this doctoral dissertation will attempt to fill.

The following chapters will present the control design for a single unicycle-like
mobile robot and the control design for a distributed multi-vehicle system, both
based on the VFO methodology.
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Chapter 2

Control design for a single
unicycle-like mobile robot

2.1 Introduction
This chapter presents two control law designs for a single nonholonomic mobile robot,
whose kinematic model is discussed in Section 1.3.2. It is organized as follows:
Section 2.2 presents the set-point fixed-time VFO control law, then Section 2.3
discusses the path-following fixed-time VFO control law, and finally, Section 2.4
provides a summary including the discussion of the presented control methods.

2.2 Set-point control
First, let us take a look at the problem of set-point fixed-time control. The design
of a control law within the VFO methodology that solves this problem while taking
into account the control input constraints will be carried out in two stages: first, a
nominal control law will be defined that ensures a solution to this problem without
considering the control input constraints, and then, in a post-processing process that
uses the scaling procedure introduced in Section 1.3.2, a VFO control law will be
obtained that meets the imposed control input constraints. A method for a priori
estimation of the upper bound of the settling time in the presence of control input
constraints will also be presented, as well as the results of numerical simulations
from the Matlab-Simulink environment and experimental tests performed using a
physical robot. The results presented in this Sections were originally published
in [119].

2.2.1 Control problem formulation
Let us define the vector of configuration errors as follows:

e(t) =
[
eθ(t)
ē(t)

]
=



eθ(t)
ex(t)
ey(t)


 =



fθ

(
θd − θ(t)

)

xd − x(t)
yd − y(t)


 ∈ Qe, (2.1)

where Qe ∈ (−π, π] ×R2 denotes the configuration error space, while
[
θd xd yd

]⊤
≜

qd is the vector of the desired configuration which is constant. Note that the orien-
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Figure 2.1 – Set Ē of admissible values of the norm of positional error.

tation error is considered in the sense of modulo 2π, hence the function fθ : R →
(−π, π] is introduced.

Since this dissertation deals with the control in the presence of control input
constraints and task-execution time constraints, let us define a set E of admissible
initial conditions:

E ≜ (−π, π] × Ē , Ē ≜ {ē0 : 0 < rE ≤ ∥ē0∥ ≤ RE} , (2.2)

where ē0 ≜ ē(0) ∈ R2, while rE and RE denote the smallest and the largest admis-
sible values of the norm of the positional error, respectively (see Fig. 2.1). They are
determined by a designer, and their values influence the degree of conservatism in
the estimation of the upper bound of the settling time, which will be discussed in
more details later.

Finally, let us formulate the control problem as follows:

Problem 1 For system (1.6), find a feedback control law u(e) which, for any initial
configuration error e0 ∈ E, guarantees that the solution e(t, e0) of the closed-loop
system dynamics ė = −G(q)u(e) satisfies:

• ∀t ≥ 0 ∥e(t, e0)∥ < ∞,

• ∀t ≥ 0 u(e(t, e0)) ∈ U ,

• ∀t ≥ ts(e0) ∥ē(t, e0)∥ ≤ ϵ,

• ∀t ≥ ts(e0) eθ(t, e0) = θϵ,

• supe0∈E ts(e0) ≤ Tc < ∞,

where ϵ ∈ [0, rE) denotes a small (or zero) constant chosen by the designer, θϵ is
a constant whose value is related to ϵ, while the term Tc is the upper bound of the
settling time ts.

It should be noted that if ϵ > 0 is chosen, the above problem becomes a problem
of convergence to a vicinity of zero, and in that case one can consider nearly fixed-
time stability (cf. Definition 1). The choice of ϵ > 0 is mainly motivated by practical
implementation issues, since achieving an exact zero value may be difficult due to
numerical inaccuracies. However, if ϵ = 0 is chosen, one can consider the convergence
of the system errors to zero and the fixed-time stability of the equilibrium point
e = 0. The control law that solves Problem 1 will be developed according to the
conceptual scheme of the control system shown in Fig. 2.2.
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Scaling procedure

Scaling
blockNominal 

fixed-time VFO
control law

Kinematics of
vehicle

Figure 2.2 – Scheme of the control system for the set-point stabilization control
problem.

2.2.2 Set-point fixed-time VFO control law
According to the VFO methodology discussed in Section 1.3.3, let us begin by defin-
ing the convergence vector field:

h =
[
hθ

h̄

]
≜
[
Ka

(
|ea|δ1 + |ea|δ2

)
sign(ea) + θ̇aN

Kp (ē − η̄σ∥ē∥ḡ2d)

]
, (2.3)

where Ka > 0 and Kp > 0 are design coefficients, ḡ2d ≜ ḡ2(θd) =
[
cos θd sin θd

]⊤
,

while η̄ ∈ (0.5, 1) is related to the so-called directing effect, that is, the length of the
final stage consists of the nearly straight-line movement towards the desired point –
the higher the η̄ is, the longer the final stage is.

The decision variable σ ∈ {−1, 1}, introduced in Section 1.3.3, can be chosen
arbitrarily by the designer, or its value can be related to the initial error such that

σ ≜ sgn
(
ex(0) cos θd + ey(0) sin θd

)
. (2.4)

Please note that sign(·) and sgn(·) are functions defined as follows:

sign(z) ≜





1 if z > 0
0 if z = 0

−1 if z < 0
, sgn(z) ≜

{
1 if z ≥ 0

−1 if z < 0 , (2.5)

while the powers δ1 and δ2 are chosen such that

δ1 ≜ 1 − δ̄, δ2 ≜ 1 + δ̄, δ̄ ∈ (0, 1). (2.6)

Remark 3 It should be noted that the choice of powers proposed in (2.6) is primarily
motivated by the intention to use the ’local’ method for estimating the upper bound of
the settling time proposed in Lemma 4. If one is not interested in the ’local’ method
and prefers to consider the global case, one may choose the powers as proposed in
Lemma 1 and use Lemma 3 to estimate the upper bound of the settling time.

The term ea denotes the auxiliary orientation error and it is defined as follows:

ea(t) ≜ θa(t) − θ(t), (2.7)

where θa is the auxiliary orientation introduced in (1.10).
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2.2 Set-point control

Assumption 1 For the purpose of applying the ’local’ method for estimating the
upper bound of the settling time formulated in Lemma 4, let us assume that ea(0) ∈
(−π, π].

Taking into account considerations related to the practical implementation of the
proposed control law, let us modify the definition (1.10) as follows:

θa

(
h̄(ē)

)
≜
{

Atan2c (σhy(ē), σhx(ē)) if ∥ē(t)∥ > ϵ
θaϵ otherwise , (2.8)

where ϵ denotes the small neighbourhood of zero chosen by the designer, while
θaϵ = lim∥ē∥→ϵ θa

(
h̄(ē)

)
, and the term Atan2c (·, ·) : R × R → R is a continuous

version of the four-quadrant inverse tangent function Atan2 (·, ·) : R×R → (−π, π].
Based on (2.3), it can be observed that

∥∥∥h̄
∥∥∥ → 0 only if ∥ē∥ → 0.

Let us define the nominal time derivative θ̇aN of the auxiliary orientation θa used
in (2.3):

θ̇aN

(
h̄(ē)

)
≜




ḣyN hx−ḣxN hy

∥h̄∥2 if ∥ē(t)∥ > ϵ

0 otherwise
, (2.9)

where the nominal time derivative ˙̄hN of the positional subvector h̄ of the conver-
gence vector field h can be computed as

˙̄hN =
[
ḣxN

ḣyN

]
= Kp

(
˙̄eN − η̄σ

ē⊤ ˙̄eN

∥ē∥ ḡ2d

)
, (2.10)

where
˙̄eN = − ˙̄qN = −u2N ḡ2d (2.11)

is the time derivative of the positional error. Please note that the subscript N indi-
cates that the value has been computed based on nominal (unconstrained) control
law uN ∈ R2, which is defined as follows:

uN =
[
u1N

u2N

]
≜
[

hθ

fsρh̄
⊤ḡ2(θ)

]
=

Ka

(
|ea|δ1 + |ea|δ2

)
sign(ea) + θ̇aN

fsρ
∥∥∥h̄
∥∥∥ cosα


 , (2.12)

with hθ defined in (2.3), while α ≜ ∠
(
h̄, ḡ2(θ)

)
and

ρ ≜



ρ0 (∥ē∥µ1 + ∥ē∥µ2)

∥∥∥h̄
∥∥∥

−1
if ∥ē(t)∥ > ϵ

0 otherwise
, (2.13)

where ρ0 is a positive design coefficient, and the powers µ1, µ2 are defined as follows:

µ1 ≜ 1 − µ̄, µ2 ≜ 1 + µ̄, µ̄ ∈ (0, 1). (2.14)

Remark 4 (cf. Remark 3) It should be noted that the choice of powers proposed
in (2.14) is primarily motivated by the intention to use the ’local’ method for es-
timating the upper bound of the settling time proposed in Lemma 4. If one is not
interested in the ’local’ method and prefers to consider the global case, one may
choose the powers as proposed in Lemma 1 and use Lemma 3 to estimate the upper
bound of the settling time.
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2.2 Set-point control

Comparing (2.12) with (1.9), it can be seen that the function ρ does not appear in
the general definition (1.9), however, it was introduced in (2.12) to ensure fixed-time
stability of the closed-loop dynamics, as will be shown later. Please also see [71],
where the function ρ was used in a way that ensures finite-time stability.

The function
fs(t) ≜

{
0 if t < tsa

1 if t ≥ tsa
(2.15)

is introduced to enable scheduling of the pre-orientation process and the motion
process and thus enables an a priori estimation of the upper bound of the settling
time tsa of the auxiliary orientation error ea, which will be discussed in more details
later. If one is not interested in a priori estimation, one can simply choose ∀t ≥
0 fs(t) = 1.

Finally, let us formulate the following theorem:

Theorem 1 For system (1.6), the application of the nominal fixed-time VFO control
law uN(t) defined in (2.12) with scaling function s(t) introduced in (1.7) leads to the
control law

u =
[
u1
u2

]
≜ suN =


sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) + sθ̇aN

sfsρ
∥∥∥h̄
∥∥∥ cosα


 ∈ U , (2.16)

which solves Problem 1 and ensures fixed-time stability of the equilibrium point e = 0
of the closed-loop dynamics.

Proof. Stability proof will be shown separately for the equilibrium point of the
auxiliary orientation error dynamics and for the equilibrium point of the positional
error dynamics. Then, the convergence of the orientation error will be shown. For
a notational convenience, the proof will be carried out for ϵ = 0, however, this does
not affect the generality of the results.

Auxiliary orientation error: First, let us analyze the stability of the equilib-
rium point of the auxiliary orientation error dynamics. The time derivative of the
auxiliary orientation error ea defined in (2.7) can be derived as follows:

ėa
(2.7)= θ̇a − θ̇

(1.6)= θ̇a − u1
(2.16)= θ̇a − sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) − sθ̇aN . (2.17)

One can observe that

s ˙̄eN
(2.11)= −s ˙̄qN

(1.6)= −su2N ḡ2(θ)
(2.16)= −u2ḡ2(θ) ≜ ˙̄e (2.18)

and

s ˙̄hN =
[
sḣxN

sḣyN

]
(2.19)= sKp

(
˙̄eN − η̄σ

ē⊤ ˙̄eN

∥ē∥ ḡ2d

)

(2.18)= Kp

(
˙̄e − η̄σ

ē⊤ ˙̄e
∥ē∥ ḡ2d

)
≜
[
ḣx

ḣy

]
= ˙̄h, (2.19)

which leads to

∀ ∥ē(t)∥ > ϵ sθ̇aN
(2.9)= sḣyNhx(ē) − sḣxNhy(ē)

∥∥∥h̄(ē)
∥∥∥

2
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(2.19)= ḣyhx(ē) − ḣxhy(ē)
∥∥∥h̄(ē)

∥∥∥
2 ≜ θ̇a. (2.20)

Furthermore, for ∥ē(t)∥ ≤ ϵ, one obtains sθ̇aN = θ̇a = 0. Then, substituting (2.20)
into (2.17), one gets:

ėa
(2.20)= θ̇a − sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) − θ̇a

= − sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea), (2.21)

and one can conclude that the ea = 0 is the equilibrium point of the auxiliary
orientation error dynamics (2.21).

Let us now use the Lyapunov’s method and choose a positive definite function
Va ≜ 1

2e
2
a, whose time derivative can be determined as follows:

V̇a = eaėa
(2.21)= −easKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) = −sKa

(
|ea|δ1+1 + |ea|δ2+1

)

= −sKa

√
2δ1+1

V (δ1+1)/2
a − sKa

√
2δ2+1

V (δ2+1)/2
a . (2.22)

Next, by comparing the obtained result with (1.2) from Lemma 1, it can be con-
cluded that the equilibrium point ea = 0 is fixed-time stable. However, it should be
noted that s(e(t)) ∈ (0, 1] in (2.22), hence it is bounded but not constant. Then,
using Lemma 4 to compute the upper bound of the settling time would not lead to a
time-independent upper bound. Note that considerations regarding the stability of
the equilibrium point of the auxiliary orientation error dynamics occur for ∀t < tsa,
which means that fs(t)

(2.15)= 0 and thus u2N(t) (2.12)= 0 =⇒ ˙̄eN
(2.11)= 0 =⇒ ˙̄hN

(2.10)=
0 =⇒ θ̇aN

(2.9)= 0. Therefore, one can write

∀t < tsa s(t) (1.7)=
(

max
{

1, |u1N(t)|
u1M

})−1

∈ (0, 1), (2.23)

and thus one can observe that for ∀t < tsa the scaling function acts as a classical
saturation function, that is:

∀t < tsa s(t) (1.7)=
{

1 if |u1N(t)| < u1M
u1M

|u1N (t)| otherwise , (2.24)

which leads to

∀t < tsa u1(t)
(2.16)=

{
Ka

(
|ea|δ1 + |ea|δ2

)
sign(ea) if |u1N(t)| < u1M

u1Msign(ea) otherwise
. (2.25)

Let us now introduce the term

e∗
a ≜ ea : u1N(ea) = u1M , (2.26)

which denotes the non-negative value of the auxiliary orientation error for which
u1N reaches its maximum admissible value u1M . The value e∗

a can be obtained as
the solution of

Ka

(
(e∗

a)δ1 + (e∗
a)δ2

)
= u1M . (2.27)

24
49:7730366884



2.2 Set-point control

Then, the dynamics of the auxiliary orientation error, defined in (2.17), can be
rewritten as follows:

∀t < tsa ėa(t) =
{

−Ka

(
|ea(t)|δ1 + |ea(t)|δ2

)
sign(ea(t)) if ea(t) < e∗

a

−u1Msign(ea(t)) otherwise
. (2.28)

One concludes that the time interval [0, tsa] can be divided into two ranges depending
on the value of ea(t). Based on the above considerations and the stability analysis,
it can be shown that there exists a time instant t∗sa such that ∀t ∈ (0, t∗sa) |ea(t)| > e∗

a

and ∀t ≥ t∗sa |ea(t)| ≤ e∗
a. The value t∗sa can be determined as follows:

t∗sa ≜



π − e∗

a
u1M

if e∗
a < π

0 otherwise
. (2.29)

Thus, t∗sa can be interpreted as the time instant for which |u1N | is equal to the
maximum permissible value and also as the time needed to change the value of
the auxiliary orientation error ea from π (which, according to Assumption 1, is the
largest admissible initial value of ea) to e∗

a. Moreover e∗
a > π means that for the

given design coefficients, the control input will not be saturated at any time instant
(assuming no disturbance).

Let us now consider convergence from e∗
a to 0. Comparing Lemma 4 and (2.22)

with s = 1, one can define the upper bound of this settling time as

T ∗
ca = 1

Kaδ̄
arctan

(√
2δ̄
V δ̄/2

a (e∗
a)
)
, (2.30)

while the total upper bound of the settling time tsa of the auxiliary orientation error
ea can be expressed as:

Tca = t∗sa + T ∗
ca. (2.31)

In this way, the upper bound Tca is determined without using the value of s
(
e(t)

)

that occurs in (2.22). It should be noted that this result can be obtained thanks
to the appropriate scheduling of the pre-orientation process and the motion process
achieved by using the function fs defined in (2.15).

Positional error: Let us now consider the stability of the equilibrium point of
positional error dynamics defined as follows:

˙̄e (2.18)= −u2ḡ2(θ)
(2.16)= −sfsρ

∥∥∥h̄
∥∥∥ cosα ḡ2(θ)

(2.13)= −sfsρ0 (∥ē∥µ1 + ∥ē∥µ2) cosα ḡ2(θ). (2.32)

A convergence of the positional error occurs during the motion process, that is, for
t ≥ tsa, which means that fs(t)

(2.15)= 1. Therefore, (2.32) can be rewritten as follows:

∀t ≥ tsa
˙̄e = −sρ0 (∥ē∥µ1 + ∥ē∥µ2) cosα ḡ2(θ). (2.33)

Based on (2.33), one can conclude that ē = 0 is the equilibrium point of the po-
sitional error dynamics. It should also be noted that ∀t < tsa fs(t)

(2.15)= 0 =⇒
u2(t)

(2.16)= 0 =⇒ ˙̄e (2.32)= 0. For further analysis, let us rewrite (2.32) again:

˙̄e = −u2ḡ2(θ) + sρh̄ − sρh̄
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(2.3)= −u2ḡ2(θ) + sρh̄ − sρ(Kpē −Kpη̄σ∥ē∥ḡ2d︸ ︷︷ ︸
≜v1

)

= −u2ḡ2(θ) + sρh̄ − sρ(Kpē + v1)
(2.16)= −su2N ḡ2(θ) + sρh̄ − sρKpē − sρv1

= sρ

(
h̄ − 1

ρ
u2N ḡ2(θ)

)

︸ ︷︷ ︸
≜v2

−sρKpē − sρv1

= sρv2 − sρKpē − sρv1. (2.34)

Let us introduce a few additional terms that will be useful in the further analysis:

∥v2∥ =
∥∥∥h̄ − 1

ρ
u2N ḡ2(θ)

∥∥∥ (2.12)=
∥∥∥∥h̄ −

∥∥∥h̄
∥∥∥ cosαḡ2(θ)

∥∥∥∥

=
∥∥∥h̄
∥∥∥

∥∥∥∥∥∥
h̄∥∥∥h̄
∥∥∥

− cosαḡ2(θ)
∥∥∥∥∥∥

=
∥∥∥h̄
∥∥∥

∥∥∥∥∥∥∥




hx

∥h̄∥ − cosα cos θ
hy

∥h̄∥ − cosα sin θ




∥∥∥∥∥∥∥

=
∥∥∥h̄
∥∥∥





 hx∥∥∥h̄

∥∥∥
− cosα cos θ




2

+

 hy∥∥∥h̄

∥∥∥
− cosα sin θ




2



1
2

=
∥∥∥h̄
∥∥∥




h2
x∥∥∥h̄
∥∥∥

2 − 2hx∥∥∥h̄
∥∥∥

cosα cos θ + cos2 α cos2 θ

+
h2

y∥∥∥h̄
∥∥∥

2 − 2hy∥∥∥h̄
∥∥∥

cosα sin θ + cos2 α sin2 θ




1
2

=
∥∥∥h̄
∥∥∥


(h2

x + h2
y)

︸ ︷︷ ︸
=∥h̄∥2

1
∥∥∥h̄
∥∥∥

2 − 2 cosα hx cos θ + hy sin θ∥∥∥h̄
∥∥∥

︸ ︷︷ ︸
=cos α

+ cos2 α (sin2 θ + cos2 θ)︸ ︷︷ ︸
=1




1
2

=
∥∥∥h̄
∥∥∥
√

1 − 2 cos2 α + cos2 α =
∥∥∥h̄
∥∥∥
√

1 − cos2 α. (2.35)

It should be noted that:

∀t ≥ tsa ea = 0 =⇒ θ = θa =⇒ tan θ (1.10)= σhy

σhx

, (2.36)

so it can be concluded that:

∀t ≥ tsa cos θ = σhx∥∥∥h̄
∥∥∥
, ∀t ≥ tsa sin θ = σhy∥∥∥h̄

∥∥∥
. (2.37)

It can be observed that:

α ≜ ∠
(
h̄, ḡ2(θ)

)
=⇒ cosα = h̄⊤ḡ2(θ)∥∥∥h̄

∥∥∥ ∥ḡ2(θ)∥
= hx cos θ + hy sin θ∥∥∥h̄

∥∥∥
, (2.38)
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where ∥ḡ2(θ)∥ =
√

cos2 θ + sin2 θ = 1. Therefore, applying (2.37) to (2.38) yields

∀t ≥ tsa cosα (2.37)=
σh2

x + σh2
y∥∥∥h̄

∥∥∥
2 =

σ
∥∥∥h̄
∥∥∥

2

∥∥∥h̄
∥∥∥

2 = σ. (2.39)

It should be noted that ∀t ≥ tsa cos2 α
(2.39)= σ2 (2.4)= 1 =⇒ ∥v2∥

(2.35)= 0. Next, the
term

∥∥∥h̄
∥∥∥ can be upper bounded as follows:

∥∥∥h̄
∥∥∥ (2.3)=

∥∥∥(Kpē −Kpη̄σ∥ē∥ḡ2d)
∥∥∥

≤
∥∥∥Kpē

∥∥∥+
∥∥∥−Kpη̄σ∥ē∥ḡ2d

∥∥∥

= Kp∥ē∥ +Kpη̄∥ē∥∥ḡ2d∥
= Kp(1 + η̄)∥ē∥, (2.40)

where |σ| = 1 and ∥ḡ2d∥ =
√

cos2 θd + sin2 θd = 1.
Finally, let us use the Lyapunov method and choose a positive definite function

Vp(∥ē∥) ≜ 1
2∥ē∥2 = 1

2 ē⊤ē. Its time derivative can be assessed as follows:

∀t ≥ tsa V̇p = ē⊤ ˙̄e (2.34)= ē⊤ (sρv2 − sρKpē − sρv1)
= sρē⊤v2 − sρKp∥ē∥2 − sρē⊤v1

= −sρ
(
Kp∥ē∥2 − ē⊤v2 + ē⊤v1

)

= −sρ
(
Kp∥ē∥2 − ∥ē∥∥v2∥ cos

(
∠(ē,v2)

)
+ ∥ē∥∥v1∥ cos

(
∠(ē,v1)

))

≤ −sρ
(
Kp∥ē∥2 − ∥ē∥∥v2∥︸ ︷︷ ︸

(2.35)
= 0

−∥ē∥∥v1∥
)

(2.34)= −sρ
(
Kp∥ē∥2 − ∥ē∥

∥∥∥−Kpη̄σ∥ē∥ḡ2(θ)
∥∥∥
)

= −sρ
(
Kp∥ē∥2 −Kpη̄∥ē∥2 ∥ḡ2(θ)∥︸ ︷︷ ︸

=1

)

= −sρ∥ē∥2Kp(1 − η̄)
(2.13)= −sKp(1 − η̄)ρ0∥∥∥h̄

∥∥∥
∥ē∥2 (∥ē∥µ1 + ∥ē∥µ2)

(2.40)
≤ − sKp(1 − η̄)ρ0

Kp(1 + η̄)∥ē∥∥ē∥2 (∥ē∥µ1 + ∥ē∥µ2)

= −sρ0
1 − η̄

1 + η̄

(
∥ē∥µ1+1 + ∥ē∥µ2+1

)

= −sρ0
1 − η̄

1 + η̄

(√
2µ1+1

V (µ1+1)/2
p +

√
2µ2+1

V (µ2+1)/2
p

)
. (2.41)

Comparing (2.41) with (1.2) from Lemma 1, it can be concluded that the equilibrium
point ē = 0 of the positional error dynamics is fixed-time stable. However, it should
be noted that (2.41) contains s

(
e(t)

)
∈ (0, 1], which is bounded but not constant.

This means that (2.41) cannot be used to determine the time-independent upper
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bound of the positional error ē settling time tsp according to the method presented
in Lemma 4. Let us therefore introduce two additional terms:

s(e0) ≜ inf
t≥0

s(e(t, e0)), s ≜ inf
e0∈E

s(e0) = inf
e0∈E

inf
t≥0

s(e(t, e0)), (2.42)

that are independent of time. Note that none of the values s, s, and s are known a
priori, however, the values s and s can be estimated a priori under certain condi-
tions, which will be discussed in more details later. Now, (2.41) can be rewritten as
follows:

∀t ≥ tsa V̇p

(2.42)
≤ −sρ0

1 − η̄

1 + η̄

(√
2µ1+1

V (µ1+1)/2
p +

√
2µ2+1

V (µ2+1)/2
p

)

(2.42)
≤ −sρ0

1 − η̄

1 + η̄

(√
2µ1+1

V (µ1+1)/2
p +

√
2µ2+1

V (µ2+1)/2
p

)
. (2.43)

By comparing (2.43) with the result obtained with (1.5) from Lemma 4, it can be
seen that the upper bound of the positional error ē settling time tsp can be expressed
as follows:

∀ē0 ∈ E Tcp =
(1 + η̄) arctan

(√
2µ̄
V µ̄/2

p (RE)
)

s(1 − η̄)µ̄ρ0
, (2.44)

where RE is defined in (2.2) and denotes the highest admissible initial value of the
norm of the positional error.

Please note that since the pre-orientation and motion processes are scheduled
and occur one after the other, the total settling time should be understood as the
sum of the auxiliary orientation error settling time and the positional error settling
time, that is, ts = tsa + tsp. Thus, a total upper bound of the settling time ts can be
determined (conservatively) as the sum of the upper bounds (2.31) and (2.44), that
is:

Tc ≜ Tca + Tcp. (2.45)

Orientation error: Let us also take a look at the convergence of orientation error
eθ, which is defined as follows:

∀t ≥ tsa eθ
(2.1)= fθ(θd − θ) (2.7)= fθ(θd + ea − θa) = fθ(θd − θa) = fθ(−ēθ), (2.46)

where ēθ ≜ θa − θd.
Considerations regarding the convergence of orientation errors will be presented

in the local frame, determined by the desired configuration qd, analogous to the
analysis presented in [78]. Therefore, let us transform the positional error ē:

ēL =
[
eL

x

eL
y

]
=
[

cos θd sin θd

− sin θd cos θd

] [
ex

ey

]
=
[
ex cos θd + ey sin θd

−ex sin θd + ey cos θd

]
, (2.47)

and the positional subvector h̄ of the convergence vector field h:

h̄L =
[
hL

x

hL
y

]
=
[

cos θd sin θd

− sin θd cos θd

] [
hx

hy

]
=
[
hx cos θd + hy sin θd

−hx sin θd + hy cos θd

]
(2.48)

(2.3)= Kp

[
(ex − η̄σ∥ē∥ cos θd) cos θd + (ey − η̄σ∥ē∥ sin θd) sin θd

−(ex − η̄σ∥ē∥ cos θd) sin θd + (ey − η̄σ∥ē∥ sin θd) cos θd

]
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2.2 Set-point control

= Kp

[
ex cos θd − η̄σ∥ē∥ cos2 θd + ey sin θd − η̄σ∥ē∥ sin2 θd

−ex sin θd + η̄σ∥ē∥ cos θd sin θd + ey cos θd − η̄σ∥ē∥ sin θd cos θd

]

= Kp

[
ex cos θd + ey sin θd − η̄σ∥ē∥

−ex sin θd + ey cos θd

]
(2.47)= Kp

[
eL

x − η̄σ∥ē∥
eL

y

]
(2.49)

to the local frame. Next, let us recall the positional error dynamics

˙̄e (2.34)= sρ

(
h̄ − 1

ρ
u2N ḡ2(θ)

)
− sρKpē + sρKpη̄σ∥ē∥ḡ2d (2.50)

to examine the behavior of the positional error in the local frame. It should be noted
that ∀t ≥ tsa cosα (2.39)= σ and ∀t ≥ tsa fs(t)

(2.15)= 1. Therefore, one can observe
that:

∀t ≥ tsa h̄ − 1
ρ
u2N ḡ2(θ)

(2.12)= h̄ − fs

∥∥∥h̄
∥∥∥ cosα ḡ2(θ)

(2.39)= h̄ − σ
∥∥∥h̄
∥∥∥ ḡ2(θ)

=
[
hx

hy

]
− σ

∥∥∥h̄
∥∥∥
[
cos θ
sin θ

]
(2.37)=

[
hx − σ2hx

hy − σ2hy

]

=
[
hx − hx

hy − hy

]
= 0, (2.51)

since σ2 = 1. Thus, one can conclude that

∀t ≥ tsa
˙̄e (2.34)= (−Kpē +Kpη̄σ∥ē∥ḡ2d)sρ (2.3)= −h̄sρ. (2.52)

Now, let us transfer ˙̄e to the local frame:

˙̄eL =
[
ėL

x

ėL
y

]
=
[

cos θd sin θd

− sin θd cos θd

] [
ėx

ėy

]
=
[
ėx cos θd + ėy sin θd

−ėx sin θd + ėy cos θd

]

(2.52)= −sρ
[
hx cos θd + hy sin θd

−hx sin θd + hy cos θd

]
(2.48)= −sρ

[
hL

x

hL
y

]

(2.49)= sρKp

[
−eL

x + η̄σ∥ē∥
−eL

y

]
. (2.53)

Next, it should be noted that

σ
(2.4)= sgn

(
ex(0) cos θd + ey(0) sin θd

) (2.47)= sgn
(
eL

x (0)
)

(2.54)

and consequently, one can write:

ėL
x

(2.53)= sρKp

(
−eL

x + η̄sgn
(
eL

x (0)
)
∥ē∥

)
(2.55)

ėL
y

(2.53)= sρKp

(
−eL

y

)
, (2.56)

where s ∈ (0, 1], ρ > 0, Kp > 0, and η̄ > 0. Based on (2.55) and (2.55) one can
conclude that eL

y converges to zero independently of eL
x . Moreover, one can observe

that eL
y reaches zero faster than eL

x , that is:

eL
x (t) t→τx−−−→ 0, eL

y (t) t→τy−−−→ 0, τy < τx ≤ Tc, (2.57)
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2.2 Set-point control

and, based on (2.49) it can be concluded that:

hL
x (t) t→τx−−−→ 0, hL

y (t) t→τy−−−→ 0, τy < τx ≤ Tc. (2.58)

Let us now use (2.58) to demonstrate the convergence of the orientation error
eθ. Let us begin by defining the auxiliary orientation in the local frame:

θL
a ≜ Atan2c

(
hL

y , h
L
x

)
. (2.59)

Next, it can be observed that:

tan θL
a =

hL
y

hL
x

(2.49)= hy cos θd − hx sin θd

hy sin θd + hx cos θd

=
hx cos θd

(
hy

hx
− sin θd

cos θd

)

hx cos θd

(
hy sin θd

hx cos θd
+ 1

)

= tan θa − tan θd

tan θa tan θd + 1 = tan(θa − θd) = tan ēθ, (2.60)

and consequently,

tan ēθ(t)
(2.60)=

hL
y (t)
hL

x (t)
t→τy−−−→ 0 =⇒ ēθ(t)

t→τy−−−→ kπ, k ∈ Z (2.61)

occurs. However, (2.61) does not imply that eθ = fθ(−ēθ) converges to zero, since
it could also converge to π. Nevertheless, if it can be shown that sgn(cos ēθ) is
positive, with sgn(·) defined in (2.5), this would mean that convergence to zero has
been obtained. One can observe that:

cos ēθ
(2.46)= cos (θ − θd) = cos θ cos θd + sin θ sin θd = ḡ⊤

2dḡ2(θ). (2.62)

Then, let us write

ḡ2(θ)
(1.6)=

˙̄q
u2

= 1
u2

[
ẋ
ẏ

]
=⇒ ḡ⊤

2dḡ2(θ) = 1
u2

(
ẋ cos θd + ẏ sin θd

)
(2.63)

and consequently, it can be concluded that:

sgn
(
ḡ⊤

2dḡ2(θ)
) (2.63)= sgn

( 1
u2

(
ẋ cos θd + ẏ sin θd

))

= sgn
( 1
u2

)
sgn

(
ẋ cos θd + ẏ sin θd

)

= sgn (u2) sgn
(
ẋ cos θd + ẏ sin θd

)

(1.6)= sgn (u2) sgn
(
u2 cos θ cos θd + u2 sin θ sin θd

)

(2.16)= sgn
(
sfsρ

∥∥∥h̄
∥∥∥ cosα

)
sgn

(
sfsρ

∥∥∥h̄
∥∥∥ cosα cos θ cos θd

+ sfsρ
∥∥∥h̄
∥∥∥ cosα sin θ sin θd

)

= sgn
(
sfsρ

∥∥∥h̄
∥∥∥ cosα

)
sgn (sfsρ) sgn

(∥∥∥h̄
∥∥∥ cosα cos θ cos θd

+
∥∥∥h̄
∥∥∥ cosα sin θ sin θd

)

= sgn (cosα) sgn
(∥∥∥h̄

∥∥∥ cosα cos θ cos θd
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2.2 Set-point control

+
∥∥∥h̄
∥∥∥ cosα sin θ sin θd

)
(2.64)

since ∀t ≥ 0 sgn
(
s(t)

)
= 1, ∀t ≥ 0 sgn

(
fs(t)

)
= 1, ∀t ≥ 0 sgn

(
ρ(t)

)
= 1, and

∀t ≥ 0 sgn
(∥∥∥h̄(t)

∥∥∥
)

= 1. Let us continue the analysis for t ≥ tsa:

∀t ≥ tsa sgn
(
ḡ⊤

2dḡ2(θ)
) (2.39)= sgn (σ) sgn

(∥∥∥h̄
∥∥∥ σ cos θ cos θd +

∥∥∥h̄
∥∥∥ σ sin θ sin θd

)

(2.37)= σsgn
(∥∥∥h̄

∥∥∥ σ
σhx∥∥∥h̄
∥∥∥

cos θd +
∥∥∥h̄
∥∥∥ σ

σhy∥∥∥h̄
∥∥∥

sin θd

)

= σsgn
(
hx cos θd + hy sin θd

)

(2.48)= σsgn
(
hL

x

) (2.49)= σsgn
(
Kpe

L
x −Kpη̄σ∥ē∥

)

= σsgn
(
Kpe

L
x −Kpη̄σ

√
eL2

x + eL2
y

)

(2.54)= sgn
(
eL

x (0)
)
sgn

(
Kpe

L
x −Kpη̄sgn

(
eL

x (0)
)√

eL2
x + eL2

y

)
.

(2.65)

Next, using (2.58), which shows that eL
y converges to zero faster than eL

x , let us
continue the analysis for t ≥ τy > tsa:

∀t ≥ τy sgn
(
ḡ⊤

2dḡ2(θ)
)

= sgn
(
eL

x (0)
)
sgn

(
Kpe

L
x −Kpη̄sgn

(
eL

x (0)
)√

eL2
x

)

= sgn
(
eL

x (0)
)
sgn

(
Kpe

L
x −Kpη̄sgn

(
eL

x (0)
)
|eL

x |
)

= sgn
(
eL

x (0)
)
sgn

(
Kpsgn

(
eL

x

)
|eL

x | −Kpη̄sgn
(
eL

x (0)
)
|eL

x |
)
.

(2.66)

Based on (2.55) it can be concluded that eL
x does not change the initial sign, that

is, ∀t ≥ 0 sgn
(
eL

x (0)
)

= sgn
(
eL

x (t)
)
. Thus, one can write:

∀t ≥ τy sgn
(
ḡ⊤

2dḡ2(θ)
)

= sgn
(
eL

x

)
sgn

(
Kpsgn

(
eL

x

)
|eL

x | −Kpη̄sgn
(
eL

x

)
|eL

x |
)

= sgn2
(
eL

x

)
sgn

(
Kp|eL

x |
)
sgn

(
1 − η̄

)

= sgn
(
1 − η̄

)
= 1, (2.67)

since η̄ ∈ (0.5, 1). Therefore, it can be concluded that sgn
(
ḡ⊤

2dḡ2(θ)
)

= sgn(cos ēθ) =
1, and consequently

ēθ
t→Tc−−−→ 2kπ, k ∈ Z =⇒ eθ

(2.46)= fθ(−ēθ) t→Tc−−−→ 0. (2.68)

And that concludes the proof. ■

Remark 5 It should be noted that the convergence analysis is performed for ϵ = 0.
If ϵ > 0 is selected, then based on the above analysis, it can be concluded that
∥ē(t)∥ → ϵ as t → Tc and θa(t) → θaϵ as t → Tc. Consequently, one gets eθ(t) →
fθ(θd − θaϵ) as t → Tc, thus one can conclude that the value fθ(θd − θaϵ) corresponds
to the value θϵ introduced in Problem 1. Furthermore, it can be observed that ϵ =
0 =⇒ θϵ = 0.
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2.2 Set-point control

Remark 6 An important issue that is typically studied when discussing control laws
is robustness. However, a detailed analysis of this aspect goes beyond the scope of
this dissertation. Nevertheless, since the proposed algorithm is based on the concept
of fixed-time stability, one can qualitatively discuss about the robustness of con-
trol methods of this type. According to the results presented in [104, 105], the use
of Implicit Lyapunov Function allows proving the robustness of the system against
bounded external disturbances. Moreover, the structure of fixed-time stable system
exhibits Input-to-State Stability properties, which means that error trajectories re-
main bounded in a given neighborhood of the equilibrium state, and the settling time
remains bounded (see, for example, [58]).

2.2.3 A priori estimation of the settling time upper bound
From a practical point of view, knowing a priori the upper bound of the task comple-
tion time is highly beneficial, as it, for example, simplifies or enables the scheduling
of sequential processes. Therefore, in this section, the method of estimating a priori
the upper bound of the settling time, defined in Section 2.2.2, will be presented.

Let us look again at the values of the upper bounds Tca and Tcp defined in
(2.31) and (2.44), respectively. One can observe that the upper bound Tca of the
settling time tsa of the auxiliary orientation error ea can be computed a priori based
on (2.29), (2.30), and (2.30). Meanwhile, the problem with computing the upper
bound Tcp of the settling time tsa of the positional error ē a priori lies in the lack of
a priori knowledge of the value s appearing in (2.44). Let us therefore take a closer
look at the definition of s:

s
(2.42)= inf

e0∈E
inf
t≥0

s
(
e(t, e0)

)

(1.7)=


max





1,
sup
e0∈E

sup
t≥0

∣∣∣u1N

(
e(t, e0)

)∣∣∣

u1M

,

sup
e0∈E

sup
t≥0

∣∣∣u2N

(
e(t, e0)

)∣∣∣

u2M








−1

=
(

max
{

1, u1E
u1M

,
u2E
u2M

})−1
∈ (0, 1). (2.69)

It can be concluded that the problem of a priori estimation of Tcp leads to a priori
estimation of s, which means that it is necessary to know a priori the values u1E and
u2E , which denote the largest absolute values of nominal angular velocity u1N and
nominal longitudinal velocity u2N , respectively, for all initial conditions belonging
to the set E . It should be noted that since Tcp is related to the convergence of the
positional error, and this only occurs for t ≥ tsa, the following analysis will focus on
the case where t ≥ tsa =⇒ fs(t) = 1. Let us now recall the definition of nominal
control inputs:

∀t ≥ tsa uN =
[
u1N

u2N

]
(2.12)=

[
Ka

(
|ea|δ1 + |ea|δ2

)
sign(ea) + θ̇aN

ρ0 (∥ē∥µ1 + ∥ē∥µ2) cosα

]
.

First, let us consider the pushing control u2N . Based on the stability analysis
from Section 2.2.2, it can be concluded that supt≥0 ∥ē(t)∥ = ∥ē0∥, and furthermore,
based on (2.2), it can be seen that supe0∈E ∥ē0∥ = RE . Moreover, it should be noted
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2.2 Set-point control

that supt≥0 cosα(t) = 1. Therefore, it can be concluded that

∀t ≥ tsa u2E = sup
t≥0

sup
e0∈E

∣∣∣u2N

(
ē(t, ē0)

)∣∣∣ = ρ0 (Rµ1
E +Rµ2

E ) . (2.70)

Now let us take a look at orienting control u1N . Direct determination of u1E may
be challenging, therefore it is proposed to estimate û1E such that u1E ≤ û1E . Let us
recall the equation describing the motion curvature of the robot:

κ(t) = u1N(t)
u2N(t) =⇒ u1N(t) = κ(t)u2N(t) =⇒ u1E ≤ κEu2E︸ ︷︷ ︸

≜û1E

, (2.71)

where κE ≜ supt≥0 supe0∈E |κ(t, e0)| denotes the highest possible absolute value of
the motion curvature κ for all initial conditions belonging to the set E , while u2E
is defined in (2.70). To determine κE , the so-called integral curves will be used,
that is, an analytical solution to the closed-loop dynamics, which for the VFO
design methodology were presented in [27]. It should be noted that, although this
dissertation and [27] address different control problems, the integral curves obtained
in [27] can be used in this dissertation, since the positional subvector h̄ of the
convergence vector field h is defined in the analogous way in this dissertation and
in [27]. Therefore, let us recall from [27] the definition of the parameterized integral
curve:

e∗
x

(
e∗

y, p
∗(ē0)

)
≜
σ|e∗

y|
2



(

e∗
y

p∗(ē0)

)η̄

−
(

e∗
y

p∗(ē0)

)−η̄

 , (2.72)

where σ ∈ {−1, 1} and η̄ ∈ (0.5, 1) are introduced in Section 2.2.2, while
[
e∗

x e
∗
y

]⊤
≜

ē∗ denotes a vector of positional coordinates determined analytically and expressed
in the error space. The parameter p∗ is defined as follows:

∀ey0 ̸= 0 p∗(ē0) ≜ ey0 exp
(

1
η̄

∣∣∣∣∣arsinh
(
ex0

ey0

)∣∣∣∣∣

)
, (2.73)

where
[
ex0 ey0

]⊤
=
[
ex(0) ey(0)

]⊤
= ē0 is the vector of initial condition error. It

should be noted that ∀ey0 ̸= 0 |p∗(ē0)| ∈ (0,∞), while in the case of ey0 = 0,
the integral curve (2.72) will be a line e∗

y = 0. Note that the vehicle will move
along the analytically determined integral curve only if, at the moment of starting
the movement, the auxiliary orientation error ea is zero and remains zero until the
end of the movement. By introducing the function fs in (2.15) and scheduling the
pre-orientation process and the motion process, it has been ensured that the above
condition is met, and thus it can be stated that: ∀t ≥ tsa ea(t) = 0 =⇒ ē∗ ≡ ē.

Next, let us recall from [27] the definition of the motion curvature at point
(e∗

x, e
∗
y):

κ∗
(
e∗

y, p
∗(ē0)

)
≜

e∗
y (η̄σ + η̄2e∗

x∥ē∗∥−1)
σ∥ē∗∥2 (1 + η̄2 + 2ση̄e∗

x∥ē∗∥−1)3/2 , (2.74)

with e∗
x and p∗ defined in (2.72) and (2.73), respectively. Let us also recall the method

for analytically determining the largest absolute value of the motion curvature along
a given integral curve:

κ∗(ē0) ≜ sup
0≤e∗

y≤|ey0|

∣∣∣κ∗
(
e∗

y, p
∗(ē0)

)∣∣∣ = |κ∗(ĕy, 1)|
|p∗(ē0)|

, (2.75)
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where ĕy = e∗
y such that κ∗

(
e∗

y, p
∗(ē0)

)
= κ∗(ē0) denotes the value of e∗

y for which
the absolute value of the motion curvature reaches its maximum on a given integral
curve. The term ĕy can be determined analytically as follows:

ĕy(η̄) ≜
(
p1(η̄) − −6η̄3 + η̄2 + 2η̄ + 3

(6η̄ + 3)(η̄ + 1)2 + p2(η̄)
) 1

2η̄

, (2.76)

where

p1(η̄) =
(4

3p6(η̄) − p3(η̄)
) 1

3
, (2.77)

p2(η̄) = 4η̄2 (18η̄4 + 3η̄3 − 17η̄2 − 11η̄ + 7)
9 (η̄ + 1)4 (2η̄ + 1)2 p1(η̄)

, (2.78)

p3(η̄) = p3
4(η̄)

27(2η̄ + 1)4(η̄ + 1)9 + p7(η̄) − p5(η̄), (2.79)

p4(η̄) = −6η̄4 − 5η̄3 + 3η̄2 + 5η̄ + 3, (2.80)

p5(η̄) = (−6η̄4 + 5η̄3 + 3η̄2 − 5η̄ + 3)p4(η̄)
6(2η̄ + 1)2(η̄ + 1)6 , (2.81)

p6(η̄) =
(
η̄6(η̄ − 1)3(−36η̄4 + 33η̄2 − 29)

(2η̄ + 1)4(η̄ + 1)9

) 1
2

, (2.82)

p7(η̄) = (2η̄ − 1)(η̄ − 1)3

(4η̄ + 2)(η̄ + 1)3 , (2.83)

come from [27]. Next, it can be observed that the largest absolute value of motion
curvature for all the initial conditions from the set E can be expressed as

κE = sup
e0∈E

κ∗(ē0)
(2.75)= sup

e0∈E

|κ∗(ĕy, 1)|
|p∗(ē0)|

= |κ∗(ĕy, 1)|
inf

e0∈E
|p∗(ē0)|

, (2.84)

since only the parameter p∗(ē0) depends on the initial condition e0. Therefore, it
can be noted that:

∀ey0 ̸= 0 |p∗(ē0)|
(2.73)= |ey0|︸ ︷︷ ︸

>0

∣∣∣∣∣∣
exp

(
1
η̄

∣∣∣∣∣arsinh
(
ex0

ey0

)∣∣∣∣∣

)

︸ ︷︷ ︸
≥0

∣∣∣∣∣∣

︸ ︷︷ ︸
≥1

. (2.85)

It can be concluded that |p∗| will take the smallest value when ex0 is zero and |ey0|
takes the smallest non-zero value, such that

∥ē0∥ =
√
e2

x0 + e2
y0 =

√
02 + e2

y0 = |ey0| ∈ Ē =⇒ |ey0|
(2.2)= rE , (2.86)

and consequently:

inf
e0∈E

|p∗(ex0, ey0)| = |p∗(0, rE)| (2.85)= rE =⇒ κE
(2.84)= |κ∗(ĕy, 1)|

rE
, (2.87)

with rE , κ∗, and ĕy, defined in (2.2), (2.74), and (2.76), respectively. Thus, the
maximum possible value of |u2N | is determined, and the maximum possible value of
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|u1N | is (conservatively) estimated based on (2.71) with (2.70) and (2.87). Therefore,
the smallest value of the scaling function s for all initial conditions belonging to the
set E of admissible initial conditions can be (conservatively) estimated as follows:

ŝ ≜
(

max
{

1, û1E
u1M

,
u2E
u2M

})−1

∈ (0, 1). (2.88)

However, in some cases, the estimation (2.88) with (2.71) may be too conservative
for practical applications. Considering (2.69), it can be concluded that the use of a
conservative estimated û1E can be avoided if it is ensured that

û1E
u1M

≤ u2E
u2M

=⇒ κEu2E
u1M

≤ u2E
u2M

=⇒ κEu2M ≤ u1M =⇒ u2M ≤ u1M

κE
. (2.89)

Therefore, substituting u1E = κEu2E and u1M = κEu2M into (2.69), one obtains

s
(2.69)=

(
max

{
1, κEu2E
κEu2M

,
u2E
u2M

})−1
=
(

max
{

1, u2E
u2M

,
u2E
u2M

})−1

=
(

max
{

1, u2E
u2M

})−1
∈ (0, 1), (2.90)

thus avoiding the use of the conservative estimated û1E .
Finally, by substituting (2.90) or (2.88) into (2.44), the upper bound Tcp of the

positional error settling time can be computed a priori.

Remark 7 Since an application of the proposed method for a priori estimation re-
quires performing several steps in the proper order, a summary with step-by-step
instructions is provided below.

First, let us take a look at the upper bound Tca of the auxiliary orientation error
settling time:

1. Solve (2.27) with respect to e∗
a (it may require the use of a numerical solver).

2. Compute t∗sa using (2.29) and e∗
a.

3. Compute T ∗
ca using (2.30) and e∗

a.
4. Compute Tca using t∗sa and T ∗

ca, based on (2.31).
Then let us consider the a priori estimation of the upper bound Tcp of the posi-

tional error settling time:
1. Compute u2E using (2.70).
2. Compute ĕy using (2.76).
3. Compute e∗

x(ĕy, 1) using (2.72), with e∗
y = ĕy and p∗ = 1.

4. Compute κ∗ using e∗
x(ĕy, 1) and (2.74), with e∗

y = ĕy and p∗ = 1.
5. Compute κE using (2.87) and κ∗.
6. Using κE check if the postulate (2.89) is met:

a) if yes:
i. compute s using (2.90) and u2E .

ii. compute Tcp using (2.44) and s.
b) if not:

i. compute û1E using u2E , κE , and (2.71).
ii. compute ŝ using (2.88), û1E , and u2E .

iii. compute Tcp using (2.44) and taking s = ŝ.
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2.2.4 Results of numerical simulations
Numerical simulations of the control law proposed in Section 2.2.2 were performed
in the Matlab-Simulink environment. A variable-step solver with a maximum step
size of 10−3 s was used. The set Ē defined in (2.2) is determined by two circles with
radius RE = 2 m and rE = 1 m, while ϵ = 10−10 m. The controller coefficients
selected for the simulation were as follows: Kp = 1, Ka = 2, η̄ = 0.82, δ̄ = 0.1,
µ̄ = 0.2, and σ is selected according to (2.4). Simulations have been carried out for
100 different initial positions of the robot, while, for simplicity, the initial orientation
was set to π

2 , and the desired configuration qd = 0.

Remark 8 The choice of controller parameters was guided by an experience gained
from previous use of the VFO controlles, according to which the gain Ka of the orien-
tation process should be greater than the gain Kp of the pushing process. Therefore,
the selection Ka = 2Kp was proposed. On the other hand, the value η̄ was selected
based on [26], which showed that for η̄ = 0.82 a maximum arc-length derivative of
the motion curvature reaches a lower value than for other values of η̄ (for more
details, see [26]).

The obtained results are presented in Fig. 2.3. One can observe that, for each
case, the positional errors (see Figs. 2.3a and 2.3b), the orientation error (see
Fig. 2.3c), and the auxiliary orientation error (see Fig. 2.3d) converged towards
zero in fixed time. Furthermore, the control signals satisfied the imposed con-
straints, that is, ∀t |u1(t)| ≤ u1M and ∀t |u2(t)| ≤ u2M , where u1M = 3 rad/s
and u2M = 0.5 m/s (see Figs. 2.3e and 2.3f). Fig. 2.3 also clearly shows the change
from the pre-orientation stage to the motion stage, that is, the change in the value
of the fs defined in (2.15) from 0 to 1 (which is particularly visible in Fig. 2.3f,
since fs = 0 =⇒ u2 = 0). One can also notice that for each considered case, the
desired configuration qd = 0 has been achieved (see Fig. 2.3g). It can be observed
that, thanks to the use of the VFO methodology, the robot’s trajectories are free of
oscillations, and no chattering effect appears in the control signals.

It is also worthwhile to look at the settling times: the upper bounds of the auxil-
iary orientation error settling time and the positional error settling time calculated
according to (2.31) and (2.44), respectively, with the use of the a priori estimation
method presented in Section 2.2.3, are Tca = 4.65 s and Tcp = 422.20 s, whereas
the actual settling times, which can be read from Figs. 2.3a, 2.3b, and 2.3d are no
greater than 12 s for the norm of the positional error ∥ē∥ and no greater than 4.5 s
for the auxiliary orientation error ea.
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 2.3 – Set of numerical simulation results for the fixed-time set-point control
problem for 100 different initial positions (marked with red crosses) with θ(0) = π/2
and qd = 0 (marked with red circle), where u1M = 3 rad/s and u2M = 0.5 m/s.
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VFO
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scaling
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PC+Matlab
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wheel speed
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Figure 2.4 – Block scheme of the fast-prototyping system with the mTracker mobile
robot. The communication link between the PC and the robot is provided via
Bluetooth (dashed lines in the scheme).

2.2.5 Results of experimental tests
The experimental tests have been carried out using the mTracker mobile robot,
which was designed and built at the Institute of Automatic Control and Robotics
at the Poznań University of Technology. It is a two-wheeled differentially driven
robot of unicycle-like kinematics, and is relatively small in size, common for robots
designed to perform hardware experiments on a laboratory scale: the wheels’ radius
rw is equal to 25 mm, while the wheels’ base bw is equal to 145 mm. There are several
ways to work with the mTracker robot, depending on the robot version. The robot
used to conduct this experiment allows for cooperation with Matlab in such a way
that the control law is implemented on a PC computer in the Matlab environment
and the vector uk of desired wheel speeds, which includes the desired speeds for the
right and left wheel, is sent to the robot via Bluetooth interface (cf. Fig. 2.4). This
vector is determined based on the control signals u1 and u2 as follows:

uk = 1
rw

[
bw/2 1

−bw/2 1

] [
u1
u2

]
, (2.91)

where rw denotes the wheel radius and bw means the wheel base. The robot has an
internal PI wheel speed controllers on board, thus it is well suited for testing control
algorithms that consider only the kinematic model. In response, the robot sends
the configuration vector q computed using odometry (cf. Fig. 2.4). The average
operating frequency in such a configuration is 30 Hz.

Remark 9 It should be noted that, although velocity scaling is performed in the robot
platform velocity space (cf. Fig. 2.4), the parameters u1M and u2M should be selected
so that the maximum wheel velocity limitations are respected. These limitations are
determined by the maximum rotational speed of the motors. Consequently, after
substituting u1M and u2M into (2.91) in place of u1 and u2, the resulting components
of uk must be feasible for the robot drives.

The test was conducted for five different cases with different initial configurations:
• q0 =

[
0 −2 −2

]⊤
for case I,

• q0 =
[
−π

2 2 2
]⊤

for case II,

• q0 =
[
0 1.5 −2

]⊤
for case III,
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• q0 =
[
π 0 2.75

]⊤
for case IV ,

• q0 =
[

π
2 −2.7 0.3

]⊤
for case V ,

while qd = 0. The set E was defined by RE = 3 m and rE = 2.5 m, while ϵ = 0.003 m,
and u1M = 3 rad/s and u2M = 0.5 m/s. The control design parameters were chosen
the same as in Section 2.2.4, that is: Kp = 1, Ka = 2, η̄ = 0.82, δ̄ = 0.1, µ̄ = 0.2,
and σ was selected according to (2.4).

The obtained results are presented in Fig. 2.5. Based on Figs. 2.5a and 2.5b,
it can be seen that the positional errors converged towards vicinity ϵ of zero zero
within a fixed time not exceeding 10 s, while the auxiliary orientation errors shown
in Fig. 2.5d converged towards vicinity of zero within a time not exceeding 2 s.
Practical convergence of the orientation error is also achieved (see Fig. 2.5c), and
the desired configuration is reached in each case (see Fig. 2.5g). Figure 2.5g also
shows the directing effect associated with the coefficient η̄: the final stage of each
robot’s motion is nearly linear, as the orientation error converged towards vicinity of
zero faster than the positional error. One can also see in Figs. 2.5e and 2.5f that the
control signals satisfy the imposed constraints. Once again, similar to the simulation
results, one can see that the robot motion trajectories are without oscillations, and
the control signals are free of chattering.

The a priori (conservatively) estimated upper bounds of the settling times for
the considered set E are: Tca = 4.65 s and Tcp = 555.74 s, thus one can conclude
that the task execution time constraints are also satisfied.

Remark 10 Although a robustness of the proposed algorithm has not been formally
analyzed, the results of experimental tests obtained with a physical robot seem satis-
factory, despite the presence of various types of disturbances like the measurement
noise, model uncertainty, non-ideal regulation of the wheels’ speeds, and communi-
cation delays between Matlab and the robot’s on-board controller. It evidences the
existence of some level of robustness in the proposed closed-loop system.
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0 5 10
-3

0

3

(a)

0 5 10
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(b)

(c) (d)

(e) (f)

-2.5 0 3

-2.5

0

3

(g)

Figure 2.5 – Experimental results for the fixed-time set-point control problem for
5 different initial configurations (marked with solid triangles) with qd = 0 (marked
with dashed triangle), while u1M = 3 rad/s and u2M = 0.5 m/s.
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2.3 Path-following control
This section will address the problem of following a non-parametric path. First,
the definition of a reference path will be presented. Next, the control problem will
be formulated, and finally, the VFO control law will be defined in two steps: first
in a nominal form (which does not satisfy the imposed control input constraints)
and then in a form that meets the imposed control input limitations, obtained using
the scaling procedure introduced in Section 1.3.2. Finally, the results of numerical
simulations obtained in the Matlab-Simulink environment and experimental tests
performed using a physical mobile robot will be presented. Please note that the
results presented in this Sections were originally presented in [120].

2.3.1 Reference path definition
In order to deal with the path-following control problem, let us begin with a defini-
tion of a positional reference path. Following the method presented in [81,134,135],
let us introduce a set Sd ⊂ R2 of points q̄d =

[
xd yd

]⊤ ∈ R2 such that

Sd ≜ {q̄d : F (q̄d) ≜ ζfp(q̄d) = 0}, (2.92)

where ζ ∈ R\{0} and the scalar function fp are selected by a designer. The reference
path is a zero-level curve of some function F : R2 → R such that F (q̄) = 0 ⇐⇒
q̄ ∈ Sd and ∀q̄ /∈ Sd F (q̄) ̸= 0, while q̄ =

[
x y

]⊤
is defined in Section 1.3.2. The

sign of ζ determines the desired motion direction along a reference path in a global
frame, that is, the clockwise/counter-clockwise or the right/left direction. Let us
also define the reference orientation as follows:

θd(q̄) ≜ Atan2 (σFx(q̄),−σFy(q̄)) ∈ (−π, π], (2.93)

where Fx and Fy denote the partial derivatives of the function F with respect to q̄
and will be defined later, while σ was introduced in Section 1.3.3 and determines the
motion strategy, that is, forward motion for σ = 1 or backward motion for σ = −1.

Now, let us formulate some important assumptions:

Assumption 2 The function F is locally bounded:

∀q̄ ∈ D ⊆ R2 |F (q̄)| ≤ MF , 0 < MF < ∞.

Assumption 3 There exist bounded partial derivatives for the function F :

Fx = ∂F (q̄)
∂x

, Fy = ∂F (q̄)
∂y

, Fxx = ∂2F (q̄)
∂2x

, Fyy = ∂2F (q̄)
∂2y

, Fxy = ∂2F (q̄)
∂x∂y

,

for q̄ ∈ D ⊆ R2.

Assumption 4 The norm of the gradient of the function F is bounded and non-zero
in domain D, that is:

∀q̄ ∈ D ∥∇F (q̄)∥ ∈ [mG,MG], 0 < mG ≤ MG < ∞.
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(a)

-2 0 2

-2

0

2

(b)

Figure 2.6 – Example reference path with a shape of a circle with a radius of 2 m
obtained as a zero-level set of the function F (x, y) = x2 + y2 − 4.

(a)

-2 0 2

-2

0

2

(b)

Figure 2.7 – Example of a cross-shaped reference path obtained as a zero-level set
of the function F (x, y) = 2x2 + 10x2y2 + y2 − 4.

Assumption 5 The reference longitudinal velocity u2d along the reference path is
constant.

Based on the above assumptions, one can observe that the path-following control
problem is defined in some domain D ⊆ R2 and the reference path should be designed
such that Assumptions 2-4 are met. Figure 2.6 shows an example of a path obtained
using this generator with F (x, y) = x2 + y2 − 4 (see Fig. 2.6a), which corresponds to
a reference path in the shape of a circle with a radius of 2 m (see Fig. 2.6b), while
Fig. 2.7 presents an another example of a cross-shaped reference path (see Fig. 2.7b)
obtained using the function F (x, y) = 2x2 + 10x2y2 + y2 − 4 (see Fig. 2.7a).

Remark 11 Based on the examples shown in Figs. 2.6 and 2.7, it can be concluded
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Scaling procedure

Scaling
blockNominal 

fixed-time VFO
control law

Kinematics of
vehicle

Reference 
path 

generator

Figure 2.8 – Block scheme of the control system for the path following control
problem, where F ∗(q̄) ≜

[
F (q̄) Fx(q̄) Fy(q̄) Fxx(q̄) Fyy(q̄) Fxy(q̄)

]
.

that Assumptions 2-4 are not very restrictive and can certainly be met in practical
application.

2.3.2 Control problem formulation
First, let us define the error vector as follows:

eP F =
[
eθ

eF

]
=
[
fθ(θd − θ)

eF

]
≜
[
fθ(θd − θ)
F (q̄)

]
∈ De, (2.94)

where fθ(·) : R → (−π, π], since the orientation error is considered in the sense of
modulo 2π, and De = (−π, π]×D, while q̄ ≜

[
x y

]⊤
was introduced in Section 1.3.2.

The control problem can be formulated as follows:

Problem 2 For system (1.6), find a feedback control law u(eP F ) which guarantees
that:

• ∀t ≥ 0 ∥eP F (t, eP F 0)∥ < ∞,
• ∀t ≥ 0 u(eP F ) ∈ U ,
• ∀t ≥ ts(eP F 0) eP F (t, eP F 0) = 0,
• sup

eP F 0∈De

ts(eP F 0) ≤ Tc, Tc < ∞,

where Tc means the upper bound of the settling time ts(eP F 0), while eP F 0 ≜ eP F (0).

It should be noted that Problem 2 corresponds to the fixed-time path-following
control problem, in which the robot should reach the reference path in a fixed time
ts, which is upper bounded by a constant Tc, and then follow the reference path
(that is, ∀t ≥ ts eP F (t) = 0), with a constant reference longitudinal velocity u2d.
The control law that solves Problem 2 will be developed according to the conceptual
scheme of the control system shown in Fig. 2.8.
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2.3.3 Path-following fixed-time VFO control law
According to the VFO design methodology presented in Section 1.3.3 and inspired
by [81], let us define the convergence vector field h for the fixed-time path-following
control problem as follows:

h =
[
hθ

h̄

]
≜




Ka

(
|ea|δ1 + |ea|δ2

)
sign(ea) + θ̇aN(

vdR +Kp

(
|F (q̄)|µ1 + |F (q̄)|µ2

)
sign

(
F (q̄)

)
I
)−∇F (q̄)∥∥∥∇F (q̄)

∥∥∥


 , (2.95)

where h̄ ≜
[
hx hy

]⊤
. The terms Ka and Kp are positive design coefficients, while

R ≜
[

0 1
−1 0

]
, I ≜

[
1 0
0 1

]

are a rotation matrix of angle −π
2 and an identity matrix, respectively. The term

vd = |u2d| > 0 denotes an absolute value of the reference longitudinal velocity (cf.
Assumption 5), while ∇F ≜

[
Fx Fy

]⊤
means the gradient of function F (intention-

ally defined as a column vector), where F , Fx, and Fy are introduced in Section 2.3.1.
The powers δ1, δ2, µ1, and µ2 are defined in (2.6) and (2.14) such that:

δ1
(2.6)= 1 − δ̄, δ2

(2.6)= 1 + δ̄, µ1
(2.14)= 1 − µ̄, µ2

(2.14)= 1 + µ̄, δ̄, µ̄ ∈ (0, 1), (2.96)

where
ea(t) (2.7)= θa(t) − θ(t)

is the auxiliary orientation error defined in (2.7).

Remark 12 It should be noted that hθ in the first row of (2.95) is defined similarly
to hθ in (2.3). Meanwhile, the second row is selected analogously to the one in [81],
and one can distinguish a component vdR ensuring motion with a constant velocity
along the reference path and a component ensuring reaching the reference path in a
fixed time. It should also be noted that these components are orthogonal.

Remark 13 Please note that Assumption 1, according to which ea(0) ∈ (−π, π],
also applies to the path-following fixed-time VFO control law.

Remark 14 (cf. Remarks 3 and 4) It should be noted that the choice of powers
proposed in (2.96) is primarily motivated by the intention to use the ’local’ method
for estimating the upper bound of the settling time proposed in Lemma 4. If one is
not interested in the ’local’ method and prefers to consider the global case, one may
choose the powers as proposed in Lemma 1 and use Lemma 3 to estimate the upper
bound of the settling time.

The term θa denotes the auxiliary orientation and is defined in (1.10). However,
based on (2.95), one can observe that in this case ∀t ≥ 0

∥∥∥h̄(t)
∥∥∥ ̸= 0, sine

∀t ≥ 0 vdR
−∇F

(
q̄(t)

)

∥∥∥∇F
(
q̄(t)

)∥∥∥
̸= 0.
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Therefore, one can write

θa
(1.10)= Atan2c (σhy, σhx) ∈ R, (2.97)

where Atan2c (·, ·) : R×R → R is a continuous version of the four-quadrant inverse
tangent function Atan2 (·, ·) : R × R → (−π, π], while σ is a decision parameter de-
fined in Section 1.3.3. The time derivative of the auxiliary orientation θa, computed
for the nominal case (that is, the case without control input constraints), can be
derived in a manner similar to (2.9), that is:

θ̇aN
(2.9)= ḣyNhx − ḣxNhy∥∥∥h̄

∥∥∥
2 for

∥∥∥h̄
∥∥∥ ̸= 0, (2.98)

where
[
ḣxN ḣyN

]⊤
= ˙̄hN is the time derivative of the positional subvector h̄ of the

convergence vector field h, which in the nominal case can be computed as follows:
˙̄hN = KpḞN F̃ + vdR ˙̃FN +KpF

˙̃FN , (2.99)
where

F ≜ (|F |µ1 + |F |µ2) sign(F ) (2.100)
and

F̃ ≜ −∇F

∥∇F ∥ . (2.101)

Next, it should be noted that the time derivative of function F in the nominal case
can be expressed as follows:

ḞN

(
q̄(t)

)
= dF

dq̄

dq̄

dt
= (FxẋN + FyẏN) (1.6)= u2N (Fx cos θ + Fy sin θ) , (2.102)

and consequently the time derivative of (2.100) can be expressed as:

ḞN = ḞN

(
µ1|F |µ1−1 + µ2|F |µ2−1

)

(2.102)= u2N

(
Fx cos θ + Fy sin θ

) (
µ1|F |µ1−1 + µ2|F |µ2−1

)

︸ ︷︷ ︸
≜F u

. (2.103)

The time derivative of (2.101) can be derived as:

˙̃FN = u2N


Fy

(
(FxFxy − FyFxx) cos θ + (FxFyy − FyFxy) sin θ

)

Fx

(
(FyFxx − FxFxy) cos θ + (FyFxy − FxFyy) sin θ

)

 ∥∇F ∥−3

︸ ︷︷ ︸
≜F̃u

. (2.104)

Thus, one can observe that (2.99) can be rewritten as follows:
˙̄hN

(2.99)= u2N

(
KpF uF̃ + vdRF̃u +KpF F̃u

)
. (2.105)

Finally, according to the VFO design methodology presented in Section 1.3.3,
the nominal control law can be formulated as in (1.9), that is:

uN =
[
u1N

u2N

]
(1.9)=

[
hθ

h̄⊤ḡ2(θ)

]
=
[

hθ∥∥∥h̄
∥∥∥ cosα

]
∈ R2, (2.106)

with hθ and h̄ defined in (2.95), while ḡ2(θ) ≜
[
cos θ sin θ

]⊤
(cf. Section 1.3.2) and

α ≜ ∠
(
h̄, ḡ2(θ)

)
(cf. Section 1.3.3). Next, let us formulate the following theorem.
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Theorem 2 For kinematics (1.6), applying the nominal fixed-time VFO control law
uN(t) defined in (2.106) with scaling function s(t) introduced in (1.7) leads to the
control law

u =
[
u1
u2

]
≜
[
su1N

su2N

]
(2.106)=

[
shθ

s
∥∥∥h̄
∥∥∥ cosα

]

=




sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) + sθ̇aN

s

∥∥∥∥
(
vdR +Kp(|F |µ1 + |F |µ2)sign(F )I

)
−∇F
∥∇F ∥

∥∥∥∥ cosα


 ∈ U (2.107)

which solves Problem 2 and ensures fixed-time stability of the equilibrium point of
the closed-loop dynamics.

Proof. The stability will be separately analyzed for the equilibrium point of auxiliary
orientation error ea dynamics and for the equilibrium point of the positional error
dynamics. Moreover, a convergence of the orientation error eθ will be shown as well.

Auxiliary orientation error: First, it should be noted that the following rela-
tions hold:

s ˙̄hN =
[
sḣxN

sḣyN

]
(2.105)=

(
KpF uF̃ + vdRF̃u +KpF F̃u

)
su2N

(2.107)=
(
KpF uF̃ + vdRF̃u +KpF F̃u

)
u2 = ˙̄h =

[
ḣx

ḣy

]
, (2.108)

and consequently

sθ̇aN
(2.98)= sḣyNhx − sḣxNhy∥∥∥h̄

∥∥∥
2

(2.108)= ḣyhx − ḣxhy∥∥∥h̄
∥∥∥

2 = θ̇a. (2.109)

Next, let us look at the auxiliary orientation error dynamics:

ėa = θ̇a − θ̇
(1.6)= θ̇a − u1

(2.107)= θ̇a − shθ

(2.95)= θ̇a − sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) − sθ̇aN

(2.95)= θ̇a − sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) − θ̇a

= −sKa

(
|ea|δ1 + |ea|δ2

)
sign(ea). (2.110)

One can conclude that ea = 0 is the equilibrium point of the auxiliary orientation
error dynamics. In order to check the fixed-time stability of this equilibrium point,
let us use the positive definite function Va = 1

2e
2
a, whose time derivative can be

assessed as follows:

V̇a = eaėa
(2.110)= −easKa

(
|ea|δ1 + |ea|δ2

)
sign(ea) = −sKa

(
|ea|δ1+1 + |ea|δ2+1

)

= −sKa

√
2δ1+1

V (δ1+1)/2
a − sKa

√
2δ2+1

V (δ2+1)/2
a . (2.111)

Comparing (2.111) with (1.2) from Lemma 1, it can be concluded that the equilib-
rium point ea = 0 is fixed-time stable. However, it should be noted that the function
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s
(
eP F (t)

)
∈ (0, 1] that appears in (2.111) is bounded but not constant. For this

reason, the upper bound of the settling time, computed according to (1.5), will not
yield a time-independant value. To deal with this, let us introduce an additional
term in a similar manner as in (2.42):

sD = inf
eP F 0∈De

s(eP F 0) ≜ inf
eP F 0∈De

(
inf
t≥0

s
(
eP F (t, eP F 0)

))
∈ (0, 1], (2.112)

which denotes the smallest possible value of function s
(
eP F (t, eP F 0)

)
for all initial

conditions belonging to the set De, defined in Section 2.3.2. Note that sD is indepen-
dent of time and of initial condition, in contrast to s (eP F (t, eP F 0)). Then, (2.111)
can be rewritten as follows:

V̇a

(2.111)
≤ −sDKa

√
2δ1+1

V (δ1+1)/2
a − sDKa

√
2δ2+1

V (δ2+1)/2
a , (2.113)

and by comparing this result with (1.5), and taking into account Assumption 1, one
can obtain

Tca
(1.5)=

arctan
(√

2δ̄
V δ̄/2

a (π)
)

δ̄sDKa

, (2.114)

which is the upper bound of the auxiliary orientation error ea settling time tsa.

Remark 15 One may notice a certain similarity between the above analysis and
the analysis for the auxiliary orientation error presented in Section 2.2.2. This is
due to the fact that for both the set-point and path-following VFO control laws, the
form of hθ is defined in a similar way (compare (2.3) with (2.95)), resulting in a
similar behavior of the dynamics ėa (compare (2.21) with (2.110)).

Positional error: Let us begin with showing that

sḞN
(2.102)= (Fx cos θ + Fy sin θ) su2N

(2.107)= (Fx cos θ + Fy sin θ)u2 = Ḟ . (2.115)

Next, let us consider the dynamics of eF , which can be expressed as follows:

ėF
(2.94)= Ḟ

(2.115)= u2 (Fx cos θ + Fy sin θ)
(2.107)= s∥h̄∥ cosα (Fx cos θ + Fy sin θ)

(2.7)= s∥h̄∥ cosα
(
Fx cos(θa − ea) + Fy sin(θa − ea)

)

= s∥h̄∥ cosα
(
(Fx cos θa + Fy sin θa) cos ea

+ (Fx sin θa − Fy cos θa) sin ea

)
. (2.116)

One can observe that the following relations hold:

cosα (2.38)= hx cos θ + hy sin θ∥∥∥h̄
∥∥∥

, cos θa
(2.97)= σhx∥∥∥h̄

∥∥∥
, sin θa

(2.97)= σhy∥∥∥h̄
∥∥∥
, (2.117)

and, consequently:

cos ea
(2.7)= cos(θa − θ) = cos θa cos θ + sin θa sin θ (2.117)= σ(hx cos θ + hy sin θ)∥∥∥h̄

∥∥∥
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(2.117)= σ cosα. (2.118)

Therefore, it should be noted that (2.116) can be rewritten as follows:

ėF
(2.116)= s (Fxhx + Fyhy) cos2 ea + s (Fxhy − Fyhx) sin ea cos ea. (2.119)

Then, based on (2.95), it can be observed that:

Fxhx + Fyhy = −Kp∥∇F ∥ (|F |µ1 + |F |µ2) sign(F ), (2.120)

and
Fxhy − Fyhx = vd∥∇F ∥, (2.121)

hence one obtains:

ėF
(2.119)= −sKp∥∇F ∥ (|F |µ1 + |F |µ2) sign(F ) cos2 ea + svd∥∇F ∥ sin ea cos ea.

(2.122)
One can observe that under Assumptions 2 and 4, the right-hand side of (2.122)
is bounded and the finite-time-escape effect is avoided. Furthermore, it should be
noted that ∀t ≥ tsa ea(t) = 0 =⇒ ∀t ≥ tsa sin ea(t) = 0 and ∀t ≥ tsa cos ea(t) = 1,
therefore, (2.122) can be reduced to the following form:

∀t ≥ tsa ėF (t) (2.122)= −sKp∥∇F ∥ (|F |µ1 + |F |µ2) sign(F ). (2.123)

Therefore, one can conclude that F (2.94)= eF = 0 is the equilibrium point of (2.123)
under Assumption 4. Now, let us use the Lyapunov’s method to analyze the stability
of this equilibrium point. The function VF = 1

2e
2
F

(2.94)= 1
2F

2 is chosen, and its time
derivative can be assessed as follows:

∀t ≥ tsa V̇F = FḞ
(2.123)= −FsKp∥∇F ∥ (|F |µ1 + |F |µ2) sign(F )

= −sKp∥∇F ∥
(
|F |µ1+1 + |F |µ2+1

)
. (2.124)

Based on Assumption 4, one can observe that:

∀t ≥ tsa V̇F

(2.124)
≤ −sKpmG

(
|F |µ1+1 + |F |µ2+1

)

= −sKpmG

√
2µ1+1

V
(µ1+1)/2

F − sKpmG

√
2µ2+1

V
(µ2+1)/2

F , (2.125)

By comparing (2.125) with (1.2) from Lemma 1 one can conclude that the equi-
librium point F = 0 is fixed-time stable. It should be noted once again that the
function s

(
eP F (t, eP F 0)

)
∈ (0, 1] that appears in (2.125) is bounded but not con-

stant, thus let us use (2.112) to obtain:

∀t ≥ tsa V̇F

(2.125)
≤ −sDKpmG

√
2µ1+1

V
(µ1+1)/2

F − sDKpmG

√
2µ2+1

V
(µ2+1)/2

F . (2.126)

Now, upon Lemma 4 and Assumption 2, one can obtain:

TcF
(1.5)=

arctan
(√

2µ̄
V

µ̄/2
F (MF )

)

µ̄sDKpmG

. (2.127)

Note that, since (2.127) is valid only for t ≥ tsa and tsa ≤ Tca, then the total upper
bound of the settling time can be computed (conservatively) as

Tc = Tca + TcF . (2.128)
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Remark 16 It should be noted that the upper bound (2.128) cannot be calculated
without knowing sD introduced in (2.112), whose value is unknown, and no method
has yet been developed to estimate it. However, s can be used instead of sD, whose
value can be obtained a posteriori, allowing the upper bound (2.128) to be determined
a posteriori as well, for a particular initial robot’s configuration.

Orientation error: Now let us consider a convergence of the orientation error eθ.
One can observe that

θ(t) t→Tca−−−→ θa(t) =⇒ ∀t ≥ Tca θ(t) (2.97)= Atan2c (σhy, σhx) , (2.129)

and, moreover, it should be noted that

∀t ≥ Tc h̄
(2.95)=

[
hx

hy

]
= −vdR∇F

∥∇F ∥ =
[

0 1
−1 0

]


− vdFx

∥∇F ∥
− vdFy

∥∇F ∥


 =



− vdFy

∥∇F ∥
vdFx

∥∇F ∥


 (2.130)

Next, substituting (2.130) into (2.129) yields:

∀t ≥ Tc θ(t) = Atan2c
(
σ
vdFx

∥∇F ∥ ,−σ
vdFy

∥∇F ∥

)
. (2.131)

Since the term vd/∥∇F ∥ is positive, one can obtain that

∀t ≥ Tc θ(t) = Atan2c (σFx,−σFy) = Atan2 (σFx,−σFy) + 2kπ
(2.93)= θd + 2kπ, k ∈ Z. (2.132)

Consequently, it can be concluded that eθ(t)
(2.94)= fθ

(
θd(t) − θ(t)

)
→ 0 as t → Tc.

This concludes the proof. ■
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2.3.4 Results of numerical simulations
The proposed control law was tested via numerical simulations, carried out in the
Matlab-Simulink environment. A fixed-step solver with a step size of 10−2 s was
selected. Two cases are considered, which differed in the function defining the ref-
erence path:

• case I:
fp(q̄) = x2 + y2 − 0.4, with D such that MF = 0.1 and mG = 0.4,

• case II:
fp(q̄) = 2x2 + 10x2y2 + y2 − 0.25, with D such that MF = 0.45 and mG = 1.

for which Assumptions 2-4 are met for selected domains D. The controller coeffi-
cients were as follows: Ka = 2, Kp = 1, δ̄ = 0.1, µ̄ = 0.2, σ = 1, vd = 0.1 m/s,
and ζ = 1. The maximum admissible absolute values for the control signals were
selected as follows: u1M = 3 rad/s and u2M = 0.5 m/s. The results obtained for
cases I and II are shown in Figs. 2.10 and 2.11, respectively.

It can be observed that, for both cases, the function F (see Figs. 2.10a and 2.11a),
the auxiliary orientation error (see Figs. 2.10d and 2.11d), and the orientation error
(see Figs. 2.10c and 2.11c) converge towards zero, while the control signals (see
Figs. 2.10e-2.10f and 2.11e-2.11f) satisfy the imposed constraints. Furthermore, the
robot reaches the desired path in a fixed time (see Figs. 2.12g and 2.13g) and then
follows it with a constant longitudinal velocity u2 = vd (see Figs. 2.10f and 2.11f).
Moreover, one can see that the robot’s motion to the desired path is characterized by
the lack of oscillations. The upper bounds of the settling times, computed according
to (2.114), and (2.127), with using s (see Remark 16), are as follows:

• Tca = 6.76 s and Tcp = 11.29 s for case I (with MF = 0.1 and mG = 0.4),
• Tca = 15.92 s and Tcp = 13.34 s for case II (with MF = 0.45 and mG = 1).

One can observe that the system errors converge in a time shorter than the computed
upper bounds.

2.3.5 Results of experimental tests
The experimental tests were performed using the mTracker mobile robot, which
was discussed in Section 2.2.5. The fast-prototyping setup was prepared according
to the scheme shown in Fig. 2.9, with the reference path generator that generates
reference signal F ∗ in accordance with the reference path definition provided in
Section 2.3.1, and the VFO control law presented in Section 2.3.3. It should be
noted that communication between the robot and a PC computer was carried out
via a Bluetooth interface, and the robot’s current configuration q was determined
based on the odometry. It should be noted that a vector of desired wheel speeds
is sent to the robot, which is calculated based on the control signals u1 and u2 as
follows:

uk
(2.91)= 1

rw

[
bw/2 1

−bw/2 1

] [
u1
u2

]
, (2.133)

where rw denotes the wheel radius and bw means the wheel base (cf. Section 2.2.5).
The average operating frequency of this scheme was 30 Hz.
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nominal
VFO

controller

scaling
procedure

PC+Matlab

F*

MTracker
 mobile robot 

reference
path

generator

desired
wheel speed
computation

Figure 2.9 – Block scheme of the fast-prototyping system with the mTracker mobile
robot. The communication link between the PC and the robot is provided via
Bluetooth (dashed lines in the scheme), while F ∗ =

[
F Fx Fy Fxx Fyy Fxy

]
.

Remark 17 (cf. Remark 9) It should be noted that, although velocity scaling is
performed in the robot platform velocity space (cf. Fig. 2.9), the parameters u1M and
u2M should be selected so that the maximum wheel velocity limitations are respected.
These limitations are determined by the maximum rotational speed of the motors.
Consequently, after substituting u1M and u2M into (2.133) in place of u1 and u2, the
resulting components of uk must be feasible for the robot drives.

Similarly to Section 2.3.4, two scenarios are considered that differ in the definition
of the function determining the reference path:

• case I:
fp(q̄) = x2 + y2 − 0.4, with D such that MF = 0.1 and mG = 0.4,

• case II:
fp(q̄) = 2x2 + 10x2y2 + y2 − 0.25, with D such that MF = 0.45 and mG = 1.

for which Assumptions 2-4 are fulfilled for selected domains D. The controller
coefficients were as follows: Ka = 2, Kp = 1, δ̄ = 0.1, µ̄ = 0.2, σ = 1, vd = 0.1 m/s,
and ζ = 1. The maximum admissible absolute values of the control inputs were
selected as follows: u1M = 3 rad/s and u2M = 0.5 m/s. The results obtained for
cases I and II are shown in Figs. 2.12 and 2.13, respectively. Figs. 2.12a and 2.13a
show that the positional error eF ≜ F converges towards zero for both cases, as
well as the orientation error eθ presented in Figs. 2.12c and 2.13c, and the auxiliary
orientation error ea shown in Figs. 2.12d and 2.13d. Based on Figs. 2.12e-2.12f and
Figs. 2.13e-2.13f, one can see that the control signals satisfy the imposed constraints.
Furthermore, one can observe that the robot reaches and follows the desired reference
path (see Figs. 2.12g and 2.13g) with the desired velocity (see Figs. 2.12f and 2.12f).

Working with a real physical system, one encounters various types of distur-
bances like the measurement noise, model uncertainty, non-ideal regulation of the
wheels’ speeds, and communication delays between Matlab and the robot’s on-board
controller, the impact of which on control performance can be observed, for example,
in Figs. 2.12a or 2.13e.
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Figure 2.10 – Results of numerical simulations for the fixed-time path-following
control problem for fp(q̄) = x2 + y2 − 0.4 and vd = 0.1 m/s, while u1M = 3 rad/s
and u2M = 0.5 m/s. The initial configuration of the robot is marked by a solid
triangle.
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Figure 2.11 – Results of numerical simulations for the fixed-time path-following
control problem for fp(q̄) = 2x2 + 10x2y2 + y2 − 0.25 and vd = 0.1 m/s, while
u1M = 3 rad/s and u2M = 0.5 m/s. The initial configuration of the robot is marked
by a solid triangle.
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Figure 2.12 – Results of experimental tests with mTracker mobile robot for the fixed-
time path-following control problem for fp(q̄) = x2 + y2 − 0.4 and vd = 0.1 m/s,
while u1M = 3 rad/s and u2M = 0.5 m/s. The initial configuration of the robot is
marked by a solid triangle.
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Figure 2.13 – Results of experimental tests with mTracker mobile robot for fp(q̄) =
2x2 + 10x2y2 + y2 − 0.25 and vd = 0.1 m/s, while u1M = 3 rad/s and u2M = 0.5 m/s.
The initial configuration of the robot is marked by a solid triangle.
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2.4 Conclusions
This chapter presents the fixed-time VFO control laws for the set-point control
problem and for the problem of following a non-parameterized path. The proposed
control laws ensure satisfaction of the imposed control input constraints and guar-
antee that the system errors converge to zero within a fixed time. The theoretical
results obtained have been validated by numerical simulations and experimental
tests.

Unlike works currently available in the literature, the proposed algorithms si-
multaneously consider the control input constraints and the task execution time
constraints, using computationally simple algorithms that do not require significant
computational power – unlike, for example, the work [23], in which the simultaneous
consideration of these constraints requires solving an optimization problem online.
Furthermore, the VFO methodology is characterized by non-oscillatory transient
states and the absence of chattering, unlike classical sliding-mode methods, whose
use is often associated with chattering and which are frequently employed in the
design of fixed-time control algorithms (see, for example, [15, 89]). The proposed
algorithms explicitly determine the maximum admissible absolute values of the con-
trol inputs, which, in the case of the unicycle model, correspond to the maximum
admissible absolute values of the vehicle’s velocities. These constraints were also
explicitly taken into account in the method used to estimate the upper bound of the
system error settling time.

The proposed algorithms use a ‘local’ method for estimating the upper bound
of the system error settling times (see Lemma 4), that is, the one that takes into
account a particular set of admissible initial conditions, which is a subset of Rn.
Although this ’local’ method has appeared in the literature (see, for example, [101]
or [23]), it has typically served as an intermediate step in deriving a global method
(see Lemma 2), and to the best of our knowledge, the ‘local’ estimation of the upper
bound has received limited attention in the literature. However, when considering
the task execution time constraints and the control input constraints simultaneously,
such an approach seems appropriate, since it is easy to see that in the case presented
in this dissertation, for z̄ → ∞, with z̄ denoting the largest possible value of the
norm of the initial condition within the considered set of admissible initial conditions
(cf. Lemma 4), one obtains s → 0 =⇒ Tcp → ∞ based on (2.42) and (2.44).

This chapter also proposes a method for a priori estimation of s in the case of
a set-point control problem, which subsequently allows a priori estimation of the
upper bounds. A method for estimating the upper bound of settling times in the
case of a path-following problem has not yet been developed, so these values can
only be calculated a posteriori.

Therefore, it can be concluded that the first objective defined for this dissertation
has been achieved, that is the fixed-time control laws for a single nonholonomic mo-
bile robot has been developed. The next chapter will present a solution to the second
objective, namely, the adaptation of the developed control laws for nonholonomic
distributed multi-vehicle systems.
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Chapter 3

Control design for a distributed
multi-vehicle system

3.1 Introduction
In this chapter, the focus will be on the second objective formulated in this disserta-
tion, namely the designing of control algorithms within the VFO methodology for a
distributed multi-vehicle system, taking into account control input constraints and
task execution time constraints. The problem of creating formation is considered,
and two approaches will be proposed to solve this problem using the VFO method-
ology. First, in Section 3.2 the control problem is formulated. Next, in Section 3.3,
the observer-based approach will be presented, in which the set-point fixed-time
VFO control law discussed before in Section 2.2.2 can be successfully applied to
control a multi-vehicle system. In Section 3.4, a consensus-based approach will be
discussed, which also relies on the algorithm presented in Section 2.2.2. However,
it includes significant modifications that enable single-stage control (compared to
the three-stage control in the observer-based approach). Finally, in Section 3.5 the
obtained results will be summarized. For all proposed algorithms, a formal stability
analysis as well as validation results are provided.

3.2 Control problem formulation
We are interested in the problem of formation creation by a nonholonomic multi-
vehicle system, that is, one that consists of nv vehicles with the unicycle kinematics
defined as follows:

q̇i
(1.6)= G(qi)ui =



1 0
0 cos θi

0 sin θi



[
u1i

u2i

]
= g1u1i + g2(θi)u2i, (3.1)

where the subscript i ∈ V ≜ {1, 2, . . . , nv} indicates the i-th vehicle, while V is the
node set introduced in Section 1.4.2.

The desired formation is determined using a displacement vector

d̄i ≜
[
dxi

dyi

]
(3.2)
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that defines, in a global frame, the relative displacement of each robot’s desired
position from the consensus equilibrium point q̄c ≜

[
xc yc

]⊤
(cf. Fig. 1.6). Note

that the value of the consensus equilibrium point q̄c is unknown a priori.
Let us formulate the control problem as follows:

Problem 3 For each nonholonomic vehicle i ∈ V ≜ {1, 2, . . . , nv} whose kinemat-
ics are described by (3.1) and which belongs to a distributed multi-vehicle system,
find feedback control law ui, which guarantees that the configuration qi =

[
θdi q̄⊤

i

]⊤

of each vehicle will converge to the desired position q̄di ≜ q̄c + d̄i and desired ori-
entation θdi in a fixed time and, as a result, vehicles will create a formation around
the a priori unknown consensus equilibrium point q̄c, that is:

• ∀i ∈ V ∀t ≥ 0 ∥q̄di − q̄i(t)∥ ≤ ∞,
• ∀i ∈ V ∀t ≥ 0 ui(t) ∈ U ,
• ∀i ∈ V ∀t ≥ tsi ∥q̄di − q̄i(t)∥ ≤ ϵ,
• ∀i ∈ V ∀t ≥ tsi fθ

(
θdi − θi(t)

)
= θϵ,

• sup
e0i∈R3

sup
i∈V

tsi(e0i) ≤ Tc < ∞,

where ϵ ≥ 0 is a small (or zero) constant chosen by a designer, θϵ is a constant
whose value is related to ϵ, while e0i means the initial value of the error vector for
the i-th vehicle, fθ(·) is a function such that R → (−π, π], U denotes the set of
admissible control inputs defined in Section 1.3.2. The term tsi denotes a settling
time of the i-th vehicle, while Tc is an upper bound of the settling times tsi for all
i ∈ V .

Remark 18 It should be noted that the set U of admissible control inputs, defined
in Section 1.3.2, is taken to be the same for each vehicle. This choice was made
solely to simplify the notation, without compromising the validity of the reasoning
presented in this chapter. One may select, in general, different maximum admissible
absolute values for control inputs, and thus define different sets Ui for different
vehicles.

Remark 19 Note that in Problem 3, the set E of admissible initial errors, which was
present in Problem 1 (see Fig. 2.1), has not been defined. The main motivation for
introducing this set lies in the intention to use a less conservative, ’local’ estimation
of the upper bound of settling times. Since no method has yet been developed for
some of the algorithms considered in this chapter to estimate the upper bounds a
priori, and such estimation is possible only a posteriori, it was decided to present
considerations regarding the global case, that is, the initial error values belong to Rn.

Before the algorithms solving Problem 3 will be presented, let us introduce a few
lemmas that will be important for stability analysis in the following sections.

Lemma 5 (cf. [114]) Any square m×m matrix M can be represented as the sum
of a symmetric matrix Msym and a skew-symmetric matrix Mskew, such that:

M = Msym + Mskew = M + M⊤

2 + M − M⊤

2 . (3.3)

Furthermore, the quadratic function associated with a skew-symmetric matrix is al-
ways zero, that is z⊤Mskewz = 0, where z ∈ Rm.
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Lemma 6 (cf. [141, 143]) Let z1, z2, . . . , zn ≥ 0, 0 < P1 < 1, and P2 > 1. Then:
(

nv∑

i=1
zi

)P1

≤
nv∑

i=1
(zi)P1 , (3.4)

nv
1−P2

(
nv∑

i=1
zi

)P2

≤
nv∑

i=1
(zi)P2 ≤

(
nv∑

i=1
zi

)P2

. (3.5)

Lemma 7 (cf. [107]) Let z1, z2, . . . , zn ≥ 0, a > 0, b > 0, 0 < P1 < 1, and P2 ≥ 1.
Then:

(
nv∑

i=1
(zi)a +

nv∑

i=1
(zi)b

)P1

≤
(

nv∑

i=1
(zi)a

)P1

+
(

nv∑

i=1
(zi)b

)P1

, (3.6)
(

nv∑

i=1
(zi)a +

nv∑

i=1
(zi)b

)P2

≤ 2P2−1
(

nv∑

i=1
(zi)a

)P2

+ 2P2−1
(

nv∑

i=1
(zi)b

)P2

. (3.7)

Lemma 8 (cf. [125]) Let a > 0, b > 0, r1 > 1, and r2 = r1/(r1 − 1). Then, based
on the Young’s inequality, the following inequality holds:

ab ≤ 1
r1
ar1 + 1

r2
br2 . (3.8)

Lemma 9 Let z be a vector, L be the Laplacian matrix of the connected graph G
describing the undirected communication topology of a multi-vehicle system consist-
ing of nv vehicles, and λ2 > 0 be the second smallest eigenvalue of L. Then the
following inequality holds:

z⊤LLz ≥ λ2z
⊤Lz. (3.9)

Proof. Let λi, i ∈ V ≜ {1, 2, . . . , nv} be an eigenvalue of L and vλi be a corre-
sponding eigenvector, such that v⊤

λivλi = 1, while v⊤
λivλj = 0 for i ̸= j, j ∈ V (since

the eigenvectors of a symmetric matrix are ortogonal). Let z be a vector. One can
observe that

Lvλi = λivλi (3.10)
and that vector z can be written as follows:

z =
∑

i∈V

civλi, ci ≜ v⊤
λiz. (3.11)

Then, it should be noted that:

z⊤Lz
(3.11)=


∑

i∈V

civλi




⊤

L
∑

i∈V

civλi =

∑

i∈V

civλi




⊤
∑

i∈V

ciLvλi

(3.10)=

∑

i∈V

civλi




⊤
∑

i∈V

ciλivλi =
∑

i∈V

λic
2
i v

⊤
λivλi =

∑

i∈V

λic
2
i (3.12)

and:

z⊤LLz = (Lz)⊤ Lz
(3.11)=


L

∑

i∈V

civλi




⊤

L
∑

i∈V

civλi =

∑

i∈V

ciLvλi




⊤
∑

i∈V

ciLvλi
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Scaling procedure

Scaling
blockNominal 

fixed-time VFO
control law

Kinematics of
vehicle i

Distributed
observer

Figure 3.1 – Overview of the control system with the proposed observer-based control
algorithm for the i-th vehicle.

(3.10)=

∑

i∈V

ciλivλi




⊤
∑

i∈V

ciλivλi =
∑

i∈V

λ2
i c

2
i v

⊤
λivλi =

∑

i∈V

λ2
i c

2
i . (3.13)

Please note that matrix L is symmetric, since the graph G is connected and the
communication topology is undirected. Furthermore, it can be seen that (see [96])

0 = λ1 < λ2 ≤ . . . ≤ λnv , (3.14)

and based on this, it can be concluded that

∀i ∈ V λ2
i ≥ λiλ2. (3.15)

Therefore, it should be noted that

z⊤LLz
(3.13)=

∑

i∈V

λ2
i c

2
i

(3.15)
≥

∑

i∈V

λiλ2c
2
i = λ2

∑

i∈V

λic
2
i

(3.12)= λ2z
⊤Lz. (3.16)

That concludes the proof. ■

The following sections will present two different approaches that solve Problem 3.

3.3 Observer-based formation control
The first proposed algorithm involves the use of distributed observers to estimate
the consensus equilibrium state qc ≜

[
θc q̄⊤

c

]⊤
in a decentralized way. Then, the

desired configuration

qdi ≜
[
θd

q̄di

]
=
[

θc

q̄c + di

]

for each vehicle will be determined, and the set-point fixed-time VFO control law,
introduced in Section 2.2.2, will be applied. An overview of the proposed algorithm
is shown in Fig. 3.1. Note that the results presented in this section were originally
presented in [115] and [116].

3.3.1 Distributed observer
Distributed fixed-time observers can be used to estimate the consensus equilibrium
state qc. Let us formulate the appropriate theorem:
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Theorem 3 For each vehicle i ∈ V ≜ {1, 2, . . . , nv}, belonging to a multi-vehicle
system whose communication topology is described by a connected graph G, the dis-
tributed fixed-time observer

˙̂qci =




˙̂
θci

˙̂xci

˙̂yci


 ≜




−Ko (κ1|ξθi|χ1 + κ2|ξθi|χ2) sign (ξθi)
−Ko (κ1|ξxi|χ1 + κ2|ξxi|χ2) sign (ξxi)
−Ko (κ1|ξyi|χ1 + κ2|ξyi|χ2) sign (ξyi)


 , (3.17)

where q̂ci ≜
[
θ̂ci x̂ci ŷci

]⊤
is the vector of consensus equilibrium state qc computed

by the i-th vehicle, and q̂ci(0) = qi(0). The terms Ko, κ1, and κ2 denote positive
design coefficients, while the powers

χ1 ≜ 1 − χ̄, χ2 ≜ 1 + χ̄, (3.18)

where χ̄ ∈ (0, 1) is chosen by a designer, and

ξi =



ξθi

ξxi

ξyi


 ≜




∑
j∈Ni

aij(θ̂ci − θ̂cj)∑
j∈Ni

aij(x̂ci − x̂cj)∑
j∈Ni

aij(ŷci − ŷcj)


 , (3.19)

is the vector of the observation error, where aij are the elements of matrix A defined
in Section 1.4.2, guarantees that the consensus state qc =

[
θc xc yc

]⊤ ∈ R3 is a
fixed-time stable equilibrium state with upper bound Tco of the settling time tso of
the observation error ξi, that is: ∀t ≥ Tco ξi(t) = 0 =⇒ q̂c1(t) = q̂c2(t) = . . . =
q̂cn(t) = qc.

Remark 20 Please note that, to simplify the stability analysis, Ko, κ1, κ2, and χ̄
are taken to be the same for each vehicle.

Proof. The proof will be presented separately for the undirected and directed com-
munication topologies, and stability will be considered separately for each element
of the error vector ξi. Let us begin by considering the error ξθi and noting that

ξθ ≜




ξθ1
ξθ2
...

ξθnv




(3.19)=




∑
j∈N1 a1j(θ̂c1 − θ̂cj)∑
j∈N2 a2j(θ̂c2 − θ̂cj)

...
∑

j∈Nnv
anvj(θ̂cnv − θ̂cj)




=




∑nv
j=1 ℓ1j θ̂cj∑nv
j=1 ℓ2j θ̂cj

...
∑nv

j=1 ℓnvj θ̂cj




= L




θ̂c1
θ̂c2
...

θ̂cnv




= Lθ̂c, (3.20)

where θ̂c ≜
[
θ̂c1 θ̂c2 . . . θ̂cnv

]⊤
.
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Undirected communication topology: First, let us consider an undirected
communication topology between the robots, associated with a connected graph
G, thus according to Section 1.4.2, the Laplacian matrix L is symmetric.

Based on Lyapunov’s method, the radially unbounded positive definite function

Vθ ≜
1
nv

θ̂⊤
c Lθ̂c (3.21)

is chosen. Note that Vθ = 0 ⇐⇒ θ̂c = 1θc, since matrix L has a zero rows sum, it
can be observed that Lθ̂c = 0 ⇐⇒ θ̂c = 1θc where 1 ≜

[
1 1 . . . 1

]⊤ ∈ Rn is the
vector of ones. Next, the time derivative of (3.21) can be assessed as follows:

V̇θ = 2
nv

θ̂⊤
c L ˙̂

θc
(3.20)= 2

nv

ξ⊤
θ

˙̂
θc = 2

nv

nv∑

i=1
ξθi

˙̂
θci

(3.17)= − 2
nv

nv∑

i=1
ξθiKo (κ1|ξθi|χ1 + κ2|ξθi|χ2) sign (ξθi)

= −2Ko

nv

nv∑

i=1

(
κ1|ξθi|χ1+1 + κ2|ξθi|χ2+1

)

= −2Koκ1

nv

nv∑

i=1
|ξθi|χ1+1 − 2Koκ2

nv

nv∑

i=1
|ξθi|χ2+1

(3.5)
≤ −2Koκ1

(
1
nv

nv∑

i=1
|ξθi|

)χ1+1

− 2Koκ2

(
1
nv

nv∑

i=1
|ξθi|

)χ2+1

≤ −2Koκ1

( 1
nv

√
ξ⊤

θ ξθ

)χ1+1
− 2Koκ2

( 1
nv

√
ξ⊤

θ ξθ

)χ2+1

= −2Koκ1

( 1
nv

2 ξ⊤
θ ξθ

)χ1+1
2

− 2Koκ2

( 1
nv

2 ξ⊤
θ ξθ

)χ2+1
2

(3.20)= −2Koκ1

( 1
nv

2 θ̂⊤
c LLθ̂c

)χ1+1
2

− 2Koκ2

( 1
nv

2 θ̂⊤
c LLθ̂c

)χ2+1
2
. (3.22)

Based on Lemma 9 one can observe that:

V̇θ

(3.9)
≤ −2Koκ1

(
λ2(L)
nv

2 θ̂⊤
c Lθ̂c

)χ1+1
2

− 2Koκ2

(
λ2(L)
nv

2 θ̂⊤
c Lθ̂c

)χ2+1
2

(3.18)= −2Koκ1

(
λ2(L)
nv

2 θ̂⊤
c Lθ̂c

) 2−χ̄
2

− 2Koκ2

(
λ2(L)
nv

2 θ̂⊤
c Lθ̂c

) 2+χ̄
2

(3.21)= −2Koκ1

(
λ2(L)
nv

Vθ

)1− χ̄
2

− 2Koκ2

(
λ2(L)
nv

Vθ

)1+ χ̄
2

, (3.23)

where λ2(L) is the second smallest eigenvalue of L. One can observe that (1 − χ̄
2 ) ∈

(0.5, 1) and (1+ χ̄
2 ) > 1. Then, comparing (3.23) with (1.2) from Lemma 1, it can be

concluded that the equilibrium point ξθ = 0 of the dynamics ˙̂
θc is fixed-time stable.

Next, by comparing (3.23) with (1.3), it can be observed that the upper bound Tco

of the settling time tso of the observation error can be expressed as follows:

Tco
(1.3)= nvπ

2χ̄Koλ2(L)√κ1κ2
. (3.24)
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Directed communication topology: Now, let us consider the directed com-
munication topology. According to Section 1.4.2, L is a nonsymmetric Laplacian
matrix. First, let us define a symmetric positive semi-definite matrix

Lp ≜ W L + L⊤W , (3.25)

where W ≜ diag (w1, w2, . . . , wn), while
[
w1 w2 . . . wn

]⊤
≜ w0 denotes the left zero

unit eigenvector of L, that is w⊤
0 L = 0. Next, let us choose the radially unbounded

positive definite function

Vθ ≜
nv∑

i=1
wi

(
κ1

χ1 + 1 |ξθi|χ1+1 + κ2

χ2 + 1 |ξθi|χ2+1
)
, (3.26)

whose time derivative can be determined as follows:

V̇θ =
nv∑

i=1
(κ1|ξθi|χ1 + κ2|ξθi|χ2) sign(ξθi)wiξ̇θi

(3.17)= − 1
Ko

˙̂
θ⊤

c W ξ̇θ
(3.20)= − 1

Ko

˙̂
θ⊤

c W L ˙̂
θc. (3.27)

Based on Lemma 5, one can observe that:

V̇θ
(3.27)= − 1

2Ko

˙̂
θ⊤

c

(
W L + L⊤W

) ˙̂
θc

(3.25)= − 1
2Ko

˙̂
θ⊤

c Lp
˙̂
θc ≤ − k1

2Ko

˙̂
θ⊤

c
˙̂
θc, (3.28)

where k1 ≜ min
˙̂
θc∈R

˙̂
θ⊤

c Lp
˙̂
θc, and R ≜ { ˙̂

θc : ˙̂
θ⊤

c
˙̂
θc = 1}. Next

V̇θ

(3.28)
≤ − k1

2Ko

˙̂
θ⊤

c
˙̂
θc = − k1

2Ko

nv∑

i=1

˙̂
θ2

ci

(3.17)= − k1

2Ko

nv∑

i=1

(
−Ko (κ1|ξθi|χ1 + κ2|ξθi|χ2) sign(ξθi)

)2

= − k1

2Ko

nv∑

i=1
K2

o

(
κ2

1|ξθi|2χ1 + 2κ1κ2|ξθi|χ1+χ2 + κ2
2|ξθi|2χ2

)

= − k1Ko

2

(
κ2

1

nv∑

i=1
|ξθi|2χ1 + 2κ1κ2

nv∑

i=1
|ξθi|χ1+χ2 + κ2

2

nv∑

i=1
|ξθi|2χ2

)

(3.4)
≤ − k1Ko

2


κ2

1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2κ1κ2

nv∑

i=1
|ξθi|χ1+χ2 + κ2

2

nv∑

i=1
|ξθi|2χ2




(3.5)
≤ − k1Ko

2


κ2

1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2κ1κ2

( 1
nv

)χ1+χ2−1 ( nv∑

i=1
|ξθi|

)χ1+χ2

+κ2
2

( 1
nv

)2χ2−1 ( nv∑

i=1
|ξθi|

)2χ2



≤ − k1k2Ko

2



(

nv∑

i=1
|ξθi|

)2χ1

+
(

nv∑

i=1
|ξθi|

)χ1+χ2

+
(

nv∑

i=1
|ξθi|

)2χ2

 , (3.29)

with k2 ≜ min
{
κ2

1, 2κ1κ2
(

1
nv

)χ1+χ2−1
, κ2

2

(
1

nv

)2χ2−1
}

.
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Let us consider once again the function Vθ defined in (3.26):

Vθ
(3.26)=

nv∑

i=1
wi

(
κ1

χ1 + 1 |ξθi|χ1+1 + κ2

χ2 + 1 |ξθi|χ2+1
)

≤ w̄
nv∑

i=1

(
κ1

χ1 + 1 |ξθi|χ1+1 + κ2

χ2 + 1 |ξθi|χ2+1
)
, (3.30)

where w̄ ≜ max {w1, w2, . . . , wn}. Next, let us introduce the function

V̄θ ≜V
2χ1

χ1+1
θ + V

2χ2
χ2+1

θ (3.31)
(3.30)
≤

[
w̄

nv∑

i=1

(
κ1

χ1 + 1 |ξθi|χ1+1 + κ2

χ2 + 1 |ξθi|χ2+1
)] 2χ1

χ1+1

+
[
w̄

nv∑

i=1

(
κ1

χ1 + 1 |ξθi|χ1+1 + κ2

χ2 + 1 |ξθi|χ2+1
)] 2χ2

χ2+1

.

One can observe that 2χ1
χ1+1 ∈ (0, 1) and 2χ2

χ2+1 > 1. Then, based on Lemma 7, one
can obtain:

V̄θ

(3.6)
≤
[
w̄

nv∑

i=1

κ1

χ1 + 1 |ξθi|χ1+1
] 2χ1

χ1+1

+
[
w̄

nv∑

i=1

κ2

χ2 + 1 |ξθi|χ2+1
] 2χ1

χ1+1

+
[
w̄

nv∑

i=1

(
κ1

χ1 + 1 |ξθi|χ1+1 + κ2

χ2 + 1 |ξθi|χ2+1
)] 2χ2

χ2+1

(3.7)
≤
[
w̄

nv∑

i=1

κ1

χ1 + 1 |ξθi|χ1+1
] 2χ1

χ1+1

+
[
w̄

nv∑

i=1

κ2

χ2 + 1 |ξθi|χ2+1
] 2χ1

χ1+1

+ 2
χ2−1
χ2+1

[
w̄

nv∑

i=1

κ1

χ1 + 1 |ξθi|χ1+1
] 2χ2

χ2+1

+ 2
χ2−1
χ2+1

[
w̄

nv∑

i=1

κ2

χ2 + 1 |ξθi|χ2+1
] 2χ2

χ2+1

=
[
w̄κ1

χ1 + 1

nv∑

i=1
|ξθi|χ1+1

] 2χ1
χ1+1

+
[
w̄κ2

χ2 + 1

nv∑

i=1
|ξθi|χ2+1

] 2χ1
χ1+1

+ 2
χ2−1
χ2+1

[
w̄κ1

χ1 + 1

nv∑

i=1
|ξθi|χ1+1

] 2χ2
χ2+1

+ 2
χ2−1
χ2+1

[
w̄κ2

χ2 + 1

nv∑

i=1
|ξθi|χ2+1

] 2χ2
χ2+1

(3.4)
≤

 w̄κ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)χ1+1



2χ1
χ1+1

+

 w̄κ2

χ2 + 1

(
nv∑

i=1
|ξθi|

)χ2+1



2χ1
χ1+1

+ 2
χ2−1
χ2+1

[
w̄κ1

χ1 + 1

nv∑

i=1
|ξθi|χ1+1

] 2χ2
χ2+1

+ 2
χ2−1
χ2+1

[
w̄κ2

χ2 + 1

nv∑

i=1
|ξθi|χ2+1

] 2χ2
χ2+1

(3.5)
≤

 w̄κ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)χ1+1



2χ1
χ1+1

+

 w̄κ2

χ2 + 1

(
nv∑

i=1
|ξθi|

)χ2+1



2χ1
χ1+1

+ 2
χ2−1
χ2+1


 w̄κ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)χ1+1



2χ2
χ2+1

+ 2
χ2−1
χ2+1


 w̄κ2

χ2 + 1

(
nv∑

i=1
|ξθi|

)χ2+1



2χ2
χ2+1
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=
(
w̄κ1

χ1 + 1

) 2χ1
χ1+1

(
nv∑

i=1
|ξθi|

)2χ1

+
(
w̄κ2

χ2 + 1

) 2χ1
χ1+1

(
nv∑

i=1
|ξθi|

) 2χ1(χ2+1)
χ1+1

+ 2
χ2−1
χ2+1

(
w̄κ1

χ1 + 1

) 2χ2
χ2+1

(
nv∑

i=1
|ξθi|

) 2χ2(χ1+1)
χ2+1

+ 2
χ2−1
χ2+1

(
w̄κ2

χ2 + 1

) 2χ2
χ2+1

(
nv∑

i=1
|ξθi|

)2χ2

. (3.32)

Based on Lemma 8, let us derive the following inequalities:

(
nv∑

i=1
|ξθi|

) 2χ1(χ2+1)
χ1+1

=
(

nv∑

i=1
|ξθi|

) 2χ1(1−χ1)
χ1+1

(
nv∑

i=1
|ξθi|

) 2χ1(χ1+χ2)
χ1+1

≤ 1 − χ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2χ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)χ1+χ2

(3.33)

and

(
nv∑

i=1
|ξθi|

) 2χ2(χ1+1)
χ2+1

=
(

nv∑

i=1
|ξθi|

) 2χ1(χ2−1)
χ2+1

(
nv∑

i=1
|ξθi|

) 2(χ1+χ2)
χ2+1

≤ χ2 − 1
χ2 + 1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2
χ2 + 1

(
nv∑

i=1
|ξθi|

)χ1+χ2

. (3.34)

Then, substituting the above inequalities into (3.32), one obtains:

V̄θ

(3.33)
≤

(
w̄κ1

χ1 + 1

) 2χ1
χ1+1

(
nv∑

i=1
|ξθi|

)2χ1

+
(
w̄κ2

χ2 + 1

) 2χ1
χ1+1


1 − χ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2χ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)χ1+χ2



+ 2
χ2−1
χ2+1

(
w̄κ1

χ1 + 1

) 2χ2
χ2+1

(
nv∑

i=1
|ξθi|

) 2χ2(χ1+1)
χ2+1

+ 2
χ2−1
χ2+1

(
w̄κ2

χ2 + 1

) 2χ2
χ2+1

(
nv∑

i=1
|ξθi|

)2χ2

(3.34)
≤

(
w̄κ1

χ1 + 1

) 2χ1
χ1+1

(
nv∑

i=1
|ξθi|

)2χ1

+
(
w̄κ2

χ2 + 1

) 2χ1
χ1+1


1 − χ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2χ1

χ1 + 1

(
nv∑

i=1
|ξθi|

)χ1+χ2



+ 2
χ2−1
χ2+1

(
w̄κ1

χ1 + 1

) 2χ2
χ2+1


χ2 − 1
χ2 + 1

(
nv∑

i=1
|ξθi|

)2χ1

+ 2
χ2 + 1

(
nv∑

i=1
|ξθi|

)χ1+χ2



+ 2
χ2−1
χ2+1

(
w̄κ2

χ2 + 1

) 2χ2
χ2+1

(
nv∑

i=1
|ξθi|

)2χ2
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= 2
χ2−1
χ2+1

(
w̄κ2

χ2 + 1

) 2χ2
χ2+1

︸ ︷︷ ︸
≜k31

(
nv∑

i=1
|ξθi|

)2χ2

+




2χ1

χ1 + 1

(
w̄κ2

χ2 + 1

) 2χ1
χ1+1

+ 2
χ2 + 12

χ2−1
χ2+1

(
w̄κ1

χ1 + 1

) 2χ2
χ2+1




︸ ︷︷ ︸
≜k32

(
nv∑

i=1
|ξθi|

)χ1+χ2

+



(
w̄κ1

χ1 + 1

) 2χ1
χ1+1

+ 1 − χ1

χ1 + 1

(
w̄κ2

χ2 + 1

) 2χ1
χ1+1

+ χ2 − 1
χ2 + 12

χ2−1
χ2+1

(
w̄κ1

χ1 + 1

) 2χ2
χ2+1




︸ ︷︷ ︸
≜k33

×
(

nv∑

i=1
|ξθi|

)2χ1

= k31

(
nv∑

i=1
|ξθi|

)2χ2

+ k32

(
nv∑

i=1
|ξθi|

)χ1+χ2

+ k33

(
nv∑

i=1
|ξθi|

)2χ1

≤ k3



(

nv∑

i=1
|ξθi|

)2χ2

+
(

nv∑

i=1
|ξθi|

)χ1+χ2

+
(

nv∑

i=1
|ξθi|

)2χ1

 , (3.35)

where k3 ≜ max {k31, k32, k33} > 0.
Now let us substitute (3.35) into (3.29), which results in

V̇θ

(3.35)
≤ −k1k2Ko

2k3
V̄θ

(3.31)= −k1k2Ko

2k3

(
V

2χ1
χ1+1

θ + V
2χ2

χ2+1
θ

)

(3.18)= −k1k2Ko

2k3

(
V

2(1−χ̄)
(1−χ̄)+1

θ + V
2(1+χ̄)

(1+χ̄)+1
θ

)

= −k1k2Ko

2k3

(
V

2−2χ̄
2−χ̄

θ + V
2+2χ̄
2+χ̄

θ

)
. (3.36)

One can observe that 2−2χ̄
2−χ̄

∈ (0, 1) and 2+2χ̄
2+χ̄

> 1. Comparing (3.36) with (1.2) from
Lemma 1, it can be concluded that the equilibrium point ξθ = 0 of the dynamics ˙̂

θc

is fixed-time stable. Furthermore, comparing (3.36) with (1.4), the upper bound of
the settling time can be determined as follows:

Tco
(1.4)=

k3 (4 − χ̄2) Γ
(

2+χ̄
4

)
Γ
(

2−χ̄
4

)

2k1k2Koχ̄
, (3.37)

where Γ(·) is the gamma function defined as Γ(z) ≜ ∫∞
0 e−ttz−1dt. Hence, the

analysis for ξθ = 0 is complete. It should be noted that stability proofs for ξx = 0
and ξy = 0 can be obtained in a analogous manner, since the dynamics ˙̂xci and ˙̂yci

are defined analogously to ˙̂
θci (cf. (3.17)),thus, they will be omitted here. ■

Remark 21 An undirected communication topology is a special case of a directed
communication topology, therefore the stability proof developed for directed commu-
nication topology will also be valid for undirected communication topology. However,
it should also be noted that in the case of undirected communication topology, matrix
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L is symmetric, which results in a significantly simpler analysis, and thus may lead
to a less conservative upper bound of the settling time.

Based on Theorem 3, it can be seen that after time tso ≤ Tco, the consensus
equilibrium state qc is known and thus the desired configuration qdi = qc + di for
each vehicle i ∈ V belonging to the multi-vehicle system is known.

3.3.2 Fixed-time VFO control algorithm
Let us now define the control law which guarantees that each vehicle will reach its
desired configuration, that is, qi(t) → qdi. For this purpose, let us recall the set-
point fixed-time VFO control law introduced in Section 2.2.2, as it is easily seen that
for t ≥ tso, the task of creating a formation by a multi-vehicle system corresponds to
the task of stabilization at a point for multiple vehicles simultaneously. Let us begin
by defining the vector of error. It should be noted that, in this case, the desired
configuration is unknown a priori and is estimated by the observers, thus the error
should be expressed as

êi(t) =
[
êθi(t)
ˆ̄ei(t)

]
=



êθi(t)
êxi(t)
êyi(t)


 ≜



fθ

(
θ̂di(t) − θi(t)

)

x̂di(t) − xi(t)
ŷdi(t) − yi(t)


 , (3.38)

with
[
θ̂di x̂di ŷdi

]⊤
= q̂di = q̂ci + di, where q̂ci denotes the vector of the consensus

equilibrium state estimated by the distributed observer of the i-th vehicle. It can
therefore be concluded that ∀i ∈ V ∀t ≥ tso q̂ci(t) = qc =⇒ q̂di(t) = qdi =⇒
êi(t) = ei(t).

Then, let us recall the convergence vector field defined in (2.3):

∀i ∈ V ĥi =
[
hθi

ˆ̄hi

]
(2.3)=


Kai

(
|eai|δ1i + |eai|δ2i

)
sign(eai) + θ̇aNi

Kpi

(
ˆ̄ei − η̄iσi

∥∥∥ˆ̄ei

∥∥∥ ḡ2di

)

 , (3.39)

where Kai and Kpi are positive design coefficients, ḡ2di ≜ ḡ2(θdi) =
[
cos θdi sin θdi

]⊤
,

σi ∈ {−1, 1}, η̄i ∈ (0.5, 1) is related to the so-called directing effect, while the powers
δ1i ∈ (0, 1) and δ2i > 1 are defined as in (2.6). The term eai denotes the auxiliary
orientation error of the i-th vehicle and is defined in (2.7), while θ̇aNi stands for
the nominal time derivative of the auxiliary orientation θai and is defined in (2.9).
Please note that Assumption 1 also remains valid.

Analogously to Section 2.2.2, let us first formulate the nominal control law:

uNi =
[
u1Ni

u2Ni

]
(2.12)=



foKai

(
|eai|δ1i + |eai|δ2i

)
sign(eai) + foθ̇aNi

fofsiρ̂i

∥∥∥∥
ˆ̄hi

∥∥∥∥ cosαi


 ∈ R2, (3.40)

with fsi defined for the i-th vehicle as in (2.15), that is

fsi(t)
(2.15)=

{
0 if t < tsai

1 if t ≥ tsai
, (3.41)
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where tsai denotes the settling time of the auxiliary orientation error eai for the i-th
vehicle, while

fo(t) ≜
{

0 if t < tso

1 if t ≥ tso
, (3.42)

and

ρ̂i
(2.13)=




ρ0i

(∥∥∥ˆ̄ei

∥∥∥
µ1i +

∥∥∥ˆ̄ei

∥∥∥
µ2i
) ∥∥∥∥

ˆ̄hi

∥∥∥∥
−1

if
∥∥∥ˆ̄ei(t)

∥∥∥ > ϵ

0 otherwise
, (3.43)

where ρ0i is a positive coefficient, while the powers µ1i and µ2i are defined as in
(2.14). Note that ϵ is a small constant chosen by the designer and its value is
the same for each vehicle to ensure similar control performance. The control law
that satisifies the imposed control input constraints is obtained as a result of post-
processing, that is, as a result of scaling the nominal control law uNi by a scaling
function

si(t)
(1.7)=

(
max

{
1, |u1Ni(t)|

u1M

,
|u2Ni(t)|
u2M

})−1

∈ (0, 1), (3.44)

where u1M and u2M denote the maximum permissible absolute angular and longitu-
dinal velocities, respectively (cf. Section 1.3.2).

Remark 22 In (3.44), choosing the same constraints u1M and u2M for every vehicle
was proposed. It should be noted that selecting different values of u1Mi and u2Mi

for different vehicles will only result in changes in the maximum possible absolute
velocities of individual vehicles and will not have a significant impact on the stability
analysis or the control performance of the multi-vehicle system.

Let us now formulate the appropriate theorem:

Theorem 4 (cf. Theorem 1) For each vehicle i ∈ V with kinematics (3.1), be-
longing to a distributed multi-vehicle system whose communication topology is de-
scribed by a connected graph G, application of the nominal VFO control law uNi(t)
defined in (3.40) with the scaling function si(t) introduced in (3.44) leads to the
control law

ui ≜ siuNi =



sifoKai

(
|eai|δ1i + |eai|δ2i

)
sign(eai) + sifoθ̇aNi

sifofsiρ̂i

∥∥∥∥
ˆ̄hi

∥∥∥∥ cosαi


 ∈ U , (3.45)

which solves Problem 3 and ensures fixed-time stability of the equilibrium point of
the closed-loop dynamics.

Proof. Please note that the proof can be provided in a similar manner to the proof
presented for Theorem 1, thus it will be omitted here. ■

Remark 23 Please note that the control algorithm presented in Section 3.3 operates
in the three stages, and the transitions between the particular stages are scheduled
by the functions (3.41) and (3.42) as follows:

• observation stage, in which the observation errors converge:

∀i ∈ V 0 ≤ t < tso < tsai =⇒ fsi(t)
(3.41)= 0 and fo(t)

(3.42)= 0,
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• pre-orientation stage, in which the auxiliary orientation errors converge:

∀i ∈ V 0 < tso ≤ t < tsai =⇒ fsi(t)
(3.41)= 0 and fo(t)

(3.42)= 1,

• motion stage, in which the orientation and positional errors converge:

∀i ∈ V 0 < tso < tsai ≤ t =⇒ fsi(t)
(3.41)= 1 and fo(t)

(3.42)= 1.

It should be noted that the only purpose of separating the pre-orientation stage from
the motion stage is to enable the calculation of upper bounds of settling times a
priori using the method presented in Section 2.2.3. If one is not interested in a
priori estimation of these upper bounds, one may set ∀i ∈ V ∀t ≥ 0 fsi(t) = 1 and
thereby include the pre-orientation stage in the motion stage.

3.3.3 Results of numerical simulations
Numerical simulations were performed in the Matlab-Simulink environment, accord-
ing to the scheme presented in Fig. 3.1. A fixed-step solver with a step size of 10−3 s
was selected. The following observer parameters were selected: Ko = κ1 = κ2 = 1,
and χ̄ = 0.2, while the controller parameters were the same for each vehicle:
∀i ∈ V Kpi = 1, Kai = 2, ρ0i = 1 η̄i = 0.82, and µ̄i = δ̄i = 0.2. Furthermore, σi were
selected according to (2.4), while ϵ = 10−10 m, u1M = 3 rad/s, and u2M = 0.5 m/s.

A scenario with 5 vehicles was considered, with a directed communication topol-
ogy described by graph G presented in Fig. 3.2 and by the following matrices:

A =




0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 0 0 0 0



, L =




1 −1 0 0 0
0 1 −1 0 0
0 0 1 −1 0
0 0 0 1 −1

−1 0 0 0 1



.

The initial configurations of the vehicles were as follows:

q1(0) =



0
4
3


 , q2(0) =



0
4
4


 , q3(0) =




π
2

−3
5


 , q4(0) =




π
−3.5

0


 , q5(0) =



−π

2
3

−3


 .

The obtained results are presented in Figs. 3.3 and 3.4. It can be seen that the
observation errors shown in Figs. 3.3a–3.3c converge toward zero, and the settling
time was 3.98 s, while the upper bound Tco, computed based on (3.37), is 33.77 s.
Furthermore, it can be observed that the positional errors (see Figs. 3.4a and 3.4b),
and the orientation error (see Fig. 3.4d) converge towards the vicinity of zero within
a fixed time, while the auxiliary orientation error (see Fig. 3.4c), converge towards
within a fixed time as well. Moreover, the control inputs satisfy the imposed con-
straints (see Figs. 3.4e and 3.4f) and each vehicle reaches its desired configuration
with the prescribed accuracy (see Fig. 3.4g). It is worth noting the non-oscillatory
and chattering-free nature of the control signals shown in Figs. 3.4e and 3.4f, as well
as the oscillation-free trajectories of the vehicles visible in Fig. 3.4g.
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1 2 3 4 5

Figure 3.2 – Graph of the undirected communication topology used in simulations.

(a)

(b)

(c)

Figure 3.3 – Observation errors of distributed fixed-time observers, where tso = 3.98 s
denotes the observation error settling time.

Remark 24 It should be noted that the results presented in Fig. 3.4 mainly concern
the controller originally presented in Section 2.2.2, whereas the main contribution
of this section is the proposition to use the distributed fixed-time observers, whose
operation is shown in Fig. 3.3. However, it should be noted that the observers use
only information about the initial configurations and operate before the vehicles start
moving. Therefore, this section will not present experimental results, as they would
mainly concern the control algorithm already discussed in Section 2.2.2 and not the
observers, which are a novelty in this section.
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(a) (b)

(c) (d)

(e) (f)

-5 0 5

-5

0

5

(g)

Figure 3.4 – Results of a numerical simulation for the observer-based formation
control algorithm, where the solid triangles indicate the initial robot configurations,
and the red circles represent the desired configurations determined by the observer,
while tso = 3.98 s is the observation error settling time, u1M = 3 rad/s, and u2M =
0.5 m/s.
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3.3.4 Discussion on collision avoidance
An important aspect that is often discussed when considering multi-vehicle systems
is collision avoidance. Although this issue is beyond the scope of the dissertation,
based on the results presented in earlier sections and available literature, the features
of the VFO methodology can be used to develop a method for detecting collisions
with static obstacles whose positions are known a priori. The idea is to use so-called
integral curves to predict the robot motion path and then determine the possibility
of collision with a static obstacle by comparing their positions.

First, let us recall the definition of a parameterized integral curve from [27],
which was already used in Section 2.2.3:

e∗
xi

(
e∗

yi, p
∗
i (ē0i)

) (2.72)=
σi|e∗

yi|
2



(

e∗
yi

p∗
i (ē0i)

)η̄i

−
(

e∗
yi

p∗
i (ē0i)

)−η̄i

 , (3.46)

where
[
e∗

xi e
∗
yi

]⊤
≜ ē∗

i is a vector of positional coordinates determined analytically
and expressed in the error space for the i-th vehicle, while

∀ey0i ̸= 0 p∗
i (ē0i)

(2.73)= ey0i exp
(

1
η̄i

∣∣∣∣∣arsinh
(
ex0i

ey0i

)∣∣∣∣∣

)
. (3.47)

The predicted motion path is determined by computing the value of e∗
xi for e∗

yi ∈
(0, ey0i] if ey0i > 0, or for e∗

yi ∈ [ey0i, 0) if ey0i < 0. It is assumed that the static
obstacle is enclosed within a circle. The radius of this circle is defined as the sum
of the smallest radius of a circle enclosing the obstacle and the smallest radius of a
circle enclosing the robot. The coordinates of the static obstacle are assumed to be
known a priori, thus, the coordinates of the circle containing the obstacle are known
as well. By comparing the positional coordinates of the predicted path with those
of this circle, one can determine whether the path is collision-free, since no collision
occurs if the predicted path remains outside the circle.

It should be noted that in (3.46) and (3.47) a design coefficient η̄i ∈ (0.5, 1) is
used, which is related to the so-called directing effect and influences the shape of
the robots path (cf. Fig. 3.5). Therefore, if a collision is detected, the designer
has a possibility to change the value of η̄i, which will cause a (slight) change in
the predicted motion path and thus may lead to finding a collision-free path (cf.
Fig. 3.6). It should be noted, as described in Section 2.2.3, that ∀i ∈ V ∀t ≥
tsai ē∗

i ≡ ēi, therefore, thanks to the function fsi (3.41) which schedules the pre-
orientation stage and the motion stage, the vehicle will follow the predicted path in
nominal conditions, that is, in the absence of disturbances.

The performance of the proposed method was validated through numerical sim-
ulation in the Mathlab-Simulink environment with a fixed-step solver using a step
size of 10−3 s. A multi-vehicle system consisting of four vehicles communicating via
an undirected communication topology was considered. Five static obstacles were
placed within the vehicles’ operational space, which, for simplicity, were modeled
as circles of different radii. The parameters of the controller and observers were
chosen similarly to those in Section 3.3.3, with the exception of η̄i, whose values
were determined using the proposed collision detection method. As can be seen in
Fig. 3.7, a collision-free path was found for each vehicle, and the desired formation
was established. The parameter values determined by the collision checking method
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0 0.5 1 1.5 2

0

0.5

1

Figure 3.5 – Exemplary predicted robot motion paths for η̄ ∈ {0.6, 0.7, 0.8, 0.9}. The
initial position is marked with a red cross, while the desired configuration, marked
with a red circle, is qd = 0.

Apply the 
VFO controller

Distributed observers

if no collision anticipated

Collision checking

Change the value of design
parameter       

if collision anticipated

Figure 3.6 – Overview of the proposed observer-based algorithm for the i-th vehicle,
with collision checking algorithm.

-10 -5 0 5 10
-10

-5

0

5

Figure 3.7 – Exemplary results of collision checking in a case where collision-free
paths are found. The black circles indicate obstacles, the red circles represent the
desired positions for each vehicle determined by the distributed observer, and the
solid triangles indicate the initial configurations of the vehicles.

were as follows:

η̄1 = 0.64, η̄2 = 0.9, η̄3 = 0.82, η̄4 = 0.72.

Remark 25 It should be noted that the proposed method always allows one to verify
whether a path is collision-free, but does not always guarantee collision avoidance.
That is why it is called a collision detection method rather than a collision avoidance
method. Furthermore, the proposed method is effective only in cases when vehicles
move along paths predicted based on the knowledge of integral curves, that is, when
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Scaling procedure

Scaling
blockNominal 

fixed-time VFO
consensus
algorithm

Kinematics of
vehicle i

Figure 3.8 – Scheme of the control system for the consensus-based formation control
approach for the i-th vehicle.

the auxiliary orientation error eai is zero at the beginning of the movement and
remains zero until the end of the movement.

3.4 Consensus-based formation control
The second proposed algorithm involves the direct use of the consensus mechanism
to appropriately define system errors, and then formulate a control law within the
VFO design methodology, which will lead to the creation of a formation by the multi-
vehicle system even though the consensus equilibrium state remains unknown. First,
the design of a nominal control algorithm will be presented – that is, the one which
does not meet the imposed control input constraints. Then, a scaling procedure
that uses the scaling function s will be presented (see Section 1.3.2), yielding control
inputs that satisfy the imposed constraints. This control algorithm will be developed
according to the conceptual scheme of the control system shown in Fig. 3.8.

3.4.1 Distributed fixed-time VFO consensus algorithm
Let us define the vector of system errors for each vehicle i ∈ V as follows:

ei(t) =
[
eθi(t)
ēi(t)

]
=



eθi(t)
exi(t)
eyi(t)


 ≜




fθ

(
θd − θi(t)

)

−∑
j∈Ni

aij

(
xi(t) − dxi − xj(t) + dxj

)

−∑
j∈Ni

aij

(
yi(t) − dyi − yj(t) + dyj

)


 , (3.48)

where the desired orientation ∀i ∈ Vθdi = θd is the same for each vehicle and is
selected by the designer, aij denotes the elements of adjacency matrix A introduced
in Section 1.4.2, while

[
dxi dyi

]⊤
≜ di.

Remark 26 It should be noted that the designer may choose θd arbitrarily based
on some prior knowledge of the environment, the task, or the robot configurations,
or may use a tool to determine this value based on the initial orientations of the
vehicles – for example, the observer presented in Section 3.3.1.

Let us also define dx ≜
[
dx1 dx2 . . . dxnv

]⊤
, dy ≜

[
dy1 dy2 . . . dynv

]⊤
, and q̄ ≜

[
x⊤ y⊤

]⊤
, with x ≜

[
x1 x2 . . . xnv

]⊤
and y ≜

[
y1 y2 . . . ynv

]⊤
. Then, one can
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rewrite the positional error in a matrix form:

ē ≜
[
ex

ey

]
≜




ex1
...

exnv

ey1
...

eynv




(3.48)=




−∑
j∈N1 a1j(x1 − dx1 − xj + dxj)

...
−∑

j∈Nn
anvj(xnv − dxnv − xj + dxj)

−∑
j∈N1 a1j(y1 − dy1 − yj + dyj)

...
−∑

j∈Nn
anvj(ynv − dynv − yj + dyj)




=




−∑nv
j=1 ℓ1j(xj − dxj)

...
−∑nv

j=1 ℓnvj(xj − dxj)
−∑nv

j=1 ℓ1j(yj − dyj)
...

−∑nv
j=1 ℓnvj(yj − dyj)




=
[
−L(x − dx)
−L(y − dy)

]
= −Lq

(
q̄ −

[
dx

dy

])

︸ ︷︷ ︸
≜ξq

, (3.49)

where ℓij is an element of matrix L presented in Section 1.4.2, while

Lq ≜
[
L 0
0 L

]
. (3.50)

Each agent will reach its desired configuration in the formation once the consensus
is achieved, that is ξq → ξc, where ξc ≜

[
xc1 yc1

]⊤
is the consensus equilibrium

state, which is constant but unknown a priori. Moreover, the time derivative of the
positional error ē can be derived as

˙̄eN = −Lq
˙̄qN =

[
−LẋN

−LẏN

]
=




−∑nv
j=1 ℓ1jẋNj

...
−∑nv

j=1 ℓnvjẋNj

−∑nv
j=1 ℓ1j ẏNj

...
−∑nv

j=1 ℓnvj ẏNj




(1.6)=




−∑nv
j=1 ℓ1ju2Nj cos θj

...
−∑nv

j=1 ℓnvju2Nj cos θj

−∑nv
j=1 ℓ1ju2Nj sin θj

...
−∑nv

j=1 ℓnvju2Nj sin θj




. (3.51)

It should be noted that the subscriptN indicates that the particular value is obtained
based on the nominal control input.

Next, according to the VFO design methodology, the convergence vector field
for the i-th vehicle can be defined as follows:

hi =



hθi

hxi

hyi


 =

[
hθi

h̄i

]
(2.3)=

[
Ka

(
|eai|δ1 + |eai|δ2

)
sign(eai) + θ̇aNi

Kp (ēi − η̄σi∥ēi∥ḡ2d)

]
, (3.52)
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where Ka and Kp are positive design coefficients, η̄ ∈ (0, 1), ḡ2d ≜ ḡ2(θd) =[
cos θd sin θd

]⊤
, while σi and the powers δ1, δ2 are defined by analogy to (2.4) and

(2.6), respectively, that is:

σi
(2.4)= sgn

(
exi(0) cos θd + eyi(0) sin θd

)
∈ {−1, 1},

and
δ1

(2.6)= 1 − δ̄, δ2
(2.6)= 1 + δ̄, δ̄ ∈ (0, 1).

The term
eai(t)

(2.7)= θai(t) − θi(t) (3.53)
denotes the auxiliary orientation error for i-th vehicle, while

θai

(
h̄i(ēi)

) (2.8)=
{

Atan2c (σihyi(ēi), σihxi(ēi)) if ∥ēi(t)∥ > ϵ
θaϵi otherwise (3.54)

means the auxiliary orientation of the i-ith vehicle, while Atan2c (·, ·) is a continuous
version of Atan2 (·, ·) and it was introduced in Section 2.2.2. The nominal time
derivative θ̇aNi of the auxiliary orientation θai for the i-th vehicle can be expressed
as follows:

θ̇aNi

(
h̄i(ēi)

) (2.9)=





ḣyNi(ēi)hxi(ēi) − ḣxNi(ēi)hyi(ēi)∥∥∥h̄i(ēi)
∥∥∥

2 if ∥ēi(t)∥ > ϵ

0 otherwise
, (3.55)

where
˙̄hNi =

[
ḣxNi

ḣyNi

]
(2.10)= Kp

(
˙̄eNi − η̄σi

ē⊤
i

˙̄eNi

∥ēi∥
ḡ2d

)
(3.56)

denotes the nominal time derivative of the positional subvector h̄i of the convergence
vector field hi for the i-th vehicle, while ˙̄eNi =

[
−LẋNi −LẏNi

]
.

Next, let us recall the definition of function

ρi(ēi)
(2.13)=




ρ0 (∥ēi∥µ1 + ∥ēi∥µ2)

∥∥∥h̄i(ēi)
∥∥∥

−1
if ∥ēi(t)∥ > ϵ

0 otherwise
, (3.57)

with ρ0 > 0 and

µ1
(2.14)= 1 − µ̄, µ2

(2.14)= 1 + µ̄, µ̄ ∈ (0, 1),

and finally, let us define the nominal VFO control law for the i-th vehicle as follows:

uNi =
[
u1Ni

u2Ni

]
≜
[

hθi

ρih̄
⊤
i ḡ2(θi)

]
=

Ka

(
|eai|δ1 + |eai|δ2

)
sign(eai) + θ̇aNi

ρi

∥∥∥h̄i

∥∥∥ cosαi


 , (3.58)

where u1Ni ∈ R is called the nominal orienting control, while u2Ni ∈ R is the nominal
pushing control, while αi ≜ ∠

(
h̄i, ḡ2(θi)

)
.

Remark 27 Please note that for the purposes of the stability analysis that will be
presented later, the values of the design coefficients Kp, Ka, η̄, ρ0, δ̄, and µ̄ are
selected uniformly across all vehicles.
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Remark 28 Note that (3.52) corresponds to (2.3), while (3.58) is similar to (2.12).
This is consistent with the intuition that the problem of creating formation by a
multi-vehicle system corresponds to the problem of set-point stabilization for a single
vehicle. In the VFO methodology, changing the definition of the convergence vector
field allows for a completion of various control problems. In this case, altering the
definition of system errors, while keeping the convergence vector field unchanged,
enables the resolution of the corresponding consensus control problem.

Now, as in Section 2.2.2, the control law ui ∈ U that satisfies the imposed con-
straints will be obtained through post-processing, that is, by rescaling the nominal
control law (3.58) with the scaling function

si(t)
(1.7)=

(
max

{
1, |u1Ni(t)|

u1M

,
|u2Ni(t)|
u2M

})−1

∈ (0, 1). (3.59)

Remark 29 (cf. Remark 22) In (3.59), choosing the same constraints u1M and
u2M for every vehicle was proposed. It should be noted that selecting different values
of u1Mi and u2Mi for different vehicles will only result in changes in the maximum
possible absolute velocities of individual vehicles and will not have a significant im-
pact on the stability analysis or the control performance of the multi-vehicle system.

Let us formulate the appropriate theorem:

Theorem 5 For a distributed multi-vehicle system consisting of nv vehicles whose
kinematics is given by (1.6) and the communication topology is undirected, apply-
ing the nominal control law ui ∈ R2 defined in (3.58) with the scaling function si

introduced in (3.59) leads to a control law

∀i ∈ V ui ≜ siuNi
(3.58)=


siKa

(
|eai|δ1 + |eai|δ2

)
sign(eai) + siθ̇aNi

siρi

∥∥∥h̄i

∥∥∥ cosαi


 ∈ U , (3.60)

that satisfies the imposed control input constraints and solves Problem 3 in fixed
time.

Proof. Stability proof will be presented separately for an equilibrium point of the
auxiliary orientation error dynamics and for an equilibrium point of the positional
error dynamics.

Auxiliary orientation error: Let us begin by looking at the dynamics of the
auxiliary orientation error:

ėai
(3.53)= θ̇ai − θ̇i

(1.6)= θ̇ai − u1i

(3.60)= −siKa

(
|eai|δ1 + |eai|δ2

)
sign(eai) + θ̇ai − siθ̇aNi, (3.61)

where

θ̇ai

(
h̄i(ēi)

) (3.55)=





ḣyi(ēi)hxi(ēi) − ḣxi(ēi)hyi(ēi)∥∥∥h̄i(ēi)
∥∥∥

2 if ∥ēi(t)∥ > ϵ

0 otherwise
, (3.62)
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means the time derivative of the auxiliary orientation θai for the i-th vehicle, deter-
mined in the case of constrained control inputs, while

˙̄hi =
[
ḣxi

ḣyi

]
(3.56)= Kp

(
˙̄ei − η̄σi

ē⊤
i

˙̄ei

∥ēi∥
ḡ2d

)
(3.63)

denote the time derivative of the positional subvector h̄i of the convergence vector
field, and

˙̄ei =
[
ėxi

ėyi

]
(3.51)=

[
−∑nv

j=1 ℓijẋj

−∑nv
j=1 ℓij ẏj

]
(1.6)=

[
−∑nv

j=1 ℓiju2j cos θj

−∑nv
j=1 ℓiju2j sin θj

]

(3.60)=
[
−∑nv

j=1 ℓijsju2Nj cos θj

−∑nv
j=1 ℓijsju2Nj sin θj

]
= −

nv∑

j=1
ℓijsju2Njḡ2(θj) (3.64)

is the time derivative of the positional error ēi, calculated using the constrained
control signals. One can observe that, based on (3.63) and (3.64), the term θ̇ai from
(3.62) can be rewritten as follows for ∥ēi∥ > ϵ:

θ̇ai
(3.62)=

(
ḣyihxi − ḣxihyi

) ∥∥∥h̄i

∥∥∥
−2

(3.63)= Kp

((
ėyi − η̄σi

ē⊤
i

˙̄ei

∥ēi∥
sin θd

)
hxi −

(
ėxi − η̄σi

ē⊤
i

˙̄ei

∥ēi∥
cos θd

)
hyi

)∥∥∥h̄i

∥∥∥
−2

= Kp

(
ėyihxi − η̄σi

ē⊤
i

˙̄ei

∥ēi∥
sin θdhxi − ėxihyi + η̄σi

ē⊤
i

˙̄ei

∥ēi∥
cos θdhyi

)∥∥∥h̄i

∥∥∥
−2

(3.64)= Kp


−hxi

nv∑

j=1
ℓijsju2Nj sin θj + η̄σi sin θdhxi

nv∑

j=1
ℓijsju2Nj

ē⊤
i ḡ2(θj)
∥ēi∥

+hyi

nv∑

j=1
ℓijsju2Nj cos θj − η̄σi cos θdhyi

nv∑

j=1
ℓijsju2Nj

ē⊤
i ḡ2(θj)
∥ēi∥



∥∥∥h̄i

∥∥∥
−2

=
nv∑

j=1
sjℓiju2NjKp

∥∥∥h̄i

∥∥∥
−2
(

−hxi sin θj + η̄σi sin θdhxi
ē⊤

i ḡ2(θj)
∥ēi∥

+hyi cos θj − η̄σi cos θdhyi
ē⊤

i ḡ2(θj)
∥ēi∥

)

=
nv∑

j=1
sjℓijθ

∗
aj, (3.65)

where

θ∗
aj ≜ u2NjKp

∥∥∥h̄i

∥∥∥
−2
(

−hxi sin θj + η̄σi sin θdhxi
ē⊤

i ḡ2(θj)
∥ēi∥

+hyi cos θj − η̄σi cos θdhyi
ē⊤

i ḡ2(θj)
∥ēi∥

)
. (3.66)

Meanwhile, it should be noted that for the nominal case, one can obtain:

siθ̇aNi
(3.55)=





si
ḣyNihxi − ḣxNihyi∥∥∥h̄i

∥∥∥
2 if ∥ēi(t)∥ > ϵ

0 otherwise
, (3.67)
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with
˙̄hNi =

[
ḣxNi

ḣyNi

]
(3.56)= Kp

(
˙̄eNi − η̄σi

ē⊤
i

˙̄eNi

∥ēi∥
ḡ2d

)
, (3.68)

while

˙̄eNi =
[
ėxNi

ėyNi

]
(3.51)=

[
−∑nv

j=1 ℓijẋjN

−∑nv
j=1 ℓij ẏjN

]
(1.6)=

[
−∑nv

j=1 ℓiju2Nj cos θj

−∑nv
j=1 ℓiju2Nj sin θj

]

= −
nv∑

j=1
ℓiju2Njḡ2(θj). (3.69)

Next, based on (3.68) and (3.69), the term siθ̇aNi from (3.55) can be rewritten as
follows for ∥ēi∥ > ϵ:

siθ̇aNi
(3.55)= si

(
ḣyNihxi − ḣxNihyi

) ∥∥∥h̄i

∥∥∥
−2

(3.68)= siKp

((
ėyNi − η̄σi

ē⊤
i

˙̄eNi

∥ēi∥
sin θd

)
hxi

−
(
ėxNi − η̄σi

ē⊤
i

˙̄eNi

∥ēi∥
cos θd

)
hyi

)∥∥∥h̄i

∥∥∥
−2

(3.69)= siKp


−hxi

nv∑

j=1
ℓiju2Nj sin θj + η̄σi sin θdhxi

nv∑

j=1
ℓiju2Nj

ē⊤
i ḡ2(θj)
∥ēi∥

+hyi

nv∑

j=1
ℓiju2Nj cos θj − η̄σi cos θdhyi

nv∑

j=1
ℓiju2Nj

ē⊤
i ḡ2(θj)
∥ēi∥



∥∥∥h̄i

∥∥∥
−2

= si

nv∑

j=1
ℓiju2NjKp

∥∥∥h̄i

∥∥∥
−2
(

−hxi sin θj + η̄σi sin θdhxi
ē⊤

i ḡ2(θj)
∥ēi∥

+hyi cos θj − η̄σi cos θdhyi
ē⊤

i ḡ2(θj)
∥ēi∥

)

(3.65)= si

nv∑

j=1
ℓijθ

∗
aj =

nv∑

j=1
siℓijθ

∗
aj. (3.70)

Then, based on (3.65) and (3.70), one can observe that:

θ̇ai − siθ̇aNi =
nv∑

j=1
sjℓijθ

∗
aj −

nv∑

j=1
siℓijθ

∗
aj =

nv∑

j=1
(sj − si)ℓijθ

∗
aj, (3.71)

and (3.61) can be rewritten as follows:

ėai
(3.61)= −siKa

(
|eai|δ1 + |eai|δ2

)
sign(eai) +

nv∑

j=1
(sj − si)ℓijθ

∗
aj. (3.72)

Therefore, it should be noted that if ∀j ∈ Ni sj(t) ̸= si(t), then eai = 0 is not
an equilibrium point of the dynamics (3.72). However, it can be observed that the
finite-time escape effect cannot occur since si ∈ (0, 1], sj ∈ (0, 1], (sj − si) ∈ (−1, 1),
ℓij is a constant, and θ∗

aj < ∞. Furthermore, if the difference between si and sj is
sufficiently small, the value of eai will converge to some small vicinity of zero, and
the control performance will be satisfactory. Moreover, since the scaling function s
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tends to become 1, ultimately ∀i ∈ V si = 1 will be obtained, and thus eai = 0 will
be the equilibrium point. However, if it is ensured in advance that eai = 0 is the
equilibrium point of dynamics (3.72), the broadly understood control performance
will be significantly better, that is, the transient states will be characterized by the
absence of oscillations in the vehicle motion trajectories. Thus, let us formulate the
following assumption:

Assumption 6 After the time instant 0 ≤ t∗s < ∞, the values of the scaling func-
tions of each vehicle are equal, that is:

∀t ≥ t∗s ∀i ∈ V si(t) = s̄(t). (3.73)

Remark 30 It should be noted that the next section will present a method which
will ensure that Assumption 6 is satisfied in practical application.

Next, one can observe that by applying Assumption 6 to (3.61) one can obtain:

∀t ≥ t∗s ėai = −s̄Ka

(
|eai|δ1 + |eai|δ2

)
sign(eai), (3.74)

which allows concluding that eai = 0 is the equilibrium point of the auxiliary orienta-
tion error dynamics ∀t ≥ t∗s. Furthermore, it should be noted that (3.74) corresponds
to (2.21) and thus the rest of the stability analysis for the equilibrium point eai = 0
proceeds analogously to that shown in the proof for Theorem 1, hence the rest of
the proof will be omitted here.

Positional error: Let us consider the dynamics of positional error:

˙̄e (3.51)= −Lq
˙̄q = −Lqu

∗
2(ē), (3.75)

where u∗
2(ē) ≜

[
u21(ē1) cos θ1 . . . u2n(ēn) cos θn u21(ē1) sin θ1 . . . u2n(ēn) sin θn

]⊤
,

with ē and ēi defined in (3.49) and (3.48), respectively, while

∀∥ēi∥ > ϵ u2i
(3.60)= siρi

∥∥∥h̄i

∥∥∥ cosαi
(2.13)= siρ0 (∥ēi∥µ1 + ∥ēi∥µ2) cosαi. (3.76)

Since L has zero row sums, it follows that

L1 = 0,

where 1 is the vector of ones. Hence, one can observe that

˙̄e (3.75)= 0 =⇒ u∗
2(ē) =

[
z∗

ux1
z∗

uy1

]
,

which implies that the vehicles are moving in the same direction with the same
longitudinal velocity, that is,

u2 ≜




u21
...

u2nv


 = zu1,
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where z∗
ux, z∗

uy, and zu are constant scalars. Based on (3.76), one can conclude that

u2 = zu1 =⇒
[
ex

ey

]
=
[
zx1
zy1

]
,

where zx and zy are constants. However, since matrix L is symmetric and has zero
row sums, its left null space is spanned by 1. Thus, the equation

[
−L(x − dx)
−L(y − dy)

]
(3.49)=

[
ex

ey

]
=
[
zx1
zy1

]
,

has a solution only if

zx = zy = 0 =⇒
[
ex

ey

]
= 0 =⇒ u∗

2 = 0.

Therefore, one can conclude that ˙̄e (3.75)= 0 ⇐⇒ u∗
2(ē) (3.76)= 0 ⇐⇒ ē

(3.49)= −Lqξq =
0 and, since matrix L has zero row sums, one can observe that:

Lqξq = 0 ⇐⇒ ξq = ξc =
[
xc1
yc1

]
, (3.77)

where xc and yc denote the coordinates of the consensus equilibrium state. Thus,
it can be seen that the equilibrium point ē =

[
ex ey

]⊤
= 0 of positional error

dynamics corresponds to the consensus equilibrium state ξq = ξc, which means that
positional error dynamics reach equilibrium if and only if consensus is achieved.

For the purposes of further analysis, let us recall several definitions originally
derived in the proof for Theorem 1:

˙̄qi
(2.34)= −siρiv2i + siρiKpēi + siρiv1i, (3.78)

with
v1i ≜ −Kpη̄σi∥ēi∥ḡ2d (3.79)

and
v2i ≜ h̄i − 1

ρi

u2Niḡ2(θi). (3.80)

Moreover, it should be noted that:

∥v2i∥
(2.35)=

∥∥∥h̄i

∥∥∥
√

1 − cos2 αi, (3.81)

and ∥∥∥h̄i

∥∥∥
(2.40)
≤ Kp(1 + η̄)∥ēi∥. (3.82)

Then, let us introduce the following positive definite function:

Vp ≜ 1
2ξ⊤

q Lqξq (3.83)

It should be noted that Vp = 0 ⇐⇒ Lqξq = 0, since L has zero row sums (cf.
Section 1.4.2). The time derivative of (3.83) can be derived as follows:

V̇p = ξ⊤
q Lqξ̇q

(3.49)= ξ⊤
q Lq

˙̄q (3.49)= −ē⊤ ˙̄q = −
∑

i∈V

ē⊤
i

˙̄qi
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(3.78)= −
∑

i∈V

ē⊤
i (−siρiv2i + siρiKpēi + siρiv1i)

= −
∑

i∈V

siρi

(
−ē⊤

i v2i +Kpē⊤
i ēi + ē⊤

i v1i

)

=
∑

i∈V

siρi

(
ē⊤

i v2i −Kp∥ēi∥2 − ē⊤
i v1i

)

=
∑

i∈V

siρi

(
−Kp∥ēi∥2 + ∥ēi∥∥v2i∥ cos

(
∠(ēi,v2i)

)
− ∥ēi∥∥v1i∥ cos

(
∠(ēi,v1i)

))

≤
∑

i∈V

siρi

(
−Kp∥ēi∥2 + ∥ēi∥∥v2i∥ + ∥ēi∥∥v1i∥

)

(3.81)=
∑

i∈V

siρi

(
−Kp∥ēi∥2 + ∥ēi∥

∥∥∥h̄i

∥∥∥
√

1 − cos2 αi + ∥ēi∥∥v1i∥
)

=
∑

i∈V

siρi

(
−Kp∥ēi∥2 + ∥ēi∥

∥∥∥h̄i

∥∥∥
√

1 − cos2 αi +Kpη̄∥ēi∥2
)

(3.82)
≤

∑

i∈V

siρi

(
−Kp∥ēi∥2 +Kp(1 + η̄)∥ēi∥2

√
1 − cos2 αi +Kpη̄∥ēi∥2

)

= −
∑

i∈V

siρiKp∥ēi∥2
(

1 − (1 + η̄)
√

1 − cos2 αi − η̄
)

(3.57)= −
∑

i∈V

si
ρ0∥∥∥h̄i

∥∥∥
(∥ēi∥µ1 + ∥ēi∥µ2)Kp∥ēi∥2

(
1 − η̄ − (1 + η̄)

√
1 − cos2 αi

)

= −
∑

i∈V

si
Kpρ0∥ēi∥∥∥∥h̄i

∥∥∥

(
∥ēi∥µ1+1 + ∥ēi∥µ2+1

)(
1 − η̄ − (1 + η̄)

√
1 − cos2 αi

)

(3.82)
≤ −

∑

i∈V

si

Kpρ0∥ēi∥
(
1 − η̄ − (1 + η̄)

√
1 − cos2 αi

)

Kp(1 + η̄)∥ēi∥
(
∥ēi∥µ1+1 + ∥ēi∥µ2+1

)

= −
∑

i∈V

si

ρ0
(
1 − η̄ − (1 + η̄)

√
1 − cos2 αi

)

1 + η̄

(
∥ēi∥µ1+1 + ∥ēi∥µ2+1

)
. (3.84)

It should be noted that ∀t ≥ tsai cos2 α
(2.39)= 1, where tsai is the settling time of

the auxiliary orientation error for the i-th vehicle. Thus, (3.84) can be rewritten as
follows:

∀t ≥ tsai V̇p

(3.84)
≤ −

∑

i∈V

siρ0
1 − η̄

1 + η̄

(
∥ēi∥µ1+1 + ∥ēi∥µ2+1

)
. (3.85)

Next, an application of Assumption 6 to (3.85) leads to:

∀t ≥ tsai V̇p

(3.85)
≤ −

∑

i∈V

s̄ρ0
1 − η̄

1 + η̄

(
∥ēi∥µ1+1 + ∥ēi∥µ2+1

)

= −s̄ρ0
1 − η̄

1 + η̄

∑

i∈V

(
∥ēi∥µ1+1 + ∥ēi∥µ2+1

)

= −s̄ρ0
1 − η̄

1 + η̄


∑

i∈V

∥ēi∥µ1+1 +
∑

i∈V

∥ēi∥µ2+1




= −s̄ρ0
1 − η̄

1 + η̄


∑

i∈V

(
∥ēi∥2

)µ1+1
2 +

∑

i∈V

(
∥ēi∥2

)µ2+1
2



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(3.4)
≤ −s̄ρ0

1 − η̄

1 + η̄





∑

i∈V

∥ēi∥2




µ1+1
2

+
∑

i∈V

(
∥ēi∥2

)µ2+1
2




(3.5)
≤ −s̄ρ0

1 − η̄

1 + η̄





∑

i∈V

∥ēi∥2




µ1+1
2

+ nv

1−µ2
2


∑

i∈V

∥ēi∥2




µ2+1
2



= −s̄ρ0
1 − η̄

1 + η̄

((
ē⊤ē

)µ1+1
2 + nv

1−µ2
2
(
ē⊤ē

)µ2+1
2

)

(3.49)= −s̄ρ0
1 − η̄

1 + η̄

((
ξ⊤

q LqLqξq

)µ1+1
2 + nv

1−µ2
2
(
ξ⊤

q LqLqξq

)µ2+1
2

)
.

(3.86)

Then, based on (3.9) from Lemma 9, it can be observed that

∀t ≥ tsai V̇p

(3.86)
≤ −s̄ρ0

1 − η̄

1 + η̄

((
λ2ξ

⊤
q Lqξq

)µ1+1
2 + nv

1−µ2
2
(
λ2ξ

⊤
q Lqξq

)µ2+1
2

)

(3.83)= −s̄ρ0
1 − η̄

1 + η̄

(
(2λ2Vp)

µ1+1
2 + nv

1−µ2
2 (2λ2Vp)

µ2+1
2

)
(3.87)

By comparing (3.87) with (1.2), one can conclude that the equilibrium point ξq = ξc

is fixed-time stable. However, it should be noted that s̄(t) ∈ (0, 1] is bounded but
time-varying, hence the upper bound Tcp computed with the use of it would not be
a constant value. Therefore, let us introduce the term

s̄ ≜ min
i∈V

si(e0i) ∈ (0, 1], (3.88)

with
si(e0i)

(2.42)= inf
t≥0

s(ei(t, e0i)) ∈ (0, 1]. (3.89)

Then, one can obtain

V̇p

(3.87)
≤ −s̄ρ0

1 − η̄

1 + η̄

(
(2λ2Vp)

µ1+1
2 + nv

1−µ2
2 (2λ2Vp)

µ2+1
2

)
. (3.90)

Finally, based on (1.3), the upper bound of the settling time can be formulated as
follows:

Tcp = π(1 + η̄)
2s̄µ̄(1 − η̄)nv

(1−µ2)/4 . (3.91)

Remark 31 It should be noted that the upper bound Tcp will be valid if the auxiliary
orientation error has converged to zero. Therefore, the total upper bound of the
settling time of system errors should be expressed as the sum:

Tc ≜ Tca + Tcp, (3.92)

where Tcp can be computed based on (3.91), while Tca based on (2.31), under As-
sumptions 1 and 6.
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Orientation error: The convergence proof for the orientation error follows in a
similar manner to the proof given for Theorem 1. The analysis will be performed
for ϵ = 0. First, based on (3.78) and (2.34) one can observe that

∀t ≥ tsai
˙̄qi =

[
ẋi

ẏi

]
(3.78)= siρiKp(ēi + η̄σi∥ēi∥ḡ2d) (3.52)= siρih̄i = siρi

[
hxi

hyi

]
(3.93)

and, consequently,

∀t ≥ tsai
˙̄ei =

[
ėxi

ėyi

]
(3.64)=

[
−∑nv

j=1 ℓijẋj

−∑nv
j=1 ℓij ẏj

]
(3.93)=

[
−∑nv

j=1 ℓijsjρjhxj

−∑nv
j=1 ℓijsjρjhyj

]
. (3.94)

Next, let us consider a local frame determined by the desired configuration qdi =[
θd q̄⊤

di

]⊤
. Note that the positional subvector q̄di is unknown a priori, while the

desired orientation θd is the same for each vehicle. Let us transform the vector
˙̄ei =

[
ėxi ėyi

]⊤
into this local frame:

∀t ≥ tsai
˙̄eL

i =
[

cos θd sin θd

− sin θd cos θd

] [
ėxi

ėyi

]
=
[
ėxi cos θd + ėyi sin θd

−ėxi sin θd + ėyi cos θd

]

(3.94)=

 −∑nv

j=1

(
(hxj cos θd + hyj sin θd)ℓijsjρj

)

−∑nv
j=1

(
(−hxj sin θd + hyj cos θd)ℓijsjρj

)



(2.48)=
[
−∑nv

j=1 h
L
xjℓijsjρj

−∑nv
j=1 h

L
yjℓijsjρj

]

(2.49)=
[
−∑nv

j=1

(
eL

xj − η̄σj∥ē∥
)
Kpℓijsjρj

−∑nv
j=1 e

L
yjKpℓijsjρj

]
. (3.95)

Please note that (2.49) can be used since the convergence vector field is defined in
the same way in Sections 2.2.2 and 3.4.1 (compare (3.52) with (2.3)). Therefore,
one can conclude that eL

yi converges to zero independently of eL
xi. Furthermore, by

analogy to (2.57) and (2.58), one can observe that

eL
xi(t)

t→τxi−−−→ 0, eL
yi(t)

t→τyi−−−→ 0, τyi < τxi ≤ Tc, (3.96)

and
hL

xi(t)
t→τxi−−−→ 0, hL

yi(t)
t→τyi−−−→ 0, τyi < τxi ≤ Tc. (3.97)

The rest of the analysis proceeds in an analogous manner to the proof of Theorem 1,
that is, based on (2.60) and (2.61), one can conclude that

(θd − θi)
t→τyi−−−→ kπ, k ∈ Z, (3.98)

and then, thanks to (2.67), one can obtain

(θd − θi) t→Tc−−−→ 2kπ, k ∈ Z =⇒ eθi
(3.48)= fθ(θd − θi) t→Tc−−−→ 0. (3.99)

That concludes the proof. ■
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3.4.2 Distributed consensus of the smallest common value
of the scaling function

In this section, a method will be presented that allows for the fulfillment of As-
sumption 6. First, let us introduce a term called the graph distance dG(z1, z2),
which denotes the shortest communication path between nodes z1 and z2 (or, in
other words, the smallest number of edges connecting nodes z1 and z2) for a con-
nected graph G. Based on Section 1.4.2, one can conclude that for i ∈ V and j ∈ Ni,
the graph distance dG(i, j) = 1. Furthermore, one can observe that

max
z1,z2∈{1,...,nv}

dG(z1, z2) = nv − 1,

without considering a particular graph G. For the purposes of further analysis, let
us now introduce the notation j1, j2, . . . to denote neighbors of neighbors, that is:

dG(i, j) = 1 for j ∈ Ni,

dG(i, j1) = 2 for j1 ∈ Nj,

dG(i, j2) = 3 for j2 ∈ Nj1 ,

...
dG(i, jnv−3) = nv − 2 for jnv−3 ∈ Njnv−4 ,

dG(i, jnv−2) = nv − 1 for jnv−2 ∈ Njnv−3 .

The proposed approach involves the use of finite-/fixed-time filters and the min(·)
function, as shown in the scheme presented in Fig. 3.9. The primary objective of
using these filters is to reproduce the input signal at the filter output within a finite
time. When the filters error, that is the difference between the input and output
values of the filters converges to zero, the filters will act as memory blocks and will
be used to prevent an algebraic loop. Let us now introduce the notation that will
be used: the values at the filter input will be indicated with a bar (for example, z̄),
while the values at the filter output will be indicated with a tilde (for example, z̃).
It should be noted that ∀t ≥ tsf z̃(t) = z̄(t), where 0 ≤ tsf < ∞ denotes the settling
time of the filters error.

Now let us prove that the use of the filter-based approach proposed in Fig. 3.9
will result in reaching a consensus on the smallest value s̄ of the scaling functions
generated by the distributed multi-vehicle system, that is

∀t ≥ tsf s̄(t) = min
i∈V

si(t). = min
{
s1(t), s2(t), . . . , snv(t)

}
. (3.100)

To maintain consistency with the previous analyses conducted in this dissertation,
the focus is again placed on the continuous-time domain. The analysis will be
performed for t ≥ tsf . According to the scheme in Fig. 3.9, the outputs of the first
filters can be expressed as follows:

s̄iF1 = min{si, sj} ∀j ∈ Ni,

s̄jF1 = min{si, sj, sj1} ∀j ∈ Ni ∀j1 ∈ Nj,

s̄j1F1 = min{sj, sj1 , sj2} ∀j ∈ Ni ∀j1 ∈ Nj ∀j2 ∈ Nj1 ,

s̄j2F1 = min{sj1 , sj2 , sj3} ∀j1 ∈ Nj ∀j2 ∈ Nj1 ∀j3 ∈ Nj2 ,
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min min min min minmin

min min minmin

min min

min

min

min min

min min min

min min

min

Figure 3.9 – Scheme of the filter-based approach for distributed consensus on the
smallest value of the scaling function, where ∀i ∈ V ∀t ≥ tsf s̃i(t) = s̄(t).
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...
s̄jnv−3F1 = min{sjnv−4 , sjnv−3 , sjnv−2}

∀jnv−4 ∈ Njnv−5 ∀jnv−3 ∈ Njnv−4 ∀jnv−2 ∈ Njnv−3 .

Then, after further filtering on vehicle i, for t ≥ tsf one can obtain:

s̄iF2 = min{s̄iF1 , s̄jF1}

= min
{

min{si, sj},min{si, sj, sj1}
}

= min{si, sj, sj1} ∀j ∈ Ni ∀j1 ∈ Nj

s̄iF3 = min{s̄iF2 , s̄jF2}

= min
{

min{s̄iF1 , s̄jF1},min{s̄iF1 , s̄jF1 , s̄j1F1}
}

= min{s̄iF1 , s̄jF1 , s̄j1F1}

= min
{

min{si, sj},min{si, sj, sj1},min{sj, sj1 , sj2}
}

= min{si, sj, sj1 , sj2} ∀j ∈ Ni ∀j1 ∈ Nj ∀j2 ∈ Nj1

...
s̄iFnv−1 = s̄ = min{si, s̄iFnv−2 , s̄jFnv−2} = . . . (3.101)

= min{si, s̄iF1 , s̄jF1 , s̄j1F1 , . . . , s̄jnv−3F1}
= min{si, sj, sj1 , sj2 , . . . , sjnv−4 , sjnv−3 , sjnv−2}

∀j ∈ Ni ∀j1 ∈ Nj ∀j2 ∈ Nj1 . . . ∀jnv−2 ∈ Njnv−3

= min{sk} ∀k ∈ Ni ∪ Nj ∪ Nj1 ∪ . . . ∪ Njnv−3 (3.102)

It should be noted that since the sets Ni,Nj,Nj1 , . . . ,Njnv−3 contain unique indices,
it can be written that

Ni ∪ Nj ∪ Nj1 ∪ . . . ∪ Njnv−3 = V , (3.103)

where V ≜ {1, 2, . . . , nv} denotes the set of all nodes. Consequently, it can be
concluded that:

∀t ≥ tsf s̄(t) (3.102)= min
k∈V

sk(t) = min
{
s1(t), s2(t), . . . , sn(t)

}
. (3.104)

The term s̄ obtained according to (3.104) is used to modify the scaling procedure,
resulting in the control scheme in Fig. 3.10 (cf. Fig. 3.8).

One should also consider the output of the algorithm for t < tsf . Based on
(3.101), it can be observed that:

∀t < tsf s̄iFnv−1 = s̃i = min
{
si(t), s̃iFnv−2(t), s̃jFnv−2(t)

}
∈
(
0, si(t)

]
, (3.105)

which ensures that the imposed control input constraints are met by vehicle i at all
time instants, even for t < tsf . It should be noted that s̃i(t) never exceeds si(t),
which is generated by the i-th vehicle and is the largest possible value of the scaling
function that ensures satisfaction of the imposed control input constraints at a given
time instant.
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Scaling procedure

Scaling
block

Filter-based 
consensusNominal 

fixed-time VFO
consensus
algorithm

Kinematics of
vehicle i

Figure 3.10 – Scheme of the control system for the i-th vehicle, belonging to a
distributed multi-vehicle system, with the modified scaling procedure using a filter-
based consensus, where ∀i ∈ V ∀t ≥ tsf s̃i(t) = s̄(t).

3.4.3 Results of numerical simulation
The numerical simulation was performed in the Matlab-Simulink environment. A
fixed-step solver with a step size of 10−4 s was selected. The differentiator from [50]
acts as a finite-time filter, which enables the reconstruction of the input signal within
a finite time, according to the scheme discussed in Section 3.4.2.

The following controller coefficients were selected: Kp = 1, Ka = 2, η̄ = 0.82,
ρ0 = 1, δ̄ = µ̄ = 0.1, and σi was selected according to (2.4), while: ϵ = 10−10 m,
u1M = 3 rad/s, u2M = 0.5 m/s, and θd = 0 rad. A scenario involving 6 vehicles
was considered, whose communication topology was undirected and was described
by the graph G shown in Fig. 3.11 and by the following matrices:

A =




0 1 0 0 0 1
1 0 1 0 0 0
0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 1 0 1
1 0 0 0 1 0




, L =




2 −1 0 0 0 −1
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1

−1 0 0 0 −1 2




.

The initial configurations for the vehicles were selected as follows:

q1(0) =




π
2
7
1


 , q2(0) =



0
8
6


 , q3(0) =



−π

2
1
8


 ,

q4(0) =




0
−3.5

4


 , q5(0) =




π
2

−1
−0.5


 , q6(0) =




0
4

−3


 .

1 2

5 4
6 3

Figure 3.11 – Communication topology graph used in the simulation.

The obtained results are shown in Fig. 3.12. Based on Figs. 3.12a, 3.12b, and
3.12c, it can be seen that the norm of the positional error, auxiliary orientation error,
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and orientation error, respectively, converge toward zero. One can observe that the
control signals satisfy the imposed constraints (see Figs. 3.12e and 3.12f), and that
the proposed filtering method for distributed consensus on the smallest value of the
scaling function allows each vehicle to find and use the smallest common value (see
Fig. 3.12d). Fig. 3.12g shows that each vehicle reached its desired position (which
was unknown a priori) within the vicinity ϵ and that the trajectory of each vehicle
was free of oscillations.

3.4.4 Results of experimental test
The experimental test was conducted using mTracker mobile robots equipped with
the Intel NUC computers (see Fig. 3.13), and using the Robot Operating System
(ROS) (see [1]). Each robot was equipped with a two low-level PI controllers to
control wheel speeds and was capable to subscribe to ROS topics to read the desired
speeds and publish odometer data to the appropriate ROS topic, according to the
ROS philosophy. On the NUC computers, a control law and a method for finding the
lowest value of the scaling function have been implemented. The vehicles exchange
all necessary data with each other in accordance with the chosen communication
topology via ROS topics. The system uses WiFi wireless communication.

A scenario with four vehicles was considered, using an undirected communication
topology described by the graph G shown in Fig. 3.14 and by the following matrices:

A =




0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0


 , L =




2 −1 0 −1
−1 2 −1 0
0 −1 2 −1

−1 0 −1 2


 .

The initial configurations for the vehicles were selected as follows:

q1(0) =




0
3

−2


 , q2(0) =



0
1
4


 , q3(0) =




0
−2
1


 , q4(0) =




0
−3
−3


 ,

while the controllers coefficients were chosen as: Kp = 1, Ka = 2, η̄ = 0.82, ρ0 = 1,
µ̄ = 0.2, δ̄ = 0.1, and σi is selected based on (2.4). Other parameters were selected
as follows: ϵ = 0.01 m, u1M = 0.5 rad/s, u2M = 0.1 m/s, and θd = 0 rad.

For experimental tests, the filters discussed in Section 3.4.2 were implemented
as first-order low-pass filters. Although these filters do not guarantee convergence
within a finite time, in the case of practical implementation in the discrete-time
domain, one can reasonably consider a practical convergence to a neighborhood of
zero, and thus, for a linear filter, one can expect that such convergence will occur
after a time period corresponding to approximately five filter time constants. As
can be concluded from results presented in Fig. 3.15, this approach seems practically
acceptable for the practical implementation of the proposed algorithm on physical
robots.

Remark 32 It should be noted that the differentiator from [50] used in the simula-
tions was not used in the experiments, as its discrete-time implementation does not
guarantee convergence to zero within a finite time (see, for example, [57]). Indeed,
in this case one may consider a certain practical convergence to the vicinity of zero
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Figure 3.12 – Results of the numerical simulation for the consensus-based forma-
tion control algorithm for a multi-vehicle system with an undirected communication
topology, where the initial configurations are marked with solid triangles and the de-
sired positions with red crosses, while θd = 0 rad, u1M = 3 rad/s, and u2M = 0.5 m/s.
Note that each plot shows the waveforms for 6 robots, and the legend in Fig. 3.12g
applies to all plots.
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Figure 3.13 – The mTracker mobile robots, equipped with the Intel NUC computers,
which were used to create a multi-vehicle system for the purpose of experimental
tests.

1 2

4 3
Figure 3.14 – Communication topology graph used in the experimental test.

in a finite time, nevertheless, its discrete-time implementation is characterized by
an oscillatory response, which makes the use of this differentiator problematic for
the considered purpose. Therefore, in the experimental tests, a discrete implemen-
tation of a linear filter was used, in which a practical convergence to the vicinity of
zero in a finite time can also be considered, however, its response does not contain
oscillations.

It can be observed in Figs. 3.15a and 3.15b that the norm of positional error
and the auxiliary orientation error converged toward zero within a settling time not
exceeding 60 s. The orientation error also converges toward the vicinity of zero (see
Fig. 3.15c). It can be seen that the control inputs satisfy the imposed constraints
(see Figs. 3.15e and 3.15f). In the final phase of motion, certain oscillations can be
observed in the control signal waveforms, particularly evident in Fig. 3.15e, which
result from, among other things, communication delays. These oscillations are also
visible in Fig. 3.15b. It is also worth noting that the proposed method for finding
the common lowest value of the scaling function remains effective in this case, al-
lowing one to reduce the differences between the values used by individual vehicles
(see Fig. 3.15d). Although the individual values of s̃i were not equal, the differences
between them did not prevent the proposed algorithm from achieving the intended
control objectives. Fig. 3.15g shows that the vehicles formed the desired formation
(in a positional sense) with the assumed accuracy and their trajectories are charac-
terized by the lack of oscillations. Note that the average operating frequency of the
control system during the experimental test was 30 Hz.
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Figure 3.15 – Experimental results obtained using a multi-vehicle system consisting
of four mTracker mobile robots equipped with Intel NUC computers, where the
initial configurations are marked with solid triangles and the desired positions with
red crosses, with θd = 0 rad, u1M = 0.5 rad/s and u2M = 0.1 m/s. Note that each
plot shows the waveforms for 4 robots, and the legend in Fig. 3.15g applies to all
plots.
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3.5 Conclusions
This chapter presents two fixed-time VFO control algorithms for a distributed multi-
vehicle system composed of nonholonomic mobile robots, which solve the problem
of distributed formation control. The stability of the closed-loop dynamics was
formally analyzed, and the performance of the proposed algorithms was verified
through numerical simulations and experimental tests using physical mobile robots.
Thus, the second objective has been confirmed, namely the VFO methodology can be
successfully used to design control laws for distributed nonholonomic multi-vehicle
systems that take into account the control input constraints and task-execution time
constraints.

Compared to other solutions available in the literature, the proposed control
laws result in non-oscillatory and chattering-free control signals. Furthermore, they
ensure oscillation-free vehicle motion trajectories. Moreover, for the proposed algo-
rithms, the maximum absolute values of the control inputs are explicitly set by the
designer, and the presence of these control input constraints has been taken into
account when determining the upper bound of the settling times.

A common feature of the two proposed control algorithms is the use of a consen-
sus mechanism to create formations. However, the proposed algorithms differ in the
way they use this mechanism: the observer-based approach addresses the consen-
sus problem a priori – that is, this problem is solved by the distributed observers
before the robots start their movement. The advantage of this approach is that it
enables a priori knowledge of the desired configurations for each vehicle. However,
a significant drawback is the lack of flexibility and the inability to respond to the
robots’ current behavior – the observer determines the desired configurations based
on the initial configurations, and then the vehicles stop communicating with each
other. A characteristic feature of this approach is also a three-stage control process
in which three successive stages can be distinguished: observation, pre-orientation,
and motion.

In contrast, in the consensus-based approach, the consensus problem is solved
continuously, that is, based on the current configurations of individual vehicles.
A consequence of this approach is that the desired positions remain unknown until
they are reached. However, a significant advantage is the system’s greater flexibility,
which stems from the fact that communication between the vehicles is maintained at
all times. It should also be noted that vehicles maintain communication throughout
the entire movement, which results in a more noticeable impact of communication-
related disturbances on control performance, however, at the same time, it improves
the system’s overall safety.

The next chapter will summarize the entire dissertation and present a discussion
of potential directions for the further development of the proposed algorithms.
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Chapter 4

Discussion and conclusions

4.1 Advantages and limitations of the proposed
solutions

This dissertation presents control laws for nonholonomic mobile robots that solve
the set-point control problem and the reference path-following problem, as well as
two control algorithms for a distributed nonholonomic multi-vehicle system that
solve the formation control problem. The proposed solutions are based on the VFO
control design methodology and employ the concept of fixed-time stability, combining
the advantages and limitations of both approaches.

Among the most important advantages is that the resulting control laws ensure
task completion within the time constraints, while guaranteeing that the control
inputs satisfy the imposed constraints. Moreover, the control signals are free of
chattering, and there are no oscillations in the vehicles’ motion trajectories. The
dissertation demonstrates that it is possible to develop control algorithms in ac-
cordance with the concept of fixed-time stability while preserving the VFO control
philosophy, in which two stages can be distinguished: orienting and pushing along
the convergence vector field. It has also been shown that previous results regarding
the VFO methodology remain valid, for example those concerning integral curves
(cf. [26, 27]), which can also be used in the fixed-time set-point control problem.
In light of the existing literature, it should be emphasized that a key advantage
of the developed control algorithms is their ability to simultaneously handle the
task-execution time constraints and the control input constraints without any com-
putationally demanding procedures, such as online optimization. This makes the
proposed algorithms suitable for implementation on low-cost physical robots, that
is, those with limited computational capacity.

The main practical limitations of the proposed control algorithms concern the
estimation of the upper bound of the system error settling time. First, it should be
noted that the two-stage method of control synthesis (that is, first defining a nominal
control law that does not satisfy the imposed control input constraints, and next
post-processing it to obtain control signals that meet the imposed constraints) means
that the upper bounds depend on the value of the scaling function s(t) used in the
scaling procedure. However, the value of s(t) depends on the current values of the
nominal control signals and is therefore time-varying (cf. (1.7)). In the dissertation,
it is proposed to use the smallest possible value of s(t) that is independent of time,
however, this value is unknown a priori and must be estimated. So far, a method
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4.1 Advantages and limitations of the proposed solutions

for a priori estimation of the smallest value within a given set of admissible initial
conditions has been developed only for the fixed-time set-point control law (see
Section 2.2.3). The other proposed control algorithms can also be applied in practice,
however, the development of a method for a priori estimation of the upper bounds
of the system error settling times remains an open issue.

An important limitation that should be addressed is the conservatism in the esti-
mation of the upper bound of the settling times. Several sources of this conservatism
have been identified, the main ones being as follows:

1. The fixed-time stability concept itself – this concept guarantees that it is pos-
sible to estimate an upper bound of the settling times that will be valid for all
initial conditions belonging to a given set of admissible initial conditions, in
contrast to the finite-time stability concept, which guarantees an upper bound
that depends on a particular initial condition. It is clear that this idea must
lead to a certain degree of conservatism.

2. Selection of the Lyapunov function for a stability analysis – based on Lem-
mas 1-4, it can be observed that both the Lyapunov function and the bound
on its time derivative directly influence the estimated upper bound of the set-
tling times. Consequently, choosing a different function may lead to a different
upper bound with a different level of conservatism.

3. The use of the smallest value of the function s(t) – the scaling function s(t) is
time-varying and converges to 1 as the vehicles approach to the desired con-
figuration. Using its lowest value over all admissible initial conditions allows
one to obtain the upper bound of the settling times valid for the entire set
of admissible initial conditions (according to the fixed-time stability concept).
However, it introduces conservatism, as it implicitly assumes that the vehicles
used this smallest value during the entire motion, which is generally not the
case (except when the smallest value of the function s(t) is 1, that is, when the
control inputs are never saturated for the considered set of initial conditions).

Based on the above discussion, it can be concluded that the conservative nature of
the estimation of the upper bound of the setting times is not unique to the algo-
rithms presented in this dissertation, but is instead a common feature of solutions
developed within the framework of the fixed-time stability concept. Thus, reducing
this conservatism at the level of a control law design may be challenging.

The obtained results successfully expand the family of VFO controllers by in-
tegrating the properties of the fixed-time stability concept. Furthermore, this ap-
proach has been effectively extended to design distributed control algorithms for
multi-vehicle systems. The effectiveness of the proposed control laws has been ver-
ified both through numerical simulations in the Matlab-Simulink environment and
through laboratory-scale experiments conducted on physical mobile robots.
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4.2 Further research directions

4.2 Further research directions
The solutions presented in this dissertation do not cover all aspects of control law
design within the VFO methodology when simultaneously considering the task-
execution time constraints and the control input constraints. Further research di-
rections may include, among others:

• Development of a method for a priori estimation of the upper bound of the set-
tling times for the remaining control algorithms presented in this dissertation,
that is, for the path-following controller and the consensus-based formation
algorithm. Such methods would increase a practical usefulness of the algo-
rithms.

• Development of control algorithms for other motion tasks, such as trajectory
tracking for a single mobile robot or motion tasks performed by a multi-vehicle
formation.

• Formal robustness analysis of the proposed algorithms.
• More in-depth analysis of the collision avoidance problem.
• Extension towards algorithms based on the predefined-time stability concept

(see, for example, [123]), where the upper bound of the settling times is a design
parameter. To date, some preliminary results have been obtained for a nominal
set-point predefined-time VFO controller (see [118]), however, no results have
yet been obtained that also take into account control input constraints.

• Consideration of another vehicle kinematic model, such as car-like vehicles, and
adaptation of the developed algorithms to such systems using, for example,
the method presented in [77].

In conclusion, the directions for future research outlined above demonstrate that the
results of this dissertation provide a solid foundation for the further development of
fixed-time VFO control algorithms.
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