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General Introduction

In surface metrology, it is very common to use a classical methodology that constitutes most
studies found in the literature. This methodology is composed of two major axes: on one hand,
the study of the influence of a modification process on the surface (e.g., the influence of rolling
on surface roughness), and on the other hand, the optimization of a surface functionality (e.g.,
increasing surface hydrophobicity). These two axes are not limiting; in reality, they correspond
to relevant industrial issues that help improve the quality of objects produced by industry. The
problem is that these two very linear axes do not allow for a different methodological approach

to the discipline of surface metrology.

This thesis aims to present a new methodological approach through which several issues
directly affecting the field of surface metrology remains under-studied (some never). This new
methodology is presented in the form of a spectrum called the 'Surface Information Acquisition
Spectrum' (SIAS). The objective is to study the informational complexity aspects at all scales of
this spectrum. To achieve this, various tools have been created, including linguistic tools,
analogies, roughness parameters, and applications in various fields, demonstrating that the
spectrum can be applied well beyond the industrial environment. The spectrum is defined in
Figure 0.1, with its two ends representing, on one side, human perception and the qualitative

aspect of things, and on the other, the quantification of elements.

Human

. Quantification
perception

Spectrum of the information acquisition of surfaces

P— & —E— 4]

Language Syntax Visualization =~ Complexity Evaluation’

Figure 0.1 Surface Information Acquisition Spectrum

To understand the elements of the spectrum, it is necessary to define the concepts that
constitute it (Figure 0.2). First, the notion of Language defines the function of expression of
thoughts and communication between humans expressed as signs systems enabling

communication. The different elements of a surface are named in various ways, as we will see
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in Chapter 1, and the current method of terminology for surface components presents certain
issues. This notion requires a system to be standardized, which brings us to the concept of
Syntax. Syntax aims to determine the system in which the terminological aspect of surface
objects is placed, because without a system, a sequence of words remains incoherent (a similar
observation can be made in computing). Syntax, in a way, determines contextualization. As we
will see in Chapters 2 and 5 the syntax of an image can be closely related to its style, in other
words, how the arrangement of elements constitutes a work with a particular style. Halfway
between human perception and quantification lies the aspect of visualization. Indeed, the
visualization of surfaces is merely a visual representation made by a computer system of an
object that we cannot observe with the naked eye. This concept is present in almost every
chapter but takes on major importance in Chapter 3, which deals with visualization artifacts in
the discretization of the Von Koch snowflake. The notion of complexity is closely related to
fractals, placing it between visualization and evaluation. Fractals are non-Euclidean geometries
that are not only visual but also used in the evaluation of surfaces as a model of complexity.
Finally, evaluation is represented here by the computation of a system to obtain quantitative
information, such as roughness parameters or the graphical complexity of heraldry. To address
the thesis title 'Surface Topography and Multiscale Complexity,' one can indeed use all the
concepts of the spectrum to determine the dissemination into chapters: language complexity,
which tends to be minimized here; syntactic complexity (i.e., stylistic), which tends to be
determined; and structural complexity (heraldic, fractal, and surface), which tends to be

quantified.

This methodological approach allows for the incorporation of a relevant
interdisciplinary approach into the field of surface methodology, which, through results,

enables the creation of new sub-disciplines.

In Chapter 1 of this thesis, we present the outline of a terminological system that allows
for better description and indexing of surface topographies. The chapter provides a state-of-the-
art review of the terminological aspects concerning surfaces currently and proposes a
standardized system that addresses both language and syntax points. This system is a first

attempt at interdisciplinary practice with surface topographies as the main subject.

Staying on the topic of language the author undertakes a study on the multi-scale
heraldic complexity, starting from the premise that heraldry is a system whose graphical and
textual complexity can be quantified. This study, presented in Chapter 2, introduces a

calculation method and gives element of answer. Using an approach that compares coats of
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arms to 2.5-D surfaces, we shed light on the true nature of heraldry and determine whether it
functions more like a language-type system or a fractal one, hence its positioning between

language and visualization.

Following a logic of multi-scale graphical complexity, Chapter 3 deals with a well-known
fractal geometry, the Von Koch snowflake, and the problems encountered in its discretization
when created digitally. Indeed, since the fractal dimension of the Von Koch snowflake is known
in advance, various algorithms adopting the philosophy of mathematician Richardson are used

to determine which one minimizes computation problems.

Chapter 4 presents a new method for fractal characterization of surfaces. Using the
roughness parameter Sdr and a Gaussian filter, it is possible to characterize the complexity of

sandblasted surfaces. This method is also applied in Chapters 5.

Chapters 5 presents an original way of studying the surfaces of art objects using methods

like those developed for industry in Chapter 4.
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Figure 0.2 Schematic overview and conceptual framework centred on Surface Complexity
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Thesis contributions. (1) SIAS conceptual framework linking language, visual syntax,
visualization/discretization, and evaluation. (2) Unified, phenomenon-centred OWL ontology
(Chap. 1). (3) Formalization of the heraldic surface as a 2.5D information system and
quantification of its complexity (Chap. 2). (4) Discretization-error model and resolution criteria
via the Koch snowflake (Chap. 3, Art. I). (5) Multi-scale Sdr + Gaussian-filter method, more
stable than the “Richardson patchwork” (Chap. 4, Art. II). (6) Uncertainty quantification via
Bootstrap and process—topography analysis in an industrial context (Chap. 4, Art. III). (7)
Transfer to the artistic domain: topographic signatures and the cross-domain reach of the SIAS

(Chap. 5, Art. IV).
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Prolegomena of the Chapter 1

In the framework established by the general introduction, this first chapter occupies the
“language” tier of the Surface Information Acquisition Spectrum (SIAS), the stage at which
surface knowledge remains qualitative and entirely dependent on the words we choose. Despite
the spectacular rise in instrumental resolution (from white-light interferometry to atomic-force
microscopy), the terminology of surface metrology is still fragmented: the same kind of
phenomenon may be labelled striations, scratches, or grooves, depending on the norm, the
language or the industrial sector. This dispersion impedes data comparability, obstructs
knowledge sharing and seeds ambiguity in every downstream operation of the SIAS.
Consequently, the chapter seeks to establish a phenomenon-centred, machine-readable
vocabulary capable of describing surface features unambiguously across engineering and other
contexts. After mapping the overlaps and gaps in existing glossaries (ISO 25178-2, ASTM B.46-
1, VIM and others), we build a ontologic meta-model, phenomenon, attribute, context, and
implement it in OWL, complete with possibility of SPARQL queries and examples of data
architecture. By transforming scattered terminology into a coherent ontology, the chapter lays
the cornerstone of the SIAS: it anchors all subsequent levels, visual syntax, numerical evaluation
and fractal analysis, in a shared linguistic substrate, ensuring that every measurement

henceforth refers to precisely the same concepts.
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1.1 Chapter Introduction

In the field of surface metrology, the case study addressed here concerns the terminology used
to describe surface-related phenomena, what could be referred to as topographical phenomena,
insofar as they emerge from the actual shape of the surface. The term topographical
phenomena, by contrast, would imply that these phenomena derive exclusively from surfaces
quantified through 3D topographic measurements using the appropriate instruments. The
terminological issue addressed here does not concern the methods or instruments related to
surface metrology, which are already adequately defined by standards such as ISO 25178 [1].

nn

The elements we are referring to provisionally and by way of example, called "scratch," "groove,"
"dimples," and so on, are phenomena that require a certain degree of magnification to be
properly observed and identified as such. Indeed, visual-tactile inspections or visual
observations without the possibility of magnification do not allow for an accurate assessment
of the components of surface phenomena, making it difficult to differentiate them precisely
(e.g., depth, edge type, shape). While perception plays a fundamental role in the initial
identification of surface phenomena, our concern here is not with the subjective variability of
perception itself [2]. Rather, we focus on the semantic relationship between the signifier (i.e.,
the term) and the signified (i.e., the mental representation of a thing) (Figure 1.1). According
to Ferdinand de Saussure, the signified is distinct from its referent, the real world object (in our
case the surface phenomena) designated by the sign (i.e., concept and terms) [3]. Ogden and
Richards argued that any linguistic sign involves three interconnected components: the symbol
(the term or signifier, e.g., dog), the referent (the real-world object or action to which the word
refers), and the thought or reference (the concept evoked by the symbol, which may vary across
individuals). This model emphasizes that meaning arises not directly from the word object link,

but through the mediation of conceptual interpretation [4].
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Concept
Meaning / Semantics

Symbolises Describes
Symbol ‘ Real world object
Syntactic sign / Terms - Referent / Pragmatics
Represents

Figure 1.1 The Semiotic Triangle (Ogden & Richards)

Surface metrology is usually approached from a technical or normative perspective,
focusing on measurement principles, instrumentation, and the application of standards.
However, the way we describe surfaces, the vocabulary we use to designate what is seen or
measured, has a profound impact on how these phenomena are understood, communicated,
and compared. Terminology is not treated here as a neutral or passive lexicon, but as an active
system of meaning that reflects and shapes technical practices. The terms used in metrology are
not merely labels; they encode assumptions about what is measurable, visible, and relevant. In
this context, the challenge lies less in how a feature is perceived individually, and more in how
a shared and standardized terminology can accurately and consistently map onto objectively

measured surface phenomena.

This chapter examines how topographical phenomena are named, classified, and
describe. This observation is accompanied by a proposed solution: the development of a
standardized resource description framework aimed at creating a new type of systematic

phenomena-centred surface classification.
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1.1.1 Definition of Terminology

Terminology refers to the systematic study and use of terms within a specific field of knowledge.
It encompasses not only the vocabulary used to describe concepts, phenomena, and procedures,
but also the relationships between those terms and the underlying conceptual structures they
represent. In scientific disciplines, accurate and consistent terminology is essential for clear
communication, reproducibility of results, and the development of shared standards.
Terminology serves as both a linguistic and cognitive tool: it enables specialists to categorize
and convey complex ideas while also shaping the way knowledge is structured and transmitted.
In fields such as surface metrology, where concepts are often interdisciplinary drawing from
physics, engineering, and materials science, terminological clarity becomes even more crucial
to ensure that measurements, methods, and interpretations are understood and applied
consistently across domains. This definition is derived from a combination of two sources: the

ISO 704:2022 standard [5] and the book on terminology by Castellvi [6].

Terminology is related to what is known as specialized languages, which refers to the
use of a natural language to convey domain-specific knowledge. It is not an autonomous system
with its own linguistic rules but rather a subset or fragment of the general language [7].
Therefore, it does not involve distinct syntactic or lexical structures, and no linguistic theory
has successfully separated its functioning from that of the natural language as a whole. While
specialized languages can be identified through the presence of specific terminology, this
approach has limitations. Nearly every human activity, technical or not, generates its own
vocabulary, which could suggest the existence of countless specialized languages, thereby
diluting the concept. Moreover, technical terms lack specific morphological or lexicological
markers distinguishing them from ordinary words [8,9], unlike scholarly terms that may have
unique etymological roots [10]. Semantically, even within specific disciplines, many terms (e.g.,
sustainable growth or open government) do not denote precisely defined concepts, and some
may even appear contradictory or metaphorical, further challenging the technical rigor

expected in specialized language.

1.1.2 Surface Metrology

The analysis of surface topographies using metrology involves the study of the microgeometry
of these surfaces once quantified using appropriate measurement devices [11]. Surfaces are
complex elements that can also be defined as solid-gas or solid-liquid interfaces, and their

properties depend on the nature of the solid, the surface preparation methods, and the
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interaction of the surface with its environment [12]. Leach describes surface as the “overall
surface structure of a part, surface form as the underlying shape of a part and surface texture
as the feature that remain once the form have been removed” [13]. Surfaces contain
irregularities of varying orders, ranging from simple deviations from the nominal shape to the
scale of interatomic distances. Surface texture is a series of repetitive or random deviations from
the nominal form, which constitutes the three-dimensional topography of the surface. It
includes: 1) roughness, 2) waviness, 3) lay, 4) forms and 5) flaws. Roughness is characterized
by the presence of hills (local maxima) and valleys (local minima) with varying amplitudes and

spacings.

Historically, surface metrology has key dates marking the transition between paradigms,
much like other sciences. These paradigms are characterized by the emergence of new
instrumentation technologies that enable surface analysis at different scales. The history of
instrumentation development is well summarized in Chapter 4 of Whitehouse's book [14] . To
be concise, we will directly discuss the period of the last ‘paradigm shift in surface metrology’
[15,16]. The current shift in surface metrology is highlighted by three key transitions: from
profile (2D) to areal characterization (3D), from stochastic to structured surfaces, and from
simple geometries to complex freeform geometries, covering scales from millimeters to sub-
nanometers. The gradual transition in the 1980s from 2D profiles obtained via tactile
profilometers since the 1930s to optical devices enabled the acquisition of 3D maps (Note:
Although a more accurate definition would be to refer to it as 2.5D if we consider that the

normal measurement of the surface hides elements such as re-entrants [17]).

Pioneering work on areal surface texture characterization was conducted by a European
consortium led by Ken Stout and Thomas Matthia, resulting in the 'Blue Book' [18] and the
'‘Birmingham-14' parameters. Subsequent ISO standardization efforts revealed the need for
further research, leading to the 'SURFSTAND' project (1998-2001) led by Liam Blunt from the
University of Huddersfield. This project produced the 'Green Book' [19], which laid the
foundation for future specification standards. The standards used in these works defining areal

surface texture parameters are ISO 25178-2 [1] and ASME B46.1 [20].

The issue of terminology in surface metrology is undeniably linked to the plurality of disciplines
that engage with it. Since surfaces cover the entirety of solid objects, it is unsurprising that a wide range
of scientific fields study surface properties for various applications, as illustrated in Table 1.1. As we
will see later, these disciplines often use different terms to describe similar surface phenomena, due to
the lack of a standardized terminology. In the Science Direct search engine for scientific

communications, corresponding to the key words surface roughness, the number of scientific articles
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corresponding to this entry are 5168 in 2000, 10291 in 2010 and 27124 in 2020. The development of
measuring equipment and the new possibilities for modifying surfaces are considerably expanding the
research possibilities (e.g., Table 1.2 is only showing a few manufacturing processes to modify the
surface). The results of research i.e., scientific publications and expert-to-expert communications, show

new surface state.

Surface Topography application

Wettability Photolithography
Conductivity Archaeology
Optics Photo-voltaic panels
Biomedical Cosmetics
Tribology Sealing

Table 1.1 Domains of research analysing surface topographies

Manufacturing process

Drilled Filed Broached Bored
Ground Reamed Polished with stamping Stoned
Polished Buff polished Sand cast Shell moulded
Precision cast Forged Die cast Hot rolled
Mandrel-formed Punched Cold rolled Drawn
Sheared Flame cut Emery cloth polished Sandblasted
Shot blasted Abrasive ground Milled Turned

Table 1.2 Various surface modification processes extracted from among many others in Scheffer's book

[21]
1.1.3 The Objects of Observation

Somewhat, the real-world object defined in the semantic triangle presented in the introductory
section of this chapter is not the actual surface as such. Indeed, surface phenomena only become
fully observable beyond a certain level of magnification. What we are referring to is not the
physical object itself, which is imperceptible to the naked eye, but rather its digital
representation, which allows us to name and analyse it. These digital representations are
generated by various apparatuses associated with the discipline of surface metrology, typically

in the form of 2D profiles or height maps (Figure 1.2). A height map represents the height of
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points along the z-axis within a regular sampling grid of the x and y image axes, forming a
matrix. These height maps can be visually modified to help researchers better understand
surface phenomena. Conventionally, a colour scale is applied to the map, allowing pixels to be
color-coded according to their height. The choice of colour scale is of little importance in the
context of our analysis, although the issue of selecting the most appropriate visualization is

discussed in the article by Crameri et al [22].

To better visualize surface phenomena, a 3D mesh can be generated from the height
map. A polygon mesh is a three-dimensional object used in computer graphics, composed of
vertices, edges, and faces arranged into polygons. These faces are typically made up of triangles,
quadrilaterals, or other simple convex shapes, as this simplifies rendering. However, they can

also be combined to form more complex concave polygons or polygons with holes.
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Figure 1.2 Surface topography visualization: (a) heightmap in normal view, (b) in 3D mesh view
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1.1.4 Surface Roughness, Waviness and Form

Surface phenomena are typically categorized according to their scale and origin. Roughness
refers to fine-scale deviations that arise directly from manufacturing processes, such as tool
marks generated by turning or surface impressions produced by grinding or polishing
operations. These phenomena persist even at the nanoscale, where machining still leaves
discernible process signatures. At higher structural level, waviness encompasses longer-
wavelength surface variations, often resulting from dynamic instabilities during fabrication,
such as relative vibrations between the workpiece and the grinding tool. It is important to
recognize that the most significant effect of waviness is observed in the radial geometry of the
component, specifically in roundness deviations, rather than in axial measurements, which
capture only a projection of the full waviness profile. At the largest scale, form errors describe
systematic deviations from the intended geometry, typically induced by machine tool
imperfections (e.g., misalignments in slideways or imbalances in rotating components) or by

thermally induced deformations during processing [23].

Surface irregularities roughness, waviness, and form errors are often grouped under the
general term surface texture, although each has distinct origins, characteristics, and functional
impacts [24]. The figures 1.3 and 1.4 show a reference shim surface from a set of surface
roughness comparison specimens (No.130 Rupert & Co. Ltd., Cheadle, Cheshire, England),
measured using a Bruker Contour GT™ white light interferometry system (San Jose, CA, USA)
with a X50 magnification. Part (a) of the figure shows what is referred to as the real surface,
with the red curve representing the form to be removed, known as the F-operator. In this case,
the operator is a first-order polynomial [25], but different form removal operators exist
depending on the underlying form such as fitted shapes [26], digital filters [27], and
morphological techniques [28]. After applying a form removal using an F-operator, the surface
is referred to as the S-F surface. The roughness can then be separated from the waviness by
using an L-filter, which removes large-scale phenomena from the profile, typically through a
Gaussian or robust low-pass filter. A Gaussian low-pass filter with a 50 um cutoff is applied here
(i.e., The cutoff value is arbitrary and depends on the scale and the type of the profile) to the

S-F surface, resulting in the S-L surface [29].

Regarding surface phenomena, they may appear as form, waviness, or roughness
depending entirely on the scale of observation. Take, for instance, the term peak, defined in ISO
25178-2 as “a point on the surface which is higher than all other points within a neighbourhood

of that point.” While this definition is clear from a geometrical standpoint, its interpretation
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varies with scale. A peak observed at a macroscopic level, when magnified, may reveal
additional peaks nested within it, illustrating a fractal logic of self-similar structures across
scales. The original peak can then be viewed as the nominal form for a set of smaller peaks,

which themselves constitute waviness and roughness when observed at a finer resolution.

This observation reveals a key challenge in the classification of surface phenomena:
although it is necessary to distinguish surface components by their characteristic spatial
frequencies (form, waviness, roughness), the definition of a feature such as a peak should
ideally remain scale-invariant. Otherwise, the same geometrical entity may be classified
differently depending on the resolution of observation leading to inconsistencies in terminology,
interpretation, and standardization. A robust descriptive system must therefore decouple the
semantic definition of phenomena from the scale at which they are measured, enabling coherent

classification across contexts and applications.
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Figure 1.3 1 mm? profile of specimen N9 from No.130 Rupert & Co. Ltd (Horizontal Milling specimen),

100% Nickel. (a) real surface in blue, polynomial of order 1 as F-operator in red, (b) S-F surface in blue, in

red L-filter as High Pass gaussian filter with a 50 um cut off, (c) S-L surface roughness profile
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Figure 1.4 1 mm? profile of specimen N9 from No.130 Rupert & Co. Ltd (Horizontal Milling specimen),
100% Nickel (a) Measured surface (b) form removed (c) surface after form removed (d) waviness

wavelength removed (d) S-L surface roughness profile
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Areal Surface Texture Parameters

The roughness parameters of the ISO 25178-2:2021 and EUR 15178N standards are divided
into different groups, each with a unique approach to surface geometry (Table 1.3). The
combination of values from different parameters across surfaces provides researchers with
information on how the surface evolves (e.g., during wear tests) or changes from one surface
to another. It is important to note that surfaces that are topographically very different can have
similar parameter values, which necessitates a visual examination of the surface topographies
in addition to the analysis of parametric values. The formulas and classifications of areal surface

parameters can be found in the chapter by Francois Blateyron [30].

Symbol and unit Name of parameter Standard

Amplitude parameters

Sq (um) Root mean square height ISO 25178
Ssk (no unit) Skewness ISO 25178
Sku (no unit) Kurtosis ISO 25178
Sp(um) Maximum peak height ISO 25178
Sv (um) Maximum valley height ISO 25178
Sz(um) Maximum height ISO 25178
Sa(um) Arithmetic mean height ISO 25178

St (um) Total height EUR 15178N

Spatial parameters (ISO 25178)

Sal (mm) Auto-correlation length ISO 25178
Str (no unit) Texture-aspect ratio ISO 25178
Std (°) Texture direction ISO 25178

Hybrid parameters (ISO 25178)
Sdq (no unit) Root mean square gradient ISO 25178

Sdr (%) Developed interfacial area ratio ISO 25178
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Sds (1/mm?2) Density of summits EUR 15178N

Ssc(1/mm) Arithmetic mean summit curvature EUR 15178N

Sfd (no unit) Fractal dimension of the surface EUR 15178N

Functional parameters

Sk (um) Core roughness depth EUR 15178N

Spk (um) Reduced summit height EUR 15178N

Svk (um) Reduced valley depth EUR 15178N

Sr1 (%) Upper bearing area EUR 15178N

Sr2 (%) Lower bearing area EUR 15178N

Spq (no unit) Plateau root mean square roughness EUR 15178N

Svq (no unit) Valley root mean square roughness EUR 15178N

Smgq (no unit) Material ratio at plateau-to-valley
- EUR 15178N
transition

smr (%) Areal material ratio EUR 15178N
Smc (um) Inverse areal material ratio ISO 25178
Sxp(um) Extreme peak height ISO 25178
Sdc (um) Areal height difference ISO 25178

Volume functional parameters
Vm (mm3/mm?2) Material volume ISO 25178
Vvv (mm3/mm?2) Void volume ISO 25178
Vmp (mm3/mm?) Peak material volume ISO 25178
Vmc (mm3/mmz2) Core material volume ISO 25178
Vvce (mm3/mm?2) Core void volume ISO 25178
Vvv (mm3/mm?2) Dale void volume ISO 25178
Functional indices
Sbi Surface bearing index EUR 15178N
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Sci Core fluid retention index EUR 15178N
Svi Valley fluid retention index EUR 15178N
Feature parameters

Spd(1/mm2) Density of peaks ISO 25178
Spc (1/mm) Arithmetic mean peak curvature ISO 25178
510z (um) Ten point height ISO 25178

§5z (um) Five point peak height ISO 25178
S5v (um) Five point valley height ISO 25178
Sda (mm?2) Mean dale area ISO 25178
Sha (mm?2) Mean hill area ISO 25178
Sdv (mm3) Mean dale volume ISO 25178
Shv (mm3) Mean hill volume ISO 25178

Smean (um)
Sdar (mm?2)

Spar (mm?2)

Other 3D parameters (from MountainsMap software)

Mean height in absolute
Developed area

Projected area

No standard

No standard

No standard

(um?3) Number of islands No standard
(um) Mean height of islands No standard
(um?) Mean surface of islands No standard

Table 1.3 Areal Surface parameters from I1ISO 25178-2 EUR 15178N and implemented in MountainsMap

software (Digital Surf™, Besancon, France)
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1.2 Morphomeca Philosophy

Morphomeca is a research platform focused on the characterization of surface topographies
within the Mechanical Department of the LAMIH UMR CNRS 8201 laboratory (Université
Polytechnique Hauts-de-France). This platform has developed a unique approach in the field of
surface research, which, instead of focusing on a particular process or functionality, aims to
design a methodological ontology that can be summarized by the term 'Morphomechanics,’
which gives the platform its name. This philosophy enables Morphomeca to be highly agile in
identifying research opportunities and has a recognized capability to manage interdisciplinary
research projects. As shown in Figure 1.5, the philosophy of Morphomeca can be represented
by the desire to study surface topography beyond the classical dichotomy between
manufacturing and functionality. The first axis aims to consider the genesis of the surface and
its parameters to model functionality subsequently. The second axis is directly related to the
relationship between the genesis of the surface and its physico-chemical properties. The third
axis addresses the relationship between the physical aspect and the chemical properties. This
allows for additional inferences beyond the classical quality control analysis of functionality.
The fourth axis allows for the determination of birth parameters of forms on the surface, which
dissociates mechanical and morphological signatures from functionality. This methodology has
enabled Morphomeca to address numerous research topics and develop many tools. Among
others, these include the adhesion of osteoblast cells [31], the characterization of fluctuation of
measurements [32,33], stitching algorithm [34], art [35], tribology [36], material

characterization [36], multiscale characterization [37] and so on.
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3: Allows to dissociate morpho -mecanic features depending on parameter of functionality f; ,

4: Allows to determine parameters t;; of morphogenesis of surface which dissociate morpho -mecanic signatures of functionality f; ,

Figure 1.5 Diagram of the Morphoméca philosophy

1.2.1 Measurement Devices

The measurement systems presented in this section are those that were used in the context of
this thesis. There are many other measurement systems, starting with tactile or laser
profilometers, and other 3D profilometry technologies such as confocal microscopes. The details
of these other technologies are specified in reference handbooks as well as in standards, notably
ISO 21920 [38], and ISO 25178 [39]. Each measurement system has a resolution window,
which requires determining in advance what one intends to analyse on a surface before selecting

the appropriate system (Figure 1.6).
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Figure 1.6 The Stedman Diagram, Scale Ranges for Profilometers

Optical measurement systems employ a combination of light sources, lenses, a
photosensor (typically a CCD sensor), and mirrors to capture surface topography. As non-
contact instruments, they preserve the integrity of the sample, allowing measurements without
altering the surface. However, rather than directly recording height values, optical
measurement systems infer them from data such as light intensity or phase maps. As a result,
measurements may be affected by errors due to improper light reflections or signal noise,
requiring correction or filtering. Points identified as low quality are replaced by non-measured
points, which do not contain height information. There are three main optical techniques used

in profilometry: interferometry, focus variation microscopy, and confocal microscopy.

1.2.1.1 Focus variation microscope

In the last decades, the development of light microscopy-based measurement techniques has
accelerated significantly. Similar to confocal microscopy, FVM relies on image acquisition
through depth-of-field analysis a principle established by H. von Helmholtz in the mid-1920s
[40]. However, the modern development of this technique, including the design and
construction of focus variation instruments, began in the early 1990s. Some of the pioneering
research in this field was documented in studies by F. Helmli [41] and F. Helmli, R. Danzl, M.
Prantl, M. Grabner, and S. Scherer [42,43].
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Focus variation microscopy determines surface topography by detecting the point of
optimal focus using a contrast-based algorithm that analyses intensity differences between
neighbouring pixels (Figure 1.7, Figure 1.8). The highest contrast indicates the best focus.
Similar to focus stacking in macro photography, this method provides both topographic data
and an optical image of the surface, often including colour information, unlike interferometry.

The standardized procedure for focus variation microscope is defined in ISO 25178-606 [44].

CCD sensor

Beam splitter

\

Objective lens with

limited depth of field \

Vertical movement __—1

with drive unit

Light source

e
A ——

Figure 1.7 Schematization of the focus variation microscope
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Figure 1.8 Schematization of the contrast curve calculated from the local window

1.2.1.2 Coherence Scanning Interferometry

Coherence Scanning Interferometry (CSI) is a non-contact technique used to measure surface
topography by detecting interference fringes created by differences in optical path lengths
during scanning. A mechanical scanner moves the interference objective (or the sample) along
the vertical axis, while a computer captures light-intensity data for each pixel at different
heights. Using a broadband incoherent light source (e.g., tungsten halogen or white-light LEDs),

CSI systems produce high-resolution 3D surface maps [11].

The setup typically includes a two-beam interference objective (e.g., Michelson, Mirau,
or Linnik types) and Kohler illumination optics to maximize lateral resolution. Interference
occurs between light reflected from the sample and a reference mirror, with the resulting fringe
patterns analysed to reconstruct surface height. Unlike other methods, CSI requires modelling
both spatial and spectral coherence due to its use of low-coherence light and broadband

illumination [45] (Figure 1.9).
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Figure 1.9 Schematization of the Coherence Scanning Interferometer with Mirau configuration

1.3 State of the art on terminology in surface metrology

As an introduction to the state of the art on surface phenomena terminology, and after defining
our object of study, we will begin by examining standardized vocabulary, followed by non-

standardized terminology.

1.3.1 DIN 4761:1978-12

The DIN 4761 standard [46], published in 1978 and derived from the Swiss VSM 58070:1976
[47], provides a descriptive and standardized classification of surface textures based on
qualitative geometric phenomena. It does not address quantitative measurements (such as
roughness parameters) but instead aims to establish a structured vocabulary for identifying and

describing typical surface forms visible to the naked eye or under low magnification.
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The standard distinguishes two main categories of surfaces:

e Grooved surfaces (rillige Oberflachen), produced by machining processes (turning,
milling, grinding), characterized by grooves defined by their shape, spacing, orientation,

and regularity.

e Non-grooved surfaces (nichtrillige Oberflachen), resulting from non-cutting processes
(casting, coating, corrosion, etc.), classified according to basic geometric forms: pits

(muldig), bumps (kuppig), waviness (gewellt), or flake-like structures (schuppig).

It also includes a typology of surface defects (scratches, cracks, pores, dents, burrs, etc.),
enabling a clear distinction between functional textures and unintentional damage. The images
in the standard are arranged as follows: a diagram of an isometric view, normal view and
horizontal view, accompanied by a definition in German. Finally, a system of abbreviated codes
and symbols is associated with each category for use in technical documentation and
engineering drawings. An appendix provides equivalencies with DIN ISO 1302 [48] notation
now withdrawn and replaced by ISO 21920-1:2021 [49]. For example, one can refer to the
representation of point-like depressions (Figure 1.10) found in the standard: “Point-like
depressions are sharply defined indentations whose depth is relatively large compared to their
width. They result from either intentional or unintentional material removal (e.g., etching,

corrosion, etc.). In some cases, these depressions can serve as lubricant pockets.”

Figure 1.10 Illustration for point-like depression reproduction with modification from DIN 4761
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1.3.21S0O 8785

The most well-known reference in this context is the ISO 8785:1998 [50] standard (a new
version of the 8785 is currently in process). This International Standard defines terms related
to surface imperfections. It replaces the DIN 4761:1978-12 standard, which has now been
withdrawn [46]. Its purpose is to establish a common vocabulary to be used in technical
documents, technical drawings, scientific publications, for specifying permissible imperfections
and measurement methods. However, this standard is more focused on quality control than on
providing objective definitions of surface phenomena. The terms used in this standard are
regarded here as surface defects, even though the phenomena described may be desirable in
certain manufacturing processes. The standard is structured as follows: a schematic
representation of the phenomena is provided alongside the term and a brief definition and its

translation in French (Figure 1.11).

Groove Sillon,m
Surface imperfection which is a Creux longitudinal a
longitudinal recession with a rounded fond plat ou arrondi

or flat bottom

Figure 1.11 Illustration for groove reproduction with modification from ISO 8785

The 31 terms defined and illustrated in the standard undeniably provide a
terminological foundation for generalized standardization. However, several criticisms can be
made regarding the design of this standard. From both a scientific and terminological
perspective, it is essential to acknowledge the decoupling between surface phenomena and the
functional value attributed to them. A given topographic phenomenon, such as a pore, a groove,
or a crack, cannot be intrinsically classified as either a defect or a functional element. Its
interpretation depends entirely on the context of use, the performance criteria of the
application, and the disciplinary viewpoint. What is considered a defect in one domain (e.g.,
pores in aerospace components) may be regarded as a functional asset in another (e.g., pores

in biomedical implants or filtration systems). This observation challenges any binary
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classification of surface phenomena into defects versus functional structures and reinforces the
need for a descriptive framework that remains neutral with respect to function. In such a
framework, morphology precedes interpretation, allowing for greater interoperability across

disciplines.

1.3.31S0O 25178-2

The terms describing surface phenomena as defined in ISO 25178-2 [1], section 3.3 Geometrical
feature terms, are general concepts that encompass different types of phenomena. For example,
the term peak is defined as: "point on the surface which is higher than all other points within a
neighbourhood of that point." The terms defined in ISO 25178-2, such as peak or dale, are not
descriptions of specific instances but rather abstract topographical concepts or generic surface
feature terms used to classify local geometrical phenomena. These concepts are primarily
intended for the calculation of roughness parameters and for the mathematical description of
the surface, rather than for a literal or concrete description of the surface itself. These terms are
classified under section 6.2 Type of texture feature (Table 1.4). The designations are used to

indicate the location of phenomena in diagrams (Figure 1.12).

Class of limited feature Type of scale-limited feature | Designation
Areal Hill H
Dale D
Line Course line C
Ridge line R
Point Peak P
Pit \Y
Saddle point S

Table 1.4 Type of scale-limited phenomena from ISO 25178-2 [1]
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Figure 1.12 Contour map showing critical lines and points

Philosophically, the ISO 25178 standard is grounded in the principles formulated by
Scott in 1997 [51], which assert that a surface should not be understood as a continuous entity,
but rather as a composition of elementary topographical entities. Drawing on Maxwell’s method
[52], this feature-based approach decomposes the surface into critical points (peaks, pits, saddle
points) and characteristic lines (ridges, grooves), enabling the extraction of the most
functionally relevant phenomena. This structural and hierarchical perspective departs from
purely statistical models and forms the conceptual foundation of modern surface

characterization as defined by the standard.

1.3.4 ASME B.46-1

The ASME B46.1-2019 [20] document is an American standard dedicated to the
characterization of surface texture. It serves as a major reference in surface metrology,
complementing or running in parallel with ISO standards such as ISO 25178 or ISO 4287. We
take the term area valley as an example, but the term area peak also exists (Figure 1.13). This
term, used in ASME B46.1 and inherited from DIN 4761:1978-12, refers to a geometrically
defined region that lies below its surroundings, often identified through segmentation or
thresholding methods. In contrast, the term dale in ISO 25178-2 is defined as a topographic

feature characterized by a local minimum within a defined neighbourhood, independent of
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global thresholds. While area valley is rooted in a practical, visually intuitive classification of
surface phenomena, dale belongs to an abstract topological framework based on mathematical
criteria. This distinction reflects the broader difference between descriptive and conceptual
approaches in surface metrology, with ASME favouring operational clarity and ISO emphasizing
formal ontological structure. This conceptual distinction explains why the terms are
accompanied by a diagram in ISO 25178-2, whereas in ASME B46.1 they are presented with an

illustration.

Other terms that describe the nature of surface phenomena include the indication of
surface lay. Lay is defined in the standard as: "the predominant direction of the surface pattern,
ordinarily determined by the production method used”. This is the only definition found in the
standards that describes the arrangement of surface phenomena as a system. The term lay may
be accompanied by adjectives such as circular or radial, providing information about the

deterministic organization of phenomena.

(a) (b)

Figure 1.13 Reproduction with modification of the illustration used in ASME B46.1 for the description of
(a) area peak and (b) area valley

With these standards and their descriptive terminology as a starting point, we can
already identify the terminological limits for a more analytical description of the phenomena
present on the surface. The first issue concerns conceptual homogeneity: the three standards
employ terminologies based on different logics (mathematical, empirical, descriptive) without
any clear terminological interoperability. The second issue relates to their restriction to
industrial contexts: these terminologies are primarily designed for machining or quality control.
They are not suited to natural or biological surfaces, for example, where shapes do not conform

to a standardized model.
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1.3.5 Non-standard Terminology: Scientific Practices and Empirical Classifications

Rather than presenting an exhaustive inventory of reused or redefined terms, it is more
insightful to examine a representative example: “roughness”. In metrology, roughness is a
standardized term, defined by precise mathematical parameters (such as Sa, Sq, or Sdr),
constrained by scale, measurement procedure, and filtering methods, as outlined in ISO 25178

or ASME B46.1. These standards ensure interoperability and reproducibility.

In a wide range of scientific publications particularly outside industrial or strictly
metrological contexts roughness is often used as a conventional term, detached from its
standardized meaning. Researchers may use it to describe visual irregularity, tactile sensation,
or general surface heterogeneity, sometimes without any quantitative basis. This kind of usage
reflects a community-specific consensus rather than a shared, formal definition. In the
introduction to his book on surface metrology, the author Thomas says: "I can't define
roughness, but I know it when I see it"[53]. This remark on the definition of the concept of
roughness is taken up again this time to define the deterministic side of the surface in an article
of which Thomas is contributor. In fact, the article on structured surfaces, synonymous with
deterministic surfaces, uses the same vague formulation word for word to talk about an almost

opposite concept [54].

The gap between standardized terminology and conventional usage reveals a broader
issue: the semantic drift of technical terms as they migrate into diverse scientific domains. In
these cases, terminology becomes flexible and adaptive, but also ambiguous. A word like
roughness can thus refer to a precisely measured amplitude at the nanometer scale in one article,
and to a loosely described topographic impression at the millimeters scale in another, without

clarification or disambiguation.

This terminological ambiguity illustrates how scientific language often evolves outside
normative frameworks, producing what could be seen as “local terminologies”, functional
within a research group or discipline, but opaque or misleading when viewed from another
field. According to Lefevre [55], scientific and technical discourse is elliptical: dialogues are
reduced to the essentials, while descriptions are based on diagrams, symbols and, in our case,
parameters. However, as soon as a new activity requires scientists to re-evaluate and compare

research content, the lack of available terminology leads them to form islands of discourse [56].
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1.3.5.1 Description and classification

In the context of surface analysis, it is important to clearly distinguish between the description
of topographic phenomena and the classification of surfaces. Description aims to name and
characterize locally observable entities, such as striations, cavities, edges, or specific patterns,
whereas classification groups surfaces according to global or statistical criteria, often derived
from instrumental measurements. Some commonly used notions, such as isotropic or
anisotropic, belong to the latter category. These terms do not refer to discrete, localized
phenomena on the surface, but rather describe emergent properties resulting from the analysis
of the spatial organization of surface irregularities. A surface is considered anisotropic when a
preferential orientation can be identified in the arrangement of its phenomena (e.g., parallel
striations), and isotropic when no dominant direction is observed. These are therefore global
qualifiers that complement morphological descriptions without replacing them. The
classification of areal surface textures has progressively evolved to better align with the needs
of design, manufacturing, and metrology. In the 1980s and 1990s, Suh and Saka [57] , followed
by Stout [58], proposed a basic distinction between engineered and structured surfaces. Evans
and Bryan [54] refined this by linking each category to specific functional purposes: structured
surfaces are defined by deterministic patterns designed to fulfil a particular function, while
engineered surfaces involve modifications of both the surface and subsurface to enhance

performance.

Later, Stout and Blunt [59] expanded the model to include non-engineered surfaces,
defined as those resulting directly from manufacturing processes without intentional control
over surface characteristics. These categories were further divided into subtypes (random,
systematic, structured, unstructured), depending on manufacturing routes, and organized into

a hierarchical framework.

While this approach aimed to clarify surface classifications and support the design of
functional textures, it remains ambiguous, particularly in dealing with newer manufacturing
methods. To address this, the author of this manuscript proposes a revised system based on

identifying key surface attributes and linking them to their functions.

In a phenomena-centred terminological approach, it is essential to maintain this
distinction, to avoid conflating observable entities, suitable for descriptive inventories, with

statistical or functional properties that pertain to a different analytical logic.
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1.4 Corpus based analysis

Given the lack of available terminological resources in the field of surface metrology, a corpus-
based approach was adopted to identify and analyse the vocabulary currently in use.
In the absence of a standardized or comprehensive lexicon, it became necessary to construct an
arbitrary, yet representative corpus drawn from recent scientific publications. A little over 100
articles were used to construct the corpus, and the first observation was that the presence of
topographic images or micrographs was a sine qua non condition for the occurrence of
descriptive terms. This already suggests a strong connection between terminology and visual
representation, which will be further developed later. The list of articles is provided in the
appendix. This allowed for the collection of terms that are used in practice, including those that
do not appear in official standards or that deviate from precise scientific definitions. The
objective was to observe how surface phenomena are described by researchers in diverse
disciplinary contexts, and to highlight the semantic ambiguity or informal usage of certain
descriptors. This empirical strategy provides an essential starting point for developing a more

structured and interoperable terminological framework.

Since the study focuses on non-standardized terms as they appear in situ within scientific
publications, automatic extraction using concordance software, commonly employed in
terminological research, is not feasible. As a result, term identification and extraction must be
carried out manually. As for the corpus under study, the articles were selected through a
keyword-based search on scientific search engines such as Scopus and Google Scholar using the

nmn

terms "surface roughness," "surface topography," and "surface texture." As a result, the selected
publications span a variety of topics, including tribology, laser texturing, functional surface

studies, and others.

A manually compiled corpus of approximately 250 descriptive terms was extracted from
the corpus of scientific publications concerned with surface topography. The aim of this
collection was to identify the diversity of expressions used to describe surface phenomena,
regardless of their degree of technical precision or formal definition. Several recurrent
descriptors dominate the corpus, most notably dimples, grooves, pits, pores, cracks, and holes.
These terms appear in numerous variants (e.g., micro-dimples, circular dimples, grooved surface,
pore distribution) and are often used in combination or interchangeably, despite significant
morphological or functional differences. This recurrence highlights a tendency to rely on a
limited set of intuitive phenomena, which are then modified contextually through qualifiers of

scale, arrangement, or shape.
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The analysis of the corpus reveals a broad heterogeneity in the nature of the descriptors.
A first group refers to geometric or morphological aspects of the surface, with shapes such as
triangular, circular, elliptical, hexagonal, or spherical used either in isolation or as modifiers. A
second group concerns topographical discontinuities or structures, including terms like groove
[60], dimple [54,61-68], crack [69], ridge [70], valley [69], asperity [71], or scallop [72]. A
third category includes references to spatial organization, with expressions such as array,
pattern, grid, cluster, network, or distribution, often used to qualify recurring or ordered
structures (i.e., structured surfaces). These terms indicate the perceived regularity or
randomness of the feature distribution but rarely follow a shared definition. A fourth category
concerns phenomena derived from or associated with manufacturing processes: terms like laser-
induced, brushed, ground, polished, coined, or etched serve as shorthand for both origin and
appearance, further blurring the boundary between physical feature and process-based
attribution. This terminological variety is further compounded by the coexistence of several
descriptive levels. Some terms relate to local phenomena (e.g., pit, groove, dimple), others to
meso- or macro-scale patterning (e.g., grid, cluster, crosshatch), and others still to functional
interpretations (e.g., oil pocket, reservoir, lubrication groove). Moreover, expressions frequently
include scale qualifiers, such as micro-, nano-, fine, or hierarchical, without always defining their
thresholds or implications. The result is a terminological system in which the same feature may

be described differently depending on context, discipline, or measurement resolution.

The linguistic register also varies considerably. Alongside technical terms grounded in
metrological or mechanical vocabulary, one encounters metaphorical or visually inspired
expressions such as flower-like, coral network, petal-like flakes, and even interpretive
formulations like "the arrow indicates the motion direction of textured surfaces", or "there is no
contact between the dimples". These expressions illustrate the empirical and often subjective
nature of surface description, where the boundaries between measurement, perception, and

interpretation remain porous.

The coexistence of geometric, functional, processual, and visual descriptors, often
applied to the same object, underscores the lack of a unified framework for naming and
categorizing surface phenomena. While this richness reflects the multiplicity of perspectives
brought by different scientific communities, it also poses challenges for clarity, reproducibility,
and data comparability. A structured terminological effort appears necessary to clarify these
usages, reduce ambiguity, and establish coherent correspondences between observed

phenomena and the language used to describe them.
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1.4.1 An illustration: the term "dimple"

In the collected corpus, the term dimple is the most frequently used among descriptors of surface
phenomena (Figure 1.14). Yet this term does not originate from any ISO standard; rather, it reflects the

informal use of a common word referring to "any slight depression in a surface”.
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Figure 1.14 Cloud of the terms extracted from the corpus of scientific articles based on surface roughness,

surface texture and surface topography

The predominance of images in articles describing surface phenomena, combined with
the informal and visually grounded nature of many terms (e.g., dimple, groove, pit), suggests
that definitions in this field often rely on ostensive strategies. This corresponds to what ISO 704
[5] refers to as “demonstrative definitions,” and aligns with Sager’s pragmatic view of
terminological practice [73], where illustration becomes a functional complement, or even
substitute, for formal conceptual description. In this sense, the terminological landscape of
surface metrology currently operates within an image-based, onomasiological logic [74], in
which concepts are shown before they are named. However, without standardization, these
concepts correspond to what were previously referred to as islands of discourse [56]. Figure
1.15 shows three occurrences of the term dimple used in three different publications: all related
to laser texturing. One can observe the visual differences between the publications, even though
all three surfaces could be referred to using the term dimple without additional information. In
metrology, the link between image and text has a defining function in that the topographical

image gives meaning to the terms used to describe the surface morphology [75].
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@

Figure 1.15 Three examples of dimple occurrences in scientific publications (a) the dimples are here
presented in array and having a square shape [61], (b) the dimple here is presenting a flat bottom shape
and rounded edge [62], the dimples are presented in array with round shape, straight edge and flat walls

[64]
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1.4.2 About Lack of Terminological in Industrial Environment

The foundation of research in the field of surface metrology was developed within the domain
of mechanical engineering. In industrial contexts, surface measurements are often used as
threshold values or technical indicators without the need to explicitly name or conceptualize

the underlying phenomena.

Therefore, in the industrial environment, the need for terminology to describe surfaces
is lessened by the principle of duality [76]. Insofar as the specification and verification phases
can be satisfied with sketch and parameters to be respected for production (Figure 1.16). As
surfaces are closely linked to the industrial environment, there are several levels of
communication, from the formal to the informal, resulting in a proliferation of ad hoc and trivial

names creating a duality of discourse [77].

Specification Verification

Skin model Real Surface
Geometrical representation Set of features which
(infinite set of points) physically exits

Operation Operation

- Parameters specs Discrepancies -Physical partition

- GPS of processing -Physical extraction
- Materials -Filtration
- Shape -Data collection
- Texture -Database
- Dimension

Measurand Measured Value
Characteristics Characteristics
specification evaluation

Comparison
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Figure 1.16 Schematic representation of the duality principle, illustrating the industrial specification and
verification process, which could explain the lack of standardized terminological resources for surface

phenomena in industrial environment [76]
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1.5 Ontology introduction

To address the limitations caused by terminological imprecision and the lack of conceptual
formalism in the description of surface phenomena, the author has developed an ontology based
on OWL 2 [78] (Web Ontology Language). OWL is a formal knowledge representation language
grounded in Description Logics (DL), allowing for the definition of classes (concepts),
individuals (concrete instances), and properties (relationships between classes or individuals),
while supporting automated reasoning through a well-defined semantics. The ontology encodes
a hierarchical taxonomy of topographic phenomena as classes, using subclass axioms
(rdfs:subClassOf) to structure generic-specific relationships, and object properties
(owl:ObjectProperty) to model relations such as composition, morphological dependence, or co-
occurrence. OWL also enables the specification of class restrictions, for example, stating that a
certain type of surface must possess at least one feature of type depression. The ontology of
surface phenomena becomes a tool available to researchers, centralizing the information on
available definitions, whether they come from ISO standards (such as ISO 8785), or from widely
used terms not found in standards but present in general dictionaries (such as the Oxford
Dictionary), by adding annotation properties such as : owl:isDefinedBy, which make it possible
to indicate and compare the definitions from different resources. Moreover, thanks to the
ontology, it is possible to go beyond simple definitions by adding object properties that allow
for greater precision, especially by including additional information about surface phenomena.
While some characteristics are already embedded in the definition (for instance, the term
"crater" implies a circular depression shaped like a bowl), other, more vague terms may require

further specification, such as the shape of a dent (e.g., pyramidal, conical, vertical walls, etc.).

The resulting ontology is declarative, interoperable, and formally verifiable: it can be
queried using SPARQL [79], leveraged by software agents through OWL APIs, or validated using
reasoners (e.g., HermiT, Pellet) to infer implicit logical consequences. By structuring surface
phenomena in an ontological framework, the author aims to produce more consistent
descriptions, reduce dependency on disciplinary variation, and ensure compatibility with

automated systems for analysis, documentation, or classification.

Unlike traditional relational databases, which rely on rigid schemas and a tabular
organization of data, an ontology allows for the explicit representation of the semantics of the
concepts involved and their interrelationships, based on a formal logic. While a database stores
values in rows and columns without inherent conceptual meaning, an ontology defines classes,

properties, and logical constraints, thereby enabling automated reasoning (inference,
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classification, consistency checking). This makes it easier to integrate heterogeneous data, to
evolve the data model flexibly without breaking compatibility, and to ensure interoperability
with other systems through Semantic Web standards (RDF, OWL, SPARQL). Moreover, an
ontology is not merely a data container, it plays an active role in structuring, validating, and
interpreting knowledge. This makes it particularly well-suited to domains where concepts
evolve, overlap, or vary in meaning depending on context, such as surface phenomena in
heritage science or surface metrology. This ontology project based on surface phenomena
echoes the concept of Information Rich Metrology as proposed by Senin and Leach [80,81].
Indeed, feature extraction and characterization methods can be used to add quantitative
information while maintaining a semantic foundation for knowledge structuring. The second
reference that served to structure the concepts is an ontology created to reference heraldic coats
of arms based on sources available [82,83]. The ontology presented here, prior to its online
publication, was developed using Protégé version 5.6.5 and is exported in .ttl, RDF/XML, and
OWL/XML formats.

1.5.1 Classes

In knowledge representation, a class refers to a group of individual entities or objects. A class
can be defined either extensionally, by listing its members, or intentionally, by specifying the
conditions that its members must satisfy, an approach commonly used in ontology languages
such as OWL. Following the type-token distinction, an ontology typically distinguishes between
individuals, which represent concrete objects or events in the real world, and classes, which
represent abstract types or categories grouping such individuals. For the surface ontology, the

classes were structured as shown in the Figure 1.17 and defined as follows.
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Figure 1.17 Main classes of the ontology

"Thing" is the root element, the most general class from which all other classes inherit.
It provides a common foundation for all concepts and makes it possible to retrieve all elements
of the ontology through a query if needed. The class "Surface" represents the concept of a
surface as an entity that can contain information such as the types of surface phenomena
present, the method by which the surface was measured, and the type of document in which
the surface appears. This may include a PDF of a scientific article, a surface file processed by
software such as MountainsMap (.sur), or a raw file coming directly from a measurement device
(.opd, .al3d, etc.). The higher-level classes are linked using the standard RDF triple assertion
model: "subject, predicate, object". A surface contains surface phenomena, which are defined in
the subclasses of PhenomenonType. This relation can thus be described as: Surface —
hasPhenomenon — PhenomenonType. Similarly, surface phenomena have properties that can
support classification: PhenomenonType — hasDescriptor — PhenomenonDescriptor (Figure
1.18). Here, we will focus on the subclasses of PhenomenonType and PhenomenonDescriptor, as
they are the main subject of this chapter. A broader discussion may lead to the definition of

other classes and subclasses based on user needs. For example, should a class be created for
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each existing measurement instrument, or should users simply enter this information as a data
property with a string? A similar question arises for document types: if the surface comes from
a scientific article, the article’s metadata could potentially be automatically associated with the

surface.

Measurement

Phenomenon Type Device

N\ e

Has Phenomenon Is measured by

AN

Has Descriptor
P Surface

N

Has Document Type

Phenomenon Document Type

Descriptor

Figure 1.18 Schematic representation of surface ontology logic (simplified)

1.5.1.1 Bioinspired

The class of surface phenomena includes four subclasses: Bioinspired, Depression, Elevation, and
Discontinuity. Bioinspired surfaces are those that take inspiration from natural phenomena, the
most well-known example being the Lotus effect, inspired by the lotus leaf, whose hydrophobic
properties have been extensively studied. The surface phenomena of the lotus leaf consists of
pillars uniformly distributed across the surface to use the liquid’s surface tension to keep it as
drops. The semantic link between the designation “lotus leaf” [84,85] and the actual
representation of the surface is sufficiently strong to consider that additional information about
the nature and arrangement of the surface elements is unnecessary. The terminology used for
bioinspired surfaces is generally not subject to ambiguity due to its specificity. Other concepts
included in the Bioinspired subclass are the shark skin effect, snakeskin, gecko feet, and rice

leaf. Even if a user is unsure whether the surface to be referenced qualifies as a bioinspired
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surface, each type of bioinspired surface in the ontology includes annotations linking to

scientific articles, which are available for users to read.
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Figure 1.19 Subclasses of phenomenon type

1.5.1.2 Depressions and Elevations

The classes of depressions and elevations each have two subclasses that distinguish between
linear and non-linear phenomena (Figure 1.20). For example, a groove is a linear phenomenon,
whereas a dimple is more localized. Depressions and elevations are defined relative to the mean
plane: if a feature has a height value greater than the mean plane, it is considered an elevation;
if it is lower, it is considered a depression. The concepts in the class of non-linear depressions
include cavity, crater, dimple, dent, pit, pore, and hole. For linear depressions, the terms are
crack, groove, and scratch. For each class of these terms, translations in English, French,
German, and Polish are included to facilitate user consultation by adding labels. Definitions are

also provided, referring both to standards and to dictionary definitions.
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Figure 1.20 Subclasses of phenomenon type only showing elevation and depression

1.5.1.3 Discontinuity

In addition to elevations and depressions, a third category of surface phenomena is defined as
discontinuities. Discontinuities are characterized by local breaks in the material continuity of
the surface that cannot be described solely by height deviations relative to the mean plane. They
include phenomena such as flaking, chipping, and spallation, which involve material
detachment, as well as inclusions, incrustations, and foreign deposits, where external material
is introduced or embedded into the surface. These phenomena differ from geometric
protrusions or indentations in that they reflect structural or compositional anomalies, rather
than simple topographic variation. Discontinuities thus form a distinct semantic and ontological
class in surface characterization, enabling a more comprehensive description of complex surface

states.
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1.5.1.4 RDF/OWL classes structuration

The OWL/XML format offers several advantages for ontology modelling. It combines the formal
expressiveness of the OWL language with the structured clarity of XML, making it well-suited
for data exchange, validation, and integration in complex information systems. OWL/XML
enables the explicit and formal representation of concepts, their relationships, and constraints,
while remaining both machine-readable and relatively human-readable (Figure 1.21, Figure
1.22). The advantage of using an IRI over a URI is that it is not limited to ASCII characters and
can include characters from any language. The class declaration also indicates the hierarchical
structure of concepts. Here, the concept Crater is a subclass of Non-Linear Depression, which is

itself a subclass of Depression, and so on.

rdf:about="http: semanticweb

rdf:resource="http

Figure 1.21 Declaration of a class for the concept Crater. The term about precedes the IRI (International
Resource Identifier), which enables the encoding of other resources by linking them to the ontology once

published on the web.

rdf:about="http emanticweb.org/fberkma_/ontologies/2025/surface_ontology#crater"”
xml:lang ">Die Rander eines Kraters konnen nicht gerade sein, und der Boden kann nicht flach sein.
xml:lang="pl">Krawedzie kraterow nie mogg by¢ proste, a dno nie moze byc ptaskie.
">Les bords d'un cratére ne peuvent pas étre droit et le fond ne peux pas étre plat.
The edges of a crater cannot be straight, and the bottom cannot be flat.
“fr">ISO 8785 : creux a contour circulaire et a bords relevés
ressemblant 2 1'ouverture d'un volcan, dont le bord
supérieur est plus haut que la surface de référence.
xml:lang="en">IS0O 8785 :hollow with a circular contour and raised edges
resembling the mouth of a volcano; the edges are
higher than the reference surface
xml:lang="en">crater
">cratere
e">krater
xml:lang="pl">krater

rdf:about="http emanticweb.org/fberkma_/ontologies 5/surface_ontology#scratch"

xml:lang="en">scratc
xml:lang="fr">strie

Figure 1.22 Description of the resource, including the definition of standards (here ISO 8785);
multilingual labels for ontology visualization (in French, English, German, and Polish); and comments in
various languages that provide guidance to users, specifically in this case, indicating that a crater cannot

have straight edges or a flat bottom. Such comments are useful when adding object properties or data

properties to ensure semantic consistency and prevent confusion between concepts.
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The choice for IRI naming was to ensure that class IRIs is human-readable to facilitate
navigation through the ontology structure. In contrast, instances (or individuals) have
automatically and randomly generated IRIs to avoid redundancy between instances and with

class concepts.

1.5.2 Supplementary information for the definition of surface phenomena

Given the sometimes-vague nature of definitions, it is possible to associate additional
information with surface phenomena concerning their spatial arrangement or intrinsic
characteristics, to provide a more precise description of surfaces and enable more effective
indexing. Phenomena descriptors are based on orientation, position, shape, count, and spatial
distribution (Figure 1.23). The orientation category mainly concerns linear surface features. It
is useful to understand how these linear features are arranged relative to one another. If the
grooves are concentric, they can be described as circular. If the surface results from a
manufacturing process such as honing, the grooves can be described as arranged in a crosshatch

pattern.

As for position, if the features cover the entire surface, it is not necessary to specify it.
However, if specific features are observed in a particular area, positional information helps to
determine the exact location of those elements. The shape of the features is complementary to
their definition. For each descriptor, such as bottom shape, several options are possible. For
example, a feature may have a flat, hemispherical, conical, or stepped bottom. As for the edges,
they can be rounded, as in the case of a crater, or sharp for other types of features. The top

shape can be flat, pyramidal, or rounded (Figure 1.24).

Structures may be organized in various configurations or spatial pattern, each carrying
a different semantic nuance. An array refers to a general ordered collection of elements,
typically arranged linearly or in multi-dimensional patterns, where position is determined by
index, not necessarily by spatial proximity. An array can take various forms: honeycomb, cross-
shaped, square, or even random. A cluster designates a group of elements that are closely
packed together based on density or similarity, but not necessarily in a regular pattern, it
conveys localize aggregation, not overall order. A network refers to a system of nodes and
connections (edges), highlighting relationships or interactions rather than geometric position;
a network can be irregular, hierarchical, or even non-spatial. Finally, something is tessellated

when a space is entirely filled with non-overlapping shapes, usually repeating polygons such as
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triangles or hexagons, indicating a complete and seamless coverage of a surface, often used in

geometry and texture mapping.
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Figure 1.23 Subclasses of phenomenon descriptor
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Figure 1.24 Examples of different phenomena shape (a) elements of depressions (b) depression with flat
bottom shape (c) depression with flat bottom shape and sharp edge (d) depression with flat bottom,

straight edge and straight walls (e) elements of elevations
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1.5.2.1 Object Properties and Data Properties

In an ontology, the class hierarchy can be enriched by introducing more flexible relationships
known as object properties and data properties. Object properties link two individuals, one
acting as the subject, the other as the object, through a defined predicate. In contrast, data
properties associate an individual with a literal value or attribute, such as a number, string, or
date [86]. Individuals, also known as instances, represent the most fundamental or 'ground-
level' elements within an ontology. While an ontology doesn't necessarily have to include
individuals, one of its core functions is to provide a framework for classifying them. Individuals,
or instances, are the concrete elements of the surface metrology domain, derived from existing
concepts. In themselves, the classes groove or dimple refer to all grooves and dimples in the

world, but individuals refer to those that exist and are observed.

It is possible for a surface to be measured multiple times using different apparatuses.
The notion of scale implies that surface features may appear differently depending on the
observation method, e.g. a cavity observed with a focus variation microscope may reveal pores
when examined with an interferometer or an AFM. This is why an intermediate entity is
introduced to provide information about the measurement protocol: who performed the
measurement, with which device, the date, and other potentially useful metadata (Figure 1.25).

Thanks to this approach, it becomes possible to create several individuals linked to a single

surface.
Descrinti Phenomena on a
escription Act 1 Has observed .
given scale
Is measured by
/
Apparatus
Lab
Surface Date
Is measured by
Description Act 2 Has observed: Phenomena on a

given scale

Apparatus
Lab
Date

Figure 1.25 Schematic representation of the description act that ensure traceability of measurements
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The author presents here some object properties that allow individuals to be linked to one

another and to contextualize the information:

e Has main feature
Links a surface to its most dominant or defining topographic phenomena.
e Has secondary feature
Associates a surface with a subordinate or supporting phenomena that complements the
main one.
e Has morphological attribute
Connects a phenomenon to a morphological characteristic such as top shape, wall profile,
or bottom shape.
e Has orientation
Defines the directional or angular disposition of a phenomenon in space.
e Has spatial pattern
Relates a surface to the spatial distribution or arrangement of its phenomenon (e.g. array,
tessellated, cluster).
e Has superposed feature
Links a phenomenon to another that is overlaid on top of it, usually formed later in time.
e Has embedded feature

Connects a phenomenon to another that is embedded within it or partially enclosed by it.

To precisely characterize surface phenomena, a set of numerical data properties has been
defined using the xsd:double datatype. These properties capture key geometric and
morphological attributes observed in surface topography. The property hasDepth allows the
recording of the depth of a feature (in um), while hasHeight describes its elevation above the
surrounding surface. hasWidth refers to the lateral extension of the phenomenon, and
hasDiameter is used for circular structures such as craters. The occupied surface area is
quantified using hasArea (e.g., in um2), whereas hasVolume measures the total volume enclosed
by the feature, whether it be a cavity or a relief. The hasAspectRatio property expresses the ratio
between width and height, offering insight into the general shape profile. Additionally,
hasSlopeAngle specifies the steepness of the walls (in degrees), and hasCurvature captures the
local mean curvature, which is essential to distinguish between flat, convex, or concave features.
Together, these properties offer a robust numerical framework to support both semantic

description and quantitative analysis of surface phenomena. The hasNumber data property is
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used to specify the total count of individual surface phenomenon when they are not part of a
structured pattern or array. For regularly arranged features, two additional data properties,
hasRowNumber and hasColumnNumber, are introduced to describe the number of row and
column, respectively, allowing for a precise representation of array-like distributions on the

surface.

1.5.3 Instance encoding

In an RDF ontology, instances, also called individuals, are specific entities that belong to a
general class. While classes define categories or types of things (such as Photograph, Surface,
or Material), instances represent concrete examples of those categories. For example, an
individual surface named :Surface 1 would be an instance of the class :Surface. Following the
same logic, each observed phenomenon is represented as an instance, with individuals

connected to one another through object properties (Figure 1.26, 1.27).

1.5.3.1 Example 1

Encoding of surface phenomena using the ontology; the document type elements and the act
description have been deliberately omitted for clarity. The way one could describe the elements
presented here would be: “surface with 3 linear ridges 9 dimples in an array of 3 columns and

3 rows imbedded in ridges”.

Figure 1.26 Surface topography of shot peening on EN AW 7075 aluminium. Reproduction of the
illustration from the paper of Matuszak et al [87]
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Figure 1.27 Schematic representation of surface encoding using the RDF ontology. Individuals are

represented in red; object properties connecting individuals are shown in blue; and data properties specific

to individuals are represented in green. Each individual is assigned an IRI to ensure traceability and

facilitate indexing.
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1.5.3.2 Example 2

Figure 1.28 Surface topography of shot peening on EN AW 7075 aluminium. Reproduction of the
illustration from the paper of Matuszak et al [87]
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phenomenon

N — — — = = = =

[
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[ [ | i 1 Has Has bottom
| Is measured . | 5 Has number : |
| Surface 2 Dy t ct; Has ob: d Dimple I — hological :
Rl st | owe | IR il |
|

Individual type :
surface

Individual type : N e e -
description act Individual
e:
mrophological
descriptor
Individual
type :

orientation

Figure 1.29 Schematic representation of surface encoding using the RDF ontology. Individuals are
represented in red; object properties connecting individuals are shown in blue; and data properties specific
to individuals are represented in green. Each individual is assigned an IRI to ensure traceability and

facilitate indexing.
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1.5.3.3 Example 3

Figure 1.30 Surface topography of solar cell pyramids array from the documentation of MountainsMap
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Figure 1.31 Schematic representation of surface encoding using the RDF ontology. Individuals are

represented in red; object properties connecting individuals are shown in blue; and data properties specific

to individuals are represented in green.
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1.5.4 SPARQL Queries

SPARQL (SPARQL Protocol and RDF Query Language) queries enable the interrogation of
structured data within an OWL ontology expressed in RDF [88]. Unlike traditional relational
databases, where queries target fixed tables, SPARQL allows for flexible querying based on the
semantic structure of the knowledge graph. Thanks to the surface phenomenon ontology
developed here, it becomes possible to formulate complex queries that combine semantic
relationships, class hierarchies, and numerical property constraints. For example, one can query
all topographical features classified as depressions with a depth greater than 50 um and an
average curvature above a certain threshold or retrieve all arrays of pits with more than 10 rows
and 10 columns. Other queries may target embedded phenomena using object properties like
“has Embedded”, or specific configurations such as pits with a height-to-width ratio below 0.5.
In this way, the ontology goes beyond a mere collection of definitions: it becomes a powerful
tool for annotation, semantic exploration, and data mining in the fields of metrology and surface

science.

1.6 Discussion of the Chapter

One of the fundamental choices in the modelling process was to structure the ontology around
the surface phenomena themselves, defining them as central classes within the ontology. This
approach makes it possible to directly capture the observable features on surfaces,
independently of the functional or technological contexts in which they appear. Rather than
classifying the phenomena according to preexisting normative criteria or by their origin (such
as defects, machining marks, or wear), the decision was made to categorize them based on their
intrinsic morphological properties, such as depressions, elevations, or discontinuities. This
allows for greater extensibility, particularly by integrating phenomena that are not yet

standardized but are commonly encountered in characterization practices.

The distinction between classes (types of phenomena) and instances (concrete
observations on measured surfaces) was also carefully maintained. For example, the class crater
refers to a morphological type, while an instance of crater may be associated with specific
quantitative properties such as its diameter, depth, or slope angle. This separation between

types and their occurrences enables comparative analysis of analogous phenomena across
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different surfaces and paves the way for a more refined formalization of morphological

description, while adhering to the principles of the OWL formal ontology.

The ontology makes it possible to centralize information from various standardized and
non-standardized terminological sources, thereby formalizing the elements that can be used to
describe surfaces. Definitions are included in the ontology through dedicated resources, and the
properties associated with individuals are sufficiently flexible to allow for a wide range of
descriptive possibilities. However, some limitations still need to be addressed. Despite the
advantages offered by the ontological modelling of surface phenomena, the present proposal
has several limitations. First, the structuring of concepts relies largely on heterogeneous sources
(ISO standards, technical dictionaries, scientific literature), whose definitions are sometimes
contradictory or imprecise. The choices made to create unified classes may therefore introduce
interpretations that are not universally accepted across the various relevant disciplines
(tribology, materials science, heritage conservation, etc.). Moreover, some fine morphological
distinctions, such as those between a peak, a tooth, or a protrusion, are highly dependent on
the context of observation or the measurement methods used, making their formalization
challenging. In addition, the ontology currently includes only a limited number of instances and
does not yet cover the full range of topographic phenomena observed in complex surfaces.
Finally, although promising, the section dedicated to quantitative properties still requires a
more rigorous metrological grounding to ensure interoperability with real-world measurement
systems. These limitations do not undermine the overall approach but highlight the need for

gradual enrichment and ongoing interdisciplinary validation.

The main limitation of the ontology lies in its ability to distinguish isotropic surfaces in
general. Indeed, some surfaces do not exhibit clearly distinguishable features other than a
uniform roughness, making them particularly difficult to describe. However, it is possible to
define a class that groups these homogeneous surfaces to assign them data properties related
to ISO roughness parameters. For users conducting a search, a quantitative approach may be

more suitable than a descriptive one for this type of surface.

The developed ontology, although initially designed to structure the terminology of
topographic phenomena, paves the way for applications in many other domains. For instance,
in materials science or heritage conservation, it could support better standardization of
descriptive vocabulary and facilitate interoperability between databases, normative documents,
and experimental results. Similarly, by integrating additional modules (such as an ontology of

surface treatments or of functional properties like adhesion or hydrophobicity), it could support
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Knowledge Graph-based approaches to identify correlations between surface morphology and
functional properties. Finally, thanks to its modular design, the ontology could be adapted to
other scales (microscopic, macroscopic) or to different types of materials (organic, mineral,

biological), providing a flexible foundation for multidisciplinary approaches.

Finally, the question of data indexing and encoding arises, as it remains a key aspect in
the development of any ontology, database, or search system. The issue of morphological
phenomena carries a strong semantic dimension, which, for now, can only be addressed through
human description of the phenomena in connection with their definitions. Two avenues can
help facilitate this process: first, providing support for manual encoding, and second,
developing long-term automation of the encoding process. This perspective opens opportunities
in artificial intelligence, particularly in the development of annotation systems or tools to assist
with the automated analysis of topographic images, where the ontology can serve as a semantic
mediator. For the manual encoding assistance phase, a simple graphical interface could be
envisioned, as illustrated in Figure 1.32, allowing the user to directly select surface elements
and their object properties through dropdown panels. Saving the file would automatically

generate the necessary instances and add them to the triple store.
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Figure 1.32 Wireframe for an interface to create instance for Surface Ontology
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1.7 Conclusion of the Chapter

The terminological challenges in surface metrology, far from being a merely semantic or
marginal issue, directly affect how surface phenomena are perceived, analysed, and
communicated across scientific and industrial domains. This chapter has highlighted the
fragmentation of existing terminologies, the mismatch between formal standards and actual
usage, and the crucial role played by visual representations in the naming and understanding

of surface features.

In response to these challenges, we have proposed a conceptual shift: moving from ad
hoc or process-specific descriptors to a unified, phenomenon-centred ontology. Designed in
OWL and grounded in formal logic, this ontology allows for the explicit representation of
surface phenomena, their morphological descriptors, and the relationships that link them. It
integrates both standardized and non-standardized terms, enabling richer and more

interoperable surface descriptions.

By consolidating scattered vocabularies into a single OWL-based ontology, Chapter 1
resolves the linguistic ambiguities that have long clouded surface-metrology research and
practice. Every scratch, groove or crest now maps to an explicit phenomenon—attribute—context
triple, ensuring that subsequent analyses refer to the same objects of discourse. With this
common language secured, the thesis can progress to the next tier of the Surface Information

Acquisition Spectrum: visual syntax.
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Prolegomena of the Chapter 2

Having established in Chapter 1 a phenomenon-centred vocabulary for every kind of
topography, we now turn to surface systems, entities whose morphology is not merely a physical
state but a carrier of information. Medieval coats of arms occupy a unique position among such
systems: simultaneously a painted surface (2.5 D when the relief of the enamel is considered)

and an encoded message, they blend geometry, colour, and compositional rules.

The founding question of this chapter is therefore: Does the heraldic surface operate
primarily as a language, governed by an explicit syntax, or as a fractal-like object whose
complexity emerges from repetition and self-similarity? To address it, we situate the study at
the “visual-syntax” tier of the Surface Information Acquisition Spectrum (SIAS), the hinge
between the language level (already clarified) and the forthcoming fractality level. In other
words, heraldry serves here as a laboratory where a single surface articulates both the rigour of

a formal grammar and the escalation of complexity typical of fractal structures.

This prolegomenon thus sets the dual, semiotic and geometric, framework within which
partitions, tinctures, and charges will be analysed: each coat of arms will be treated
simultaneously as a graphic sentence and as a nested scale series, so that we can determine

whether the heraldic surface leans more toward linguistic or fractal behaviour.
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2.1 Heraldry: Definition and History

It is necessary from the outset to introduce the reader to the realm of heraldry, which invites a
multitude of interpretative angles. This can be explained using coats of arms across various
fields. The social, historical, and emblematic themes present in heraldry can be explored
separately as historical or stylistic study topics. Recent research aimed at understanding and
analysing this discipline remains scarce in comparison to the scholarly approach that prevailed
among specialists in the 19th century. This is largely due to the lasting cliché dating back to the
French Revolution, which attributed to heraldry obscure esoteric notions and falsely princely

values, relegating this noble science to a marginal and hermetic branch of art history [89].

Considering such preconceived ideas, it is necessary to return to the foundations of this
science to clarify the stakes of a study whose purpose is to facilitate research and analysis. Let
us first consider heraldry from both a historical and socio-cultural perspective. Heraldry
appeared in 11th-century Europe during the feudal era. At that time, social elites, attached to
their fiefs and territorial possessions, sought to identify themselves visually.
According to some theories now considered fanciful [90] heraldry may have originated in the
East between the First and Second Crusades. However, for Michel Pastoureau, this is not the
case: heraldry is a purely Western invention [91]. The compositional rules, which form the basis
of heraldry’s specific language, emerged between the First and Second Crusades. It seems that
systems we might call pre-heraldic existed, notably in Ancient Greece. There, divine figures
painted on shields had an apotropaic function. However, these did not yet rely on a codified

structure such as that developed during the Middle Ages.

It was during councils that Kings of Arms would compile coats of arms gathered from
across the kingdom, correct those containing errors, and agree upon the establishment of
heraldic rules. The art of heraldry is a true reflection of medieval society. The richness of its
vocabulary, the variety of its motifs and forms, the prominent role of heralds, and its wide
dissemination all help to revise the overly reductive and disparaging image some still hold of a
supposedly "dark" Middle Ages. In fact, this same medieval heraldry even foreshadows certain

modern practices such as visual communication, semantics, and data preservation methods.

Beyond emblematic and graphic design concerns, heraldry also had a practical function
related to the battlefield: coats of arms displayed on shields, surcoats, horse trappings, and
banners enabled the identification of belligerents amid the chaos of combat. The word "blazon"

(coat of arms), synonymous with shields, came to acquire a conceptual meaning referring to
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the colours (metals and tinctures), shapes (ordinaries), and motifs (charges) arranged on a

surface, regardless of the support.

The available colours, divided into categories based on light/dark contrast, are well
distinguished, and the stylized figures are easily recognizable from afar to avoid
misinterpretation. At least, that was the intention initially, some coats of arms eventually
became so overloaded that they were indecipherable at a distance. The design style of heraldic
figures was initially influenced by Romanesque art and the early Gothic style. Heralds created
both imaginary and familiar elements to build a rich visual identity. As for heraldry’s evolution
in the face of socio-political changes: contrary to popular belief, coats of arms were not a
privilege of the nobility. From the 13th century onward, coats of arms were created regardless
of social status; guilds, corporations, and families could use personal armorial bearings,
provided they respected the grammar of heraldry and did not appropriate an existing coat of

arms.

Originally emerging in the regions between the Loire and the Rhine, coats of arms later
spread to southern England, Switzerland, and Italy, eventually reaching all of Europe and even

the borders of the East by the 14th century.

Numerous medieval texts contain anecdotes about heraldic motifs. Two particularly illustrate

the emergence of this uniform and codified visual language in the late Middle Ages:

e The Bayeux Tapestry, dated to 1080, which depicts shield figures (dragons, crosses,
etc.); however, due to the non-systematic association of these motifs, this remains a

proto-heraldic era [92].

e In Chrétien de Troyes' Lancelot, the Knight of the Cart (written between 1164 and 1172),
Lancelot, having set aside his shield to participate in a tournament anonymously, is
recognized by a herald of arms who spreads the news. This suggests that coats of arms
were already associated with knights, and that professional heralds existed to identify

them.

The word "heraldry" derives from "herald," referring to the person appointed by a lord to
deliver messages especially at the onset of conflict and announce tournaments. From
messenger, the herald evolved into a heraldry specialist when one of his roles became describing

knights’ arms to the audience, since they were otherwise unrecognizable in full armour.

From the 12th century onward, the use of coats of arms painted on shields and

embroidered on surcoats and horse trappings became systematic across Europe, both on
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battlefields and in tournaments. Heraldry was so successful that experts in this visual language

were needed to safeguard and ensure the rules of heraldry were respected [92].

A few words on the profession of herald of arms: beyond their versatility as designers of
armorial bearings, tournament commentators, emissaries, and ambassadors, heralds enjoyed
significant respect. The most distinguished among them were promoted to the rank of King of
Arms. During their inauguration, Kings of Arms wore royal garments and were crowned by their

lord a ritual underscoring the true importance of their office.

Tradition held that every three years, these Kings of Arms would gather in a committee to

establish, in the traditional formula:

“The knowledge of all nobles, each in his province, whether princes or lords and others among
the living, and as is said, their names, surnames, coats of arms, crests, and noble fiefs, both
through themselves and their wives, so that the King may be regularly informed of the nobility

of his kingdom” [93].

The blazoning found in diplomatic documents and literary works can provide
information on the evolution of heraldic vocabulary or evidence of lineage, considering the
hereditary nature of coats of arms. These elements help to fill the gaps in the armorial records,
which only begin to appear in the mid-13th century. Armorials and armorial seals remain the

primary sources for historians.

A note for the reader of this chapter: heraldic language has its roots in French, which
was largely adopted into English heraldic vocabulary, since Anglo-Norman French was the
language of the nobility in England during the formative period of heraldry. This is why the

vocabulary used in this chapter may seem unfamiliar, or even obscure.

2.2 Heraldry and Complexity

The reading of arms is called blazonry and allows for a description of the coat of arms, including
the colours and elements that compose it. The language used to describe coats of arms is a
specialized language. Some vocabulary elements come directly from everyday life in the Middle
Ages, such as the naming of certain figures (e.g a sword). However, colours, for example, have
symbolic names and there are two main families: tinctures and metals. For tinctures, we have
azure (blue), gules (red), vert (green), and sable (black). For metal or (yellow) and argent
(white) [91]. This use of language with strict syntax and rules developed to compile armorials

using textual information rather than undertaking the laborious task of drawing each coat of
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arms. From a semantic perspective, this creation of a quasi-computer language allowed heralds

to have a mental representation of the coat of arms by reading its description.

A coat of arms is composed of successive layers, so the blazonry always begins by stating
the bottom layer before progressively moving up to the elements that are superimposed on it.
Heraldry can be considered a 2.5D space (Figure 2.1), as it relies on a system of layered
superposition that goes beyond simple bidimensionality. Each element of the coat of arms
maintains its own existence, even when partially covered by another. Unlike a classic 2D image
where shapes merge, heraldry functions as a system of layers in which the order of elements
structures the composition. This implicit spatial hierarchy provides an organizational depth
without introducing true three-dimensional perspective. Thus, heraldry follows a
representational logic in which stratification plays a fundamental role, positioning its space
between pure 2D and fully developed 3D. The author André Gide [94] would say, before the

concept of fractals was developed by Benoit Mandelbrot:

“I rather like it when, in a work of art, one finds the subject of the work itself transposed
to the scale of the characters, in comparison with the heraldic device of mise en abyme, which

consists of placing the second within the first.”

We hypothesize that heraldry is a multiscale structure, quite different from traditional
fractal objects like the Koch Snowflake or the Sierpinski Triangle [95]. Indeed, the rule of self-
similarity can appear in heraldry but is not common. However, the notion of informational
complexity at different scales is fully present, with the theoretical possibility of an infinity of

layers and elements within a finite space.

This fractality can be difficult to express, as a scaling law is hard to observe, as is self-
similarity. Elements can, of course, repeat in reduced versions as the space of the shield is
partitioned into various divisions, but the smaller scales can sometimes be simpler in terms of
information than the larger scales. In essence, the lower layers can be left blank while the
foreground phenomena a lion with multiple detailed elements in various colours, placing a

significant amount of information in the foreground.

The notion of informational complexity in heraldry is correlated with its composition. A
complex coat of arms composed of three elements, three colours, and ornaments will have a
higher informational value than a simple coat of arms containing only one figure and two
colours. Studies on the complexity of coats of arms are scarce; the only one to date is, in fact,
more of a graphic design study than a true heraldic analysis. Indeed, the study by Miton and

Morin [96] focuses on the graphical complexity of icons and geometric shapes (e.g., a lion is
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graphically more complex than a wheel, just as a cross is geometrically more complex than a
pale). This assumption leads to an inversion of Zipf’s law of abbreviation [97] in the occurrences

observed within a corpus of 25,115 coats of arms.

Figure 2.1 2.5D representation of a coat of arms composed of two layers; the conversion to false colours

related to height shows the superposition of the lion figure over the field

Zipf's Law Of Abbreviations states that shorter signs are more frequent than longer ones.
It is an empirical law observed in many human and non-human [98,99] communication
systems. Regarding human systems, studies show that many languages follow Zipf's law;
although this is not systematic, a high degree of redundancy can be observed [100,101]. In The
Psycho-Biology of Language [102] he says: “In view of the evidence of the stream of speech we
may say that the length of a word tends to bear an inverse relationship to its relative frequency.

Footnote: Not necessarily proportionate; possibly some non-linear mathematical function.”

We think that contrary of the article of Miton and Morin [96] Zipf’'s Law of Abbreviation
is not related to the graphic complexity of the figures, but rather to laws intrinsic to heraldry
itself: the more complex the composition, the greater the knowledge required to understand it.
Complexity involves several variables that add up to one another: on the one hand, colours, the
number of distinct elements on the coat of arms, the partitions, the details, and what we refer

to as variations, that is, the deviations from a basic form toward auxiliary or derived forms.
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These elements can be referred to as units of complexity, insofar as their accumulation increases

the overall complexity of the coat of arms.

In this chapter, we aim to define what we mean by heraldic complexity and to calculate
this complexity to establish a broader understanding of a unique communication system that
was used for nearly a thousand years. Ultimately, this may allow us to explore whether heraldry

follows a Zipf Law of Abbreviation.

2.3 Basic rules

Firstly, we must discuss the shield. The shape of the shield is not of interest as information in
our mode of thought; it is simply the enclosed space in which the informational elements are
found. Whether the shield is of an old French style, diamond-shaped, or Swiss style makes no
difference (Figure 2.2). The representations in the history of heraldry can vary from one style

to another without altering our logic.

(a) Old French Style (b) Diamon-shape (c) Swiss style

Figure 2.2 Different style of Shields as an example, we could also add Polish, German, British, Italian and

SO on.

2.3.1 Partitions

The second element is what we call partitions, which involve dividing the coat of arms into two
subdivisions that are part of the same system. This can occur during an alliance or marriage; in
the Middle Ages, ladies had coats of arms that included both the arms of their husband and
those of their father. The four basic partitions are 'party,' 'couped,' 'taillé,' and 'tranché' (Figure

2.3 and 2.4).
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Two fundamental rules for the composition and interpretation of coats of arms are as follows:

1. TItis forbidden to superimpose or juxtapose two colours from the same family (tinctures
and metals). For example, the combination of white and yellow is not allowed (although

there are exceptions, and unfortunately, they are numerous in heraldry).

2. The interpretation of the coat of arms always begins with the bottom layer, starting from

the top left corner and progressively moving upwards.

These rules are essential for ensuring the clarity and distinctiveness of heraldic designs, which
were originally intended to be easily recognizable from a distance, especially on the battlefield.
The use of contrasting colours (tinctures and metals) helps to achieve this visibility, while the
systematic approach to reading the coat of arms ensures that the design can be accurately

described and understood.

(a) (b) @] (d

Figure 2.3 The four basic partition (a) Party per pale azure and or, (b) Couped per pale azure and or, (c)

taillé per or and pale azure, (d) tranche per pale azure and or. N.B. Or is the heraldic term for yellow
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(a) (b)

Figure 2.4 (a) Quarterly azure and or (b) Quarterly per saltire azure and or

2.3.2 Tinctures and ordinaries

The rule of tincture is a fundamental principle in heraldry, which states that metals (such as
gold and silver) should not be placed on top of other metals, and colours should not be placed
on top of other colours. This rule ensures that the elements of the coat of arms are clearly visible
and distinguishable from one another. The rule of tincture is strictly adhered to in British coat
of arms, with only rare exceptions, although it is generally observed in continental heraldry as
well. In heraldry, the field of a shield can be divided into multiple tinctures, and the rule of
tincture can be ignored for divisions of the shield. For example, a shield divided into azure

(blue) and gules (red) would be acceptable.

The next step in these partitions is what is called the re-partition system, which involves
creating an additional division that becomes another space in the heraldic complexity. After
partitions and colours, the third important element in heraldic construction is the use of
ordinaries. This involves structuring the surface of the shield, not by dividing it like partitions,
but by overlaying it with ordinaries (also known as 'charges'), which are geometric figures. All
ordinaries are identified by a noun. Some names refer to concrete realities, such as the pale
(Figure 2.5.a) or the cross, for example. There are six very common and fairly large ordinaries
that can be charged with other figures. These are then called 'honourable.' Additionally, these
ordinaries extend to the edges of the shield, except when they are shortened or 'diminished'

(Figure 2.5). Again, as in heraldry, there are types of ordinaries, but it would take too much
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time to enumerate them all, and it would not add significantly to our mathematical
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(d) (e) ®

demonstration.

Figure 2.5 (a) Azure, a pale or, (b) Azure, a fess or, (c) Azure, a chevron or, (d) Azure, a chief or, (e)

Agzure, a bar or, (f) Azure, a bend or

The fourth function of heraldic syntax is constituted by what are commonly referred to
as charges. Charges are elements that 'furnish,' or 'adorn,' the field of the coat of arms, whether
there are ordinaries on it or not. The metaphorical names refer to concrete realities that can be
various objects such as bezants, annulets, chains, mullets, etc., instruments of war, weapons or
pieces of armour, constructions, often military, such as towers or castles, celestial bodies, plants

such as flowers, trees, etc., animals of various kinds, and parts of the human body. These
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charges can be placed directly on a plain shield or on ordinaries, but it is also possible for some
ordinaries to partially cover these charges; in such cases, they are said to be 'brochant' on
something. We will only take a few examples, notably the lion, which has enough variants to
be of interest (Figure 2.6). It should be noted that style does not affect the reading of a coat of
arms. One may have a coat of arms with a lion in a very simple style offering few details, and
the same representation of this coat of arms featuring a lion executed in a realistic style; both
will be read in the same way. The style does not provide informational content. However,
certain variants do provide information. For example, a lion described as 'rampant' is the default
figure and must be depicted in a single colour. However, if 'armed' is added, it adds
informational content because the claws must be of a different colour. Similarly, if Tampassé' is
added, the tongue will also be of a different colour. The size of charges in heraldry can vary
from one coat of arms to another. It is logical that elements placed in subdivisions are smaller
than when they are placed in the main field. If two charges are combined to form a single one,
for example, an arm holding a sword, these two charges should be considered independently

in terms of information.

Figure 2.6 Azure, a lion or
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2.4 Information compression

In heraldry, there is a remarkable principle of compressing visually complex information into a
single word, thereby reducing the informational load of a pattern. There are two cases for this:
the simplest involves furs, which are heraldic representations of animal furs such as ermine and
squirrel. In their simple form, these furs are represented with distinct colors: white and black
for ermine, and white and blue for vair (squirrel fur). The second case is known as 'semy.' A
semy is the repetition of a charge, reduced in size and without a specific count, to represent a
pattern. For example, a bezant is a simple circle representing a gold or silver coin. If the shield
is described as 'bezanty,' it means that it will be covered with small, countless bezants, cut off
at the edges to convey a sense of infinite repetition. Semy patterns thus have a higher
informational load than furs, as the semy must define the background color, the charge, and

the colour of the charge (Figure 2.7).
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o . . . . . . .
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Figure 2.7 (a) Ermine plain, (b) Vair plain, (c) Azure bezanty or

Regarding the enumeration of elements, there are default positions and numbers that
follow certain rules. Default positions require less information to be described. For example,
three bezants by default are arranged with two at the top and one at the bottom. If the bezants
are arranged in a specific way, this will be specified in the blazon, for example, 'three bezants
in chief' or 'three bezants in bar (Figure 2.8).' Precisions and variants in heraldry carry a higher

informational load.
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Default position Variation Variation

() (b) (©

Figure 2.8 (a) Azure, three bezants or, (b) Azure, three bezants or in chief, (c) Azure, three bezants or in
bend

The default enumeration rule applies to certain multiplications of parallel lines, which
are usually in even numbers. There are four categories obtained from the basic partitions: pale,
fess, bend, and bar. When the number is not specified, they are by default six pieces. When the
pieces are four or twelve or other number, this must be specified. The default element here has
a lower informational load than a graphically simpler variant, which can be confusing, but this
is part of heraldic rules. Thus, adding additional information increases the descriptive entropy
of the coat of arms even if the composition seems simpler. To make a compromise, we count
the elements but add a factor for variants of standard figures. Thus, a barry of four pieces adds
four units of information with an additional unit of detail, whereas a normal barry of six pieces

will not have a factor (Figure 2.9).
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]
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Default number Variation with 12 elements Variation with 4 elements
(a) () @]

Figure 2.9 (a) Barry or and azure, (b) Barry of twelve or and azure, (c) Barry of four or and azure

2.5 Method for calculating the complexity of coats of arms

In studies verifying Zipf's Law of Abbreviation or brevity law, it is common to calculate the
frequency of words in a corpus according to their length in characters or phonemes. It is a
negative correlation between the frequency of a word and its size on a semi-log plot. A similar
analysis applied to the textual data of heraldry, namely, the blazon or textual equivalent of the
coat of arms image, would not be meaningful. At first glance, one might assume that a coat of
arms containing more information would also have a longer blazon in terms of words or letters.
However, this assumption proves false, as heraldic categories include words of varying lengths;
a coat of arms described as or and azure would thus appear less complex than one described as
argent and purple, which makes little sense. Moreover, heraldic vocabulary can compress
information in ways that distort the relationship between word count and actual complexity.
For instance, Per pale gules and argent describes a simple vertical division of the shield into two
parts, whereas Gyronny of gules and argent refers to a much more complex geometric division,

yet use a higher number of words for the simplest one.

In reality, the only viable way to calculate heraldic complexity must be a compromise
that allows for automation across a large number of coats of arms. A continuous model could
be a solution, but its computational complexity may hinder automation, and arbitrary choices
of variables could lead to significantly different results for coats of arms with similar complexity
and only minor variations. We therefore propose a simple discrete model that establishes levels

of complexity on a scale, enabling distribution analysis (Table 2.1).
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The challenge lies in creating a formula that allows for equivalences in complexity
between different coats of arms. For example, a shield per pale azure and argent would have the
same order of complexity as a shield azure with a bend argent, even though partitions and
ordinaries belong to different categories. A shield per pale azure and argent with a bend or would

have a complexity level of 4, according to equation 1.

L= Neolors T Npartitions + nfigures + Nyariations (1)

Order Possibility of combinations

e 2 colours + 1 partition
e 2 colours + 1 figure

e 2 colours + 1 partition + 1 variante
e 3 colours + 1 partition

e 2 colours + 1 figure + 1 variation

e 2 colours + 1 figure + 2 variations
e 3 colours + 2 figures
e 3 colours + 1 partition +1 figure
e 3 colours + 1 partition + 1 variation
e 1 colours + 1 figure + 3 variations

Table 2.1 Example of possibility of combination for the different complexity order, the possibilities

are increasing as the complexity

Each element must be added together: additional colours count for 1, the number of
partitions and charges as well. What is original in this approach are the variations, essentially,
the details or variants that add extra information. For example, a standard lion would count as
one figure, but a lion armed and langued in one or more colours can quickly add to the overall
complexity. To study a corpus, the blazon descriptions must be formatted as lines of text in a
cleaned CSV file, so that a Python script can be applied to extract term occurrences and count

colours, partitions, etc., for each blazon. The lists are non-exhaustive but focus on the most
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common elements encountered in French and English (definitions of these terms are provided

in Appendix B).

e For colours:

" H H n nn nn nn nan nn

"argent","or","gold","silver","gules","azure","sable","vert","sinople","purpure","tenné","tenne",

nn n"nn mn nn nn nn

sangume murrey, cendree ermme ermmes erm1no1s counter- ermme" ”hermme

nn nn n"n.n

"vair","counter-vair","potent", "counter-potent", "pean", "proper", "au naturel".

e For partition:

"per\\s+pale","per\\s+fess","per\\s+bend\\s+sinister","per\\s+bend","per\\s+chevron","per

nn nn

\\s+saltire","per\\s+pile","per\\s+pall","quarterly","tierced","gyronny","bendy","paly", "barry",

nn nn nn nn nn Anon

chevronny","lozengy","fusilly","compony","countercompony","écartelé", "parti","coupé","tranché"

nn Ann nn

,"taillé","gironné","burelé","fascé", "palé","losangé","chaussé", "barry\\s+wavy","tierced\\s+in\\

s+pairle"

e For figure:

Ordinaries:

"chief","pale","bend","bend\\s +sinister","fess","bar","chevron","cross", "saltire","pile","pall","orle",
"bordure","escutcheon","canton", "inescutcheon",

Roundels

"bezant","plate","torteau", "hurt", "pellet", "roundel",
Animals and Creatures
"lion","leopard","eagle","falcon","hawk","dove","raven","martlet","merlette", "griffin","wyvern","
dragonll "unlcornﬂ "horse" HOXH "bullﬂ HCOWH "boar" Hbear" "Stag" "hart” Hgoat" "ram" "Sheepﬂ ”Cat",
"dog","wolf","fox","tiger","panther","serpent","snake",

Marina fauna
"fish","salmon","dolphin","whale",

Objects & Plants

nn nn nn nn nn nn

"anchor","ship","castle","tower","church","house","tree","oak","pine","palm","branch", "rose","lotus

" "thistle","shamrock", "trefoil","quatrefoil","cinquefoil ","fleur[-\\s]?de[-\\s] ?lys", "mullet",

nn " "Sun” llmoonH ”Crescent” ”Comet” ”blllet" "goutte" ”annulet” n nn

"estoile","star ring","escallop","shell
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nn nn nn nn

""book","sword","spear","arrow","bow", "key","crozier","staff","sceptre", "crown","coronet", "mitre"

nn nn

,"chalice","cup","hammer","axe","pick","sickle","scythe","harp","bagpipe","clarion","bugle"
e For variants:

Animal postures

nn nn nn nn nn nn

"rampant”,"passant","passant\\s+guardant","statant","statant\\s+guardant","couchant","coura

H " nn nn "non nn nn

,"salient","sejant","sejant\\s+erect","displayed","rising","volant","naiant","hauriant","addorse

nn

d","respectant”,"affront[e€é]","contourn[eé]","regardant","dormant",

Qualifiers

nn

armed","langued","crowned","collared","gorged","winged","queuefourch[eé]e", "cou

nn

"guardant”,

nn

ped","caboshed","noduled","enfiled","pierced","charged","holding","supporting","seized",

Line shapes

nn nn

"engrailed","invected","indented","dancetty","embattled","raguly","dovetailed","wavy","nebuly",

nn nn

flory","potenty”,"masoned",

Counter-variants

nn nn nn

"counter- ermme counter- Va1r counter-potent’, counter-changed",

Natural colour

nn

"proper","au\\s+naturel"

N.B. The use of the colour au naturel means that an element is depicted in its natural, real-
world colours, for instance, a tree agure is blue, whereas a tree au naturel has a brown trunk
and green leaves. In our model, we count the colour au naturel (or proper in English) both as a
colour, thus included in the colour count, and as a variation, adding an extra degree of
complexity compared to standard heraldic colours. We retained 40 variation terms; other, rarer
ones (such as cléchée, ancrée, etc.) were not included, which places some visually complex coats
of arms into a moderate complexity order L. However, the rule is applied uniformly, so the
relative distribution remains valid for testing the Zipf hypothesis. Considering this statement

the non-exhaustiveness of the heraldic vocabulary used for the analysis is not a drawback.
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2.6 Application of the calculation
To carry out the experiment, the author used two corpora:

o The first set of 4,611 blazons from the James Parker’s glossary of terms used in heraldry
Corpus from 1894 [103]. This British work contains approximately 95% British coats of
arms and 5% French ones, which should not introduce any significant bias related to
regional trends.

e The second set is the General Armory of England, Scotland and Ireland written by Burke

et Burke in 1842 of over 60 000 coats of arms [104].

The first observation regarding our complexity levels is that we exclude coats of arms
with complexity level 1, which corresponds to a shield bearing only one colour or a single field
fur. Such coats of arms are referred to as plain. They are very rare due to their obvious
simplicity. Two examples can be cited: the coat of arms of the city of Douai in northern France
(Gules plain) and the coat of arms of Brittany (Ermine plain). We had to remove them due to
the very high likelihood of overestimating their presence in our parsing. Indeed, many
incomplete coats of arms, caused by data encoding errors, could be mistaken for complexity
level 1, resulting in false positives. That said, it is important to keep this category in mind, as it

plays a central role in our conclusion.

However, there is no category corresponding to complexity level 2. Indeed, coats of
arms move directly from a simple field colour (category 1) to category 3, as this transition
necessarily involves the addition of a charge or a partition, each of which introduces an

additional colour.

Two complexity calculations were performed on each set. One counted similar charges
or colour separately, adding additional units of information to the calculation (e.g., 4 lions
would add 4 units of information), while the other did not, considering that a charge mentioned
once, whether singular or multiple, adds only one unit of information. This distinction allows
us to analyse whether counting individual repeated charges influences the overall complexity

trend.

Out of the 4,611 blazons from set 1, only 4,317 were retained for analysis; the others
contained encoding errors or were truncated, which could distort the results if an incomplete
blazon includes occurrences of the target terms. Same observation from the second set where

around 45000 were extracted from the 60000 original set.
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The results of the analysis are shown in the graph (see Figure 2.10 and 2.11); the
distribution is similar to those found in publications exploring the Zipf law of abbreviation in

language, such as in the works of Sigurd et al. [101] or Tsizhmovska [105], to name just a few.
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Figure 2.10 Set 1 log of Number of coat of arms per complexity order, the red squares represent the coats
of arms computed without counting repeated elements, while the blue circles represent those where each

repeated element is counted individually
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Figure 2.11 Set 2 log of Number of coat of arms per complexity order, the red squares represent the coats
of arms computed without counting repeated elements, while the blue circles represent those where each

repeated element is counted individually

The graphs (Figure 2.10 and 2.11) shows that the negative trend is notable, confirming
that the simplest coats of arms according to our Equation 1 are the most numerous. Set 2 shows
a greater number of complexity levels than Set 1 due to its larger size, which increases the
likelihood of encountering highly complex coats of arms. Regarding the modelling of this
complexity, Zipf did not explicitly provide a function describing the frequency-length
relationship of words. Set 2, unlike Set 1, contains more coats of arms in order 4 than in order
3. However, the subsequent classes follow the same negative trend in both cases. Some
researchers have explored the possibility of a formula that could model this relationship. Given
the nature of our distribution, one may ask what best models the relationship between the
complexity of a coat of arms and its frequency. One could therefore consider either an
exponential distribution or a gamma distribution, as noted in the publication by Sigurd et al

[101].
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The formula of Gamma function is expressed following equation 2. The normalizing
constant K is uniquely determined by the positive parameters @ and [, as well as the
requirement that the formula represents a valid probability distribution. The parameter a,
known as the shape parameter, influences the presence and height of a peak in the function's
graph. The parameter 3, referred to as the scale parameter, controls the spread of the

distribution.

—L

f=K*L*1xeB )

The decreasing effect of coat of arms complexity is considered in the equation 3 suggested by
the exponential factor C* where 0 < ¢ < 1. The complete formula with these two

counteracting factors is then:

f(L) =axLPxct 3)
-L
Where b is equal to @« — 1 and c equal e #.
To characterize the relationship between the frequency of occurrence of coats of arms and their

complexity L, we fitted three families of models:
o the discrete Gamma law: f(L) = a * L? = c*
e asimple exponential: g(L) = kd’
e apowerlaw: h(L)=plL1

For each model, we estimated the parameters using least squares and compared the
quality of fit using the coefficient of determination R* (Table 2.2). Each of these models
corresponds to an underlying heraldic hypothesis. In the case of a gamma distribution, it may
reflect the assumption of an information economy inherent to language systems: the more
elements are added, the lower the probability becomes, but not in a purely exponential way.

The combinatorial potential L? is constrained by an economy factor c’.

The exponential law g(L) = k d!, assumes that with each unit increase in complexity
L (such as the addition of a color, a charge, or a partition), the frequency decreases by a constant
factor d € (0,1). In a heraldic context, this implies that each additional layer is discarded with
the same fixed probability, regardless of the potential richness of the combination. The model
uses only two parameters: k (scale) and d (decay rate). Its simplicity makes it a minimal

reference point: if it were to perfectly describe the data, it would suggest that normative
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constraints (i.e., readability) completely dominate to the extent that they mask any

combinatorial effect.

In contrast, the pure power law h(L) = p L? eliminates any exponential restraint; it
assumes that frequency depends solely on unrestricted scalability: as L increases, the cost is
paid only in terms of L? (with ¢ > 0). Applied to heraldry, this would correspond to an almost
fractal universe in which the multiplication of partitions and charges is permitted without

significant constraints, each new level of complexity would still occur with appreciable

frequency.
Determination coefficient R
Set Gamma Exponential Power law
Set 1 ND 0.991 0.962 0.891
Set1D 0.986 0.972 0.909
Set 2 ND 0.995 0.905 0.818
Set2D 0.987 0.916 0.835

Table 2.2 Determination coefficients R? after calculation of Gamma model, Exponential and Power
Law for every distribution Set 1 and 2 with and without counted repeated elements (ND = no doubles, D =

doubles)
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Figure 2.12 Comparison of Models for the distribution of the Set 1 without counted repeated elements. The

blue line is exponential model, the red line is Gamma model, and the yellow line is Power law model
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Figure 2.13 Comparison of Models for the distribution of the Set 1 counted repeated elements. The blue

line is exponential model, the red line is Gamma model, and the yellow line is Power law model
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Figure 2.14 Comparison of Models for the distribution of the Set 2 without counted repeated elements. The

blue line is exponential model, the red line is Gamma model, and the yellow line is Power law model
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Figure 2.15 Comparison of Models for the distribution of the Set 2 with counted repeated elements. The

blue line is exponential model, the red line is Gamma model, and the yellow line is Power law model
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The table shows that the values for the gamma and exponential models are quite close,
although the Gamma model consistently performs better. In our corpora, the power-law fit
decreases too slowly: it overestimates the frequency of very high complexity levels (such as
multiple partitioning) and fails to capture the steep drop observed beyond Lx12. This under-
penalization confirms that an exponential damping factor, whether readability, heraldic
tradition, or both, is essential to accurately model the reality. We can justify our choice of the
gamma model for two reasons. The first is that complexity class 1, which was excluded from
the datasets to avoid parsing errors, still exists, albeit rarely. We can perform a computation
like that used in the figures to show that, when complexity level 1 is taken into account (i.e., a
single colour on the field of the shield), the gamma law undeniably becomes the most
appropriate model. To demonstrate this, we added a category 1 class composed of 12 elements
(i.e., the 12 heraldic tinctures typically available for plain fields) to the distribution of Set 2,

excluding repeated charges (see Figure 2.16

). It is worth noting that plain coats of arms can sometimes be attributed to multiple
entities, meaning 12 is a conservative minimum. According to this graph, the gamma
distribution maintains a high R? value of 0.98, while the other models drop significantly, to

0.51 for the exponential and 0.33 for the power law.
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Figure 2.16 Comparison of Models for the distribution of the Set 2 without counted repeated elements
(plus order of complexity 1 here noted 2 on the scatterplot). The blue line is exponential model, the red line

is Gamma model, and the yellow line is Power law model
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Across the four datasets the parameter patterns (Table 2.3) are consistent with an “economy-

of-information” view:

e Gamma
The shape pair (b,c) becomes steeper as the corpus grows: in Set 2 with doubles
counting the combinatorial term is strongest (b =~ 6.1) while the damping factor is
lowest (¢ = 0.20), indicating that once a very large palette of heraldic options is
available, usage is curbed more aggressively. In the smaller or de-duplicated sets b
settles around 5 and c rises toward 0.27, reflecting a milder trade-off between variety

and readability.

o Exponential
With only one form parameter (d) the exponential captures the heavy head but falls
away too fast beyond Lx10; the best-fit decay rates cluster near 0.43-0.50 yet still

undershoot the empirical tail in every corpus.

e Power-law
Exponents (q < —2) are required to counterbalance the very large counts in classes 3—
4, but the resulting curve declines too slowly, over-predicting high-complexity arms.

This confirms that a free-scale (fractal) model alone cannot explain heraldic practice.

Overall, the discrete gamma accommodates both extremes: it reproduces the pronounced peak
at L = 3 — 5 via the L? term and enforces the observed drop-off through c*. As soon as relative
weighting or logarithmic scales are applied, its ability to track the long tail surpasses that of the

exponential, while remaining far more realistic than a pure power law

Data set Y:a Yy :b Y:c Exp : k Exp:d Power:p Power:q
Set 1 ND 4.1x10? 5.3 0.247 1x10° 0.472 1.1x10° -2.54
Set1D 1.1 x 10? 4.7 0.269 3.2 x 10? 0.501 3.2x10° -2.33
Set 2 ND 1.61x 10° 6.1 0.202  1.2x10°  0.429 8.7 x 107 -2.82
Set2D 5.2 x 107 5.5 0.226 2.8 w 10* 0.453 2.1x107 -2.60

Table 2.3 Parameter values for the Gamma, Exponential and Power Law for every distribution
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To conclude the analysis and generalize the Gamma model, a Bootstrap replication with
replacement was performed on the residuals of the distributions to compute many coefficients
R?, both for the Gamma model and for the exponential model, with the goal of determining a
distribution of AR? (Table 4) between Gamma and exponential. The Bootstrap replication is
further explained in Chapter 4 and serves as a solid foundation for our statistical analyses.
Bootstrapping the residuals allows us to capture the data’s inherent variability and to generate

synthetic regressions for analysing the behaviour of the distributions.

AR?
P5 P50 P95
Set 1 ND 0.02 0.03 0.05
Set 1D 0.005 0.01 0.03
Set 2 ND 0.08 0.10 0.11
Set 2D 0.06 0.08 0.10

Table 2.4 Results of the different between the two distributions of R? noted AR? for set 1 and 2 with
counted repeated elements (D) and not counted repeated elements (ND). The percentile 5, 50 (median) and

95 are showed.

Regardless of the armorial source or the counting method, the gamma law consistently
maintains an advantage, ranging from +1 to +5 points of R? on our small corpus, and from
+6 to +11 points on the larger one. While these differences are modest in the first dataset, they
become decisive as the sample size increases and the tail of the distribution becomes denser,
highlighting the importance of the combinatorial factor L?. The smaller difference observed in
Set 1 can be explained by the fact that complexity level 3 slightly exceeds level 4, an observation
that is not consistent, as shown by Set 2 and by the theoretical presence of a level 1 class.
Moreover, the gamma distribution tends to fit the head of the data well but then falls below the
observed values around levels 8 to 10 across all distributions. This pattern matches the findings

reported by Sigurd et al. [101].
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2.7 Discussion of the chapter

It is difficult to objectively quantify the complexity of a system whose everyday use is known to
us only through medieval texts (i.e., with respect to daily rather than purely decorative use, as
is mostly the case today). Nevertheless, heraldry does contain quantifiable units, colours,
partitions, and so on. As for the repetition of a single motif, we regard each occurrence as adding
extra degrees of complexity; however, applying a weighting scheme in the future could help

reduce the informational impact of a figure that appears several times.

Granularity in corpus analysis is crucial: heraldry is meant, in theory, to be readily
interpreted, and a coarse level of granularity would mean defining our complexity tiers in
relation to a more common or core heraldic vocabulary. Experiments at different granularities
can be carried out to see whether incorporating more frequent or less frequent heraldic terms
changes the distribution. Priority should be given to the head of the distribution while
minimizing the tail of the distribution as the number of complexity orders can vary from one

armorial to another.

Our analyses rely on corpora whose data are already indexed in CSV format, a rarity in
heraldry given the difficulty of automating manuscript extraction. Our hypothesis must be
tested on additional corpora of coats of arms from different periods and provenances to assess

whether the results truly remain consistent.

Finally, Heraldry may not form a fractal universe considering the power law is not
working here, but, if our model for synthesising its elements is correct, it obeys the same rules

as a language.

2.8 Conclusion of the chapter

The results of the analysis suggest that heraldry follows a statistical tendency consistent with
the principle of economy as expressed by Zipf’s law of brevity. This study reopens a strand of
heraldic research previously deemed unproductive, as noted in the introduction. In the future,
it may be possible to address related questions, for instance, why heraldry has succeeded as a
panchronic and quasi-universal identification system. Having shown in Chapter 2 that heraldic
complexity can be captured by quantitative descriptors, thus completing the “visual-syntax” tier
of the Surface Information Acquisition Spectrum (SIAS), we must now ensure that these
descriptors remain trustworthy when a surface is no longer an ideal graphic like heraldry but a

digitised geometry (i.e fractal geometry). Chapter 3 therefore shifts to a synthetic yet
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analytically tractable model, the Koch snowflake, to probe how pixel size, sampling density and
mesh topology distort or preserve intrinsic complexity. By isolating such discretisation effects
in a controlled setting, we secure a calibrated bridge from visual syntax to numerical evaluation,

paving the way for the fully metrological fractal analysis developed in Chapter 4
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Prolegomena of chapter 3

Occupying the interface between “visual syntax” and “quantitative evaluation” within the
Surface Information Acquisition Spectrum (SIAS), Chapter 3 investigates how geometric
complexity is distorted, or preserved, when an ideal curve becomes a digital object. Using the
classic Koch snowflake as a didactic test case, we compare successive discretisation’s, vector,
raster and point-cloud, to separate intrinsic fractality from mesh-induced artefacts. This analysis
extends the syntactic insights of heraldry (Chapter 2) into the numeric realm: where the coat
of arms revealed how formal rules generate complexity, the snowflake shows how sampling
rules can hide or fabricate it. By modelling error propagation in estimated fractal dimension as
a function of node density and indentation angle, the chapter delivers a calibrated filtering
protocol that safeguards the evaluation tier of the SIAS. The protocol will be pivotal in Chapter
4, ensuring that the fractal metrics extracted from real surfaces reflect genuine morphology

rather than artefacts of visualisation.

91



Chapter 3. Von Koch Complexity

3.1 On Fractals

The relevance of using the principles of fractal geometry is now beyond question. From the
moment Benoit Mandelbrot was able to leverage the foundations of this approach, a paradigm
shift occurred in the characterization of complex geometric objects. The book "Fractal Geometry
of Nature" [106] has become a must-read for scientists in all fields who wish to analyse the
correlation between the complexity of structures and systems and physical phenomena. But this
work is a highly in-depth exploration of previous studies and an analysis of mathematical
objects whose properties had previously challenged mathematicians. The emergence of fractal
calculation methods begins with simple problems, such as measuring areas and lengths of
geometrically complex objects. The development of thought on fractals begins with paradoxes
related to the limitations of Euclidean geometry. Notably, long before Mandelbrot, there was
the mathematician Steinhaus. He was the first to introduce in modern scientific paper the
paradox of length, particularly in relation to geographical measurements, as early as 1954
[107]. When measuring the left bank of the Vistula on a school map, the length is much shorter
than on a 1:2,000,000 scale map. Similarly, comparing the length of the current Poland's
borders with those from the year 963 is difficult due to the lack of accurate maps from that
time. This issue also applies to measuring the contours of leaves or tree cross-sections, where
the results vary depending on the precision of the tools used. Shortly afterward, the paradox of
calculating area also arose, this time addressed by the mathematician Richardson. The
relationship between area and perimeter is a mathematical concept explored well before the
advent of fractal theory. British mathematician Lewis F. Richardson, renowned for his work in
weather prediction, also studied the connection between the length of a country's border and
its likelihood of engaging in conflict with neighbouring nations. Richardson discovered that by
altering the measurement scale, for example, using a 200 km ruler instead of a 100 km ruler to
measure the British coastline and gradually decreasing this length, one could theoretically
obtain an infinite length within a finite area. Although these results were published
posthumously in a work that initially attracted little scientific attention [108], they were later
revisited by Benoit Mandelbrot in his renowned 1967 study, "How Long is the Coast of Britain?"
[109]. In this context, D represents the fractal dimension. According to the formula
L(G)=MG'®, D reflects the complexity or irregularity of the boundary. A fractal dimension of
D =1 corresponds to a boundary that appears smooth, whereas a higher fractal dimension,
such as D = 1.25, indicates a more irregular and complex boundary, like the western coast of

Great Britain [4].
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Thus, the fractal dimension serves as a measure of the boundary's roughness or
fragmentation at various scales. It is interesting to note that this cartometric concept developed
by Richardson not only inspired Mandelbrot but also other scientists in their quest for
measurement precision. The Mating's article [110], in particular, discusses the Richardson's
method of measurement using dividers, which was also studied alternatively developed by
Soviet scientists. We can also mention the Hakanson's method [111], which, instead of using

dividers of different sizes, employs grids of different sizes made from transparent tracing paper.

From this point, it becomes challenging to list all the application areas that have used
fractals to characterize the geometry of elements. It is more practical to refer to the relevant
reviews for each field rather than individual studies. For example, one can mention Cross’s
review on microscope image analysis [112], which summarizes a non-exhaustive set of fields
studied using fractals. Other more comprehensive reviews focus on specific fields such as

medicine [113], fluid mechanics [114], and biomechanics [115].

However, the question arises regarding computer algorithms for calculating fractal
dimension, given the fundamental difference between the theoretical infinite fractal object and
the finite object of observation. Numerous algorithms have been reported in the literature for
measuring the length of a profile and calculating its fractal dimension. For self-similar patterns,
these algorithms are often validated using Von Koch islands, whose fractal dimension is
precisely known. However, a major problem arises when the ruler length does not exactly match
a segment of the snowflake. For the method to be fully effective, each segment measured by
the ruler should perfectly coincide with the segments that make up the curve. If not, the
perimeter measurement will inevitably be incorrect. One of the main artefacts in applying
Richardson’s method to the Von Koch snowflake is the systematic underestimation of the length
L(e) when the ruler does not perfectly align with the fractal segments. When the ruler size is
slightly shorter or longer than the length of a segment of the snowflake, the ruler "jumps" over
certain details of the curve, thereby missing some of the fractal structure. For instance, if the
ruler is slightly longer than the shortest segments, it will "cut across" the peaks of the snowflake
without precisely following the contours, leading to an underestimation of the true curve length.
This underestimation is exacerbated by the self-similar nature of the Von Koch snowflake. Since
each segment is itself composed of increasingly smaller sub-segments, any approximation in
measurement propagates and amplifies as the ruler size decreases. As a result, instead of

obtaining an accurate measurement, one systematically underestimates the actual length.

This problem is not unique to the Von Koch snowflake but is inherent to any application of

the Richardson's method where the fractal structure is composed of specific segment lengths.
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The result is a systematic underestimation of the fractal perimeter, which can skew the

calculation of the fractal dimension and affect the interpretation of the structure complexity.

Despite the extensive research, some critical aspects of the problem remain unresolve [116-
118]. While extensive research has focused on fractal dimension calculations, the practical
limitations of digital images have been largely overlooked. Digital images, being two-
dimensional representations of three-dimensional objects, are composed of individual pixels

and can be generated by various imaging technologies.

Fractals are crucial in numerical simulations, particularly for modelling complex
phenomena such as turbulence, diffusion, or surface morphology. Their ability to represent
structures with details at all scales makes them extremely useful in various applications, from
civil engineering to biology and materials science. Simulations based on fractals allow the
generation of surfaces and volumes that reflect the complexity of natural objects. For example,
in mechanical engineering, fractals are used to model surface roughness, which is essential for
understanding friction and wear between materials. The Von Koch snowflake can be used in
simulations to study the effect of various physical processes, such as erosion, substance
diffusion, or crystal growth. These simulations can modify the fractal structure of the snowflake,
either by smoothing certain parts or by introducing new details. For example, an erosion
simulation applied to the Von Koch snowflake might smooth out the shortest segments, which
would affect the fractal dimension. By analysing changes in L(€) versus € before and after the
simulation, it is possible to quantify how the structure has been altered at different spatial scales

[31].

These studies are particularly useful in fields like geomorphology, where natural shapes
are often modified by physical processes over long periods. Simulation allows testing different
scenarios and better understanding how these processes influence the fractal structure of the

objects studied.

The objective of this study is to analyse the artifacts created by the Richardson’s method
when its used to calculate the fractal dimension of the Von Koch snowflake [119]. In our study,
we propose eight methods for calculating the fractal dimension on a digitized Von Koch
snowflake. These methods are applied to a variety of snowflake-like fractals, with fractal
dimensions ranging from 1.1 to 1.9, including a stochastic Von Koch snowflake. The methods
are designed to address both deterministic and stochastic variations of the fractal dimension.
Some techniques leverage specific properties of the Von Koch snowflake, such as its self-

similarity and iterative construction, making them highly accurate when these properties are
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known. However, other methods are more generic and can be applied without requiring
detailed knowledge of the fractal underlying properties. This approach allows for a broader
range of application, particularly when dealing with fractals that do not follow strict

deterministic rules.

Our exploration of different methods allows us to assess their effectiveness across various
types of fractals, from more regular, deterministic snowflakes to irregular, stochastic versions.
This is critical for understanding how different computational approaches interact with fractal
structures and for determining which methods provide the most reliable results in varying

contexts.

3.2 Self-similarity dimension and fractal dimension of the Von Koch Island

The Koch snowflake, introduced by Swedish mathematician Helge von Koch in 1904 [119],
emerged during a period of profound exploration in mathematics, particularly in the
foundations of geometry. At the turn of the 20th century, mathematicians were increasingly
interested in concepts that challenged the traditional Euclidean framework. The work of figures
like Karl Weierstrass [120], who introduced functions that were continuous but nowhere
differentiable, set the stage for the Von Koch’s creation. The Koch snowflake was not merely a
mathematical construction; it represented a direct challenge to classical notions of dimension
and curves. By creating a shape that was continuous but infinitely jagged, Von Koch
demonstrated that curves could possess properties far more complex than those explained by
classical geometry. This exploration of "pathological" objects or “monster curves” [121]
mathematical entities that defied intuition was part of a broader movement to push the
boundaries of existing mathematical theory.

The Von Koch's work was driven by a geometric curiosity: the desire to create a shape with
a finite area but an infinite perimeter, a concept that seemed paradoxical in classical terms.
Although fractal geometry did not formally exist during his time, the Koch snowflake would
later become a cornerstone in this field, particularly through the work of Benoit Mandelbrot in
the 1970s. Mandelbrot recognized the Koch snowflake as an early example of a fractal, a shape
that exhibits self-similarity at different scales and has a non-integer dimension. The Von Koch
curves are part of a significant class of fractal curves generated by Iteration Function Systems
[122,123] and lack any analytical mathematical expression. As a result of factors such as
discretization, resolution limitations, and mathematical or statistical issues, accurately
estimating the fractal dimension from data produced during experiments presents challenges.

To better understand the effects of these errors, it is beneficial to first analyse artifacts in the
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well-known Von Koch curves before calculating the fractal dimension of experimental curves.
The use of the Von Koch snowflake has been demonstrated not only in the analysis of fractal
objects but also in art [124], antenna design for signal transmission [125], and various scientific
fields [126]. In 1984, Barcellos [127] created variations of the Koch curve by dividing the
initiator into four equal segments, producing curves with a fixed fractal dimension. In 2002,
Vinoy, Jose, and Vardan [128] expanded on this by adjusting the indentation angle of the Koch
curve to develop new antenna shapes and provided a formula to calculate their fractal

dimensions.

3.3 Evaluating the fractal pattern of the Von Koch Island using Richardson’s method
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Abstract

The principles of fractal geometry have revolutionized the characterization of complex
geometric objects since Benoit Mandelbrot’s groundbreaking work. Richardson’s method
for determining the fractal dimension of boundaries laid the groundwork for Mandelbrot’s
later developments in fractal theory. Despite extensive research, challenges remain in
accurately calculating fractal dimensions, particularly when dealing with digital images
and their inherent limitations. This study examines the numerical artifacts introduced by
Richardson’s method when applied to the Von Koch Island, a classic fractal curve, and
proposes a novel approach for computing fractal dimensions in image analysis. The Koch
snowflake serves as a key example in this analysis; it serves to assess the algorithm of fractal
dimension calculation as his theoretical one is known. However, there is a fundamental dif-
ference between the theoretical calculation of fractal dimension and the actual calculation of
the fractal dimension from digital images with a given resolution undergoing discretization.
We propose eight different calculation methods based on Richardson’s area—perimeter
relationship: the Self-Convolution Patterns Research (SCPR) method accurately estimates
the fractal dimension, as the 95% confidence interval includes the theoretical dimension.

Keywords: fractal dimension; Von Koch; Mandelbrot; Richardson

1. Introduction
1.1. About Fractal Geometry

In the field of image analysis and pattern recognition, the study of fractal geometry
has emerged as a critical approach for characterizing complex structures. Since Benoit
Mandelbrot’s seminal work “The Fractal Geometry of Nature” [1], fractal geometry has pro-
vided a framework for analyzing natural and artificial patterns that exhibit self-similarity
across multiple scales. The fractal dimension, a key parameter within this framework,
captures the complexity of these structures by quantifying how details change with scale.
This makes it an invaluable tool for applications such as image analysis [2] and feature
extraction [3]. Pattern recognition, as a discipline, relies on the accurate identification and
classification of features within images [4]. Fractals are used in the target separation branch
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to enhance the distinction between the object and the background as presented in Zhu et
Guo [5]. By constructing a self-similar fractal structure, the model can analyze details at
multiple scales, enabling precise capture of complex boundaries. These saliency features
with expanded boundaries amplify differences at the edges, thereby improving the com-
plete and accurate separation of the object from the background. The fractal method used
by most pattern recognition studies is a variant of the box-counting method, also known
as the Minkowski-Bouligand dimension [6]. This variant estimates the fractal dimension
by dilating an object at different scales and measuring the area covered at each step. The
measurements are obtained using a cost map calculated with the IFT (Image Foresting
Transform) algorithm [7]. A logarithmic curve is plotted to show how the area varies with
dilation, and the slope of this curve allows the calculation of the fractal dimension. This
method is effective for analyzing real and digital objects with partial or complex fractality
such as plant leaf structures [8], shoeprint [9], video images [10], and others. Another
method was proposed by Plotze et al., stating that a single non-integer number is insuffi-
cient to capture the full complexity of an object. The Multi-Scale Fractal Dimension (MSFD)
overcomes this by using the derivative of the log-log curve, linking changes in object
complexity to visualization scale changes. Unlike traditional fractal dimension, which
relies on linear interpolation, MSFD offers more effective object discrimination. It accounts
for irregular growth in the degree curve, often due to shape peculiarities, by applying the
derivative of the log of the degree with respect to the distance. The Fourier Transform is
used for derivative calculation, and a Gaussian low-pass filter is applied to reduce noise
and high-frequency information [11].

However, an interesting example appears in the article by Torres [12], using a fractal
dimension calculation based on the modified Minkowski-Bouligand dimension mentioned
earlier, on a Koch snowflake. The Koch snowflake is a repetition of the Koch curve, which
appeared in a 1904 paper titled “On a Continuous Curve Without Tangents, Constructible
from Elementary Geometry” [13] by the Swedish mathematician Helge Von Koch. The
fractal dimension of the snowflake given by the algorithm is 1.23, while the theoretical
fractal dimension is 1.26 [12]. With its known theoretical fractal dimension, the Koch
snowflake is used to assess the robustness of a fractal dimension calculation algorithm [14].
The shape of the Koch curve has also been applied to model the shape of fractal antenna [15].

A well-known challenge in calculating fractal dimensions for real structures is the
strong dependency of the estimated dimension on the chosen algorithm [16,17]. As a result,
each estimate is only directly comparable to those obtained using the same method. Addi-
tionally, different algorithms exhibit varying sensitivities to the fractal dimension they aim
to estimate ideally, an algorithm should accurately determine the fractal dimension across
the entire range. Moreover, the estimation process can be influenced by the resolution of
the image and the number of pixels. These issues have been known by mathematicians
since the 1990s. Numerous studies have examined the reliability of fractal dimension
estimation by applying different algorithms to various fractal functions. These compar-
isons reveal that different estimation methods produce biased results, complicating their
interpretation [18,19]. A key reason for these discrepancies is that real-world data sets
are finite, whereas true fractals exhibit infinite resolution. Although mathematical studies
have established error bounds for fractal dimension estimation [20,21] they often overlook
practical issues, such as the inconsistencies between different estimators.

In this study, we propose eight new different methods to more accurately calculate the
fractal dimension of a complex object such as the Koch snowflake. These methods are not
based on those presented in the introduction but rather on an approach that is rarely used
in pattern recognition yet widely applied in surface topography characterization [22]. This
is the Yardstick method, theorized by the mathematician Richardson and later revisited



Fractal Fract. 2025, 9, 483

3o0f25

by Mandelbrot in the article “How long is the coast of Britain” [23]. It involves using a
fixed-length segment (the “yardstick”) to measure the curve. As the size of the yardstick
decreases, the measured length increases, as it captures more details. By plotting the
relationship between the measured length and the yardstick size on a log-log graph, the
resulting slope allows for the calculation of the fractal dimension [24].

1.2. The Definition of the Koch Curve

The Von Koch snowflake is constructed using an initiator and a generator. The initiator
is a triangle (with internal angles of 60°) and side length Lg. At each step of the construction,
every side of the triangle is replaced by the generator, a segment with a length one-third of
the original segment. We are taking the construction formula from the paper from Bigerelle
and lost. [25]. This iterative process is repeated infinitely. The length of the Von Koch Island
(perimeter P) is first determined by the following procedure: The Von Koch snowflake is a
fractal constructed mathematically by starting with a triangle of side length Lj. At each
iteration, each side of the triangle is divided into three segments of equal length Ly /3",
where n is the iteration number. The middle segment is replaced by two segments forming
a new triangle “peak”, thus increasing the number of segments by a factor of 4 in each
iteration. After n iterations, the curve consists of 3 x 4" segments. The fractal dimension D
of the Von Koch snowflake is given by D = % /5 1.26, indicating that it is more complex
than a line (dimension 1) but does not fully occupy the plane (dimension 2). The resulting
shape has an infinite perimeter yet encloses a finite area, a hallmark of fractal geometry. By

eliminating n from the above equations, Equation (1) is obtained.
P, = PP (an)l’D (1)

where D =1n 4/1In 3 is the self-similarity dimension.

The von Koch curve is a fractal where the apex angle “«” of the peaks added at each
iteration determines its shape and complexity (Figure 1). In fact, when « is different from
60°, similar reasoning leads to Equation (2).

D =In4/1In [2(1 + cosu)] (2)

For o = 60°, representing the classic von Koch curve, D =2 1.2619. When o« = 90°, the
curve is highly complex with D = 2, while for & = 0°, the curve becomes a straight line with
D =1. As « decreases, the curve becomes smoother and less complex, whereas the « values
increase the sharpness of the peaks and the fractal complexity of the curve.

el

Figure 1. The fluctuations observed on the Richardson curve are related to geometrical relations
between the yardstick and generator lengths: we obtain «” = &¢/2 and thenn; =1y /2 cos(et/2), and
recursively we obtain np =1, _1/2cos(/2).
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2. Materials and Methods
2.1. Richardson’s Method and Perimeter-Based Fractal Dimension Estimation

The estimation of fractal dimension from geometric contours often relies on the princi-
ple originally described by L.F. Richardson [26] as the Richardson-Mandelbrot scaling law.
This approach, commonly referred to as Richardson’s method or the compass method, is
based on the observation that the measured length P(n) of a complex curve depends on
the yardstick size 1 used to measure it. Specifically, for a self-similar curve, the perimeter
scales as in Equation (3) where D is the fractal dimension. Taking logarithms yields a linear
relation as in Equation (4) from which D can be estimated as the slope of a linear regression
in a log-log plot.

P(n) «nl—-D (3)

logP(n) = (1 — D)log 1 + const (4)

In the present study, several of the eight tested methods are either direct implementa-
tions or digital adaptations of this principle. These include variations in how the measuring
yardsticks are applied (fixed vs. sliding), how curvature is handled (straight-line vs. adap-
tive compass), and how regression is performed (global vs. piecewise). Other methods,
such as box-counting or Fourier analysis, use different underlying models but often con-
verge with similar estimates of boundary complexity. To maintain terminological clarity
throughout the manuscript, we reserve the term “Richardson’s method” to denote this
classical perimeter-scaling approach and explicitly indicate which of our tested algorithms
are derived from it. A summary of the computational steps is also provided as a schematic
flowchart in Appendix B.

2.2. Computer Software and Statistical Estimation

To investigate Richardson’s method, two original computer programs were especially
developed to construct the fractal curves and to calculate their related fractal dimension.
The reasons for creating our own computer programs are as follows:

1. Images as large as possible are needed to analyze the properties of the fractal curves.
The application we developed allows creating images without size limits (except for
the RAM memory of the computer).

2. Some of the fractal’s properties require a special implementation that will not be
found in the usual software.

3. As reported in the literature, some results could depend on the implementation
such as error discretization or statistical methods. No doubt must remain about
numerical implementation to analyze the efficiency of Richardson’s method, and
therefore all parts of the software must be controlled without any assumptions about
the implementation or the algorithm used.

2.3. Fractal Curve Generation Software (FCGS)

The Iterated Function System (IFS) is the system allowing us to create fractal curves.
This process needs two steps to create a curve: 1- defining the coordinates of the initiator
and the generator; 2- defining the number of iterations to generate the curve. The Von
Koch curve is then created using vector notation. Thanks to the vector representation, the
curve is constructed without errors of discretization (except for numerical representation).
The total number of coordinates for the Von Koch snowflake, based on a p-sided polygon
initiator, is given by p x 41, where i is the number of iterations. A resolution of export
must be selected for the software to connect coordinates with line segments, during this
process the discretization errors can appear. The images are then saved in the PCX version
5 graphic format (as a widely used and versatile format).
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2.4. Fractal Analysis System Software

The program created for the study decodes all PCX images. In our case, we shall
analyze only the simulated curves given by the FC.G.S. The binary images are shown in
two colors (white and black), and the black one is considered as matter we shall call Islands.
First, for each island, the perimeter is detected, and each point of the perimeter is numerated
depending on the connexity used C8D or C4D. We then construct the polygon of pixels and
calculate the coordinates (X, y) of each center of the pixels. In this step, the fractal island is
defined as a polygon described by a list of pointers. This list points onto the properties of
the considered island. A measuring unit of size n then recovers the polygon. Let Py be the
arbitrary origin (Figure 2) of the covering files, ’; and I;, the first successive points of data
list such that dy < 1 < d, with dy = PgP; and d; = PP, and let P, be the final point
such thatn = PyPy. The coordinates of Py are the intersections of the circle with center Py
and radius n with the segment P;P,. This operation is repeated until Py = Py and we can
then count the number of yardsticks of size 1 that allows us to recover the perimeter. This
operation is then repeated for a yardstick of size 1 + 41 and so on. To construct the data
bank of yardsticks [size-perimeters], noted { , P(n)} , we choose a minimal yardstick size
(in pixel), a maximal one and an increment. However, many algorithm parameters will lead
to different estimations of P(n) and statistical artifacts can lead to different estimations of
the fractal dimension that will be discussed in the Section 3.3. As regards all the parameters
that will change the calculated fractal dimension, it will clearly appear that Richardson’s
method must be processed on Personal Software.

P2

[ Point of the {
perimeter
L y

Figure 2. Numerical methods used to measure the perimeter with a yardstick of size 1 centered on
the points P0. The dot represents the new points in the perimeter. The blue squares refer to the pixels
during discretization, and the orange lines represent the distances (d1, d2) calculated from one pixel
(P0) in relation to two other pixels (P1 and P2).

In this study, all the analyzed curves are defined by a resolution of 2048 x 2048 pixels,
matching the current resolution of the CCD camera used to capture material morphology
through optical microscopy.

A resolution of 2048 x 2048 pixels was defined for all the generated curves, as it is like
the resolution of the CCD sensor equipped to most of the optical microscopy apparatus.

2.5. Statistical Estimation of the Fractal Dimension

To calculate the fractal dimension, we first choose the range of variation and one of
the following incremental laws for the yardstick:

1. The yardstick linear variation (YLV): Na =1, 1 + An, where An is the linear increment,



Fractal Fract. 2025, 9, 483 6 of 25

2. Theyardstick geometrical variation (YGV): 1, = qnn_1, where qis a geometrical increment.

As the fractal dimension is calculated by the slope of the linear range obtained by the
least square method plotting values of F = {log P(n1), log P(n2),..., log P(nn)} versus
E = {log 1, logny, ..., lognn}, the distribution of the values of the E-set modifies the
estimation of the fractal dimension. If the YLV is used, then the E-set will present a
lognormal distribution since 1y, 12, . . ., 1y are regularly spaced. The lower the yardstick,
the higher the number of logn; terms. This means that the calculated fractal dimension
is more influenced by the perimeter calculated by the lower yardstick than by the higher
ones. Consequently, the evaluation of the fractal dimension will include image errors in
discretization. In other cases, by using the YGV method then the E-set presents a uniform
distribution, and the yardstick range does not influence A. To calculate analytically the
error made on the determination of the fractal dimension, we suppose that the noise in the
determination of the perimeter is independent of the yardstick size (no discretization error)
and therefore the standard deviation of the fractal dimension calculated by both YGV and
YLV is given, respectively, by Equations (5) and (6).

OYGV = V12
oy (n—1)(n—1)

(5)

5

oYLy =
¢(n _ 1) (nmax( In® ﬂmax*zmﬂmax‘i’z) *rlmin( In rlmin*mn"111‘1.in+2) _ (nmax(lrl TNmax — 1) =M min (10 Npin—1) )2>

(6)

Nmax —Nmin Mmax —MNmin

where n is the number of yardsticks, on = logn; —1og 1;_1, Mmax — Mmin = (0 — 1)dn/
(with én’ = n; —nj_1) the yardstick increment for, respectively, the YGV and the YLV model,
and s the standard deviation for the regression residuals.

At this stage, three remarks can be stated:

1. It can be proved than oy1y > oygy, then the YGV method is always the more appro-
priate to calculate A with a good accuracy.

2. Using the YLV method, the experimental weight is not uniform and A is more influ-
enced by the estimated perimeter for large yardstick rather than for smaller one. The
higher Nmax — Mmin, the higher the perimeter for large yardsticks.

3. Asweshall see in the next paragraph, discretization errors can lead to an erroneous
measurement of the perimeter for large yardsticks, consequently the YLV method
could overestimate or underestimate the fractal dimension of the image.

3. Curve Analyses
We shall then test our methods on Von Koch Island and the stochastic Von Koch Island.

3.1. Analyses on the Von Koch Flake
The fractal dimension of the Von Koch flake is calculated by the following method:

1. A 1.2 fractal dimension Von Koch flake with & = 54° instead of 60° is computed with
a resolution of 2048 x 2048 pixels (we use this dimension on purpose to compare
with the Von Koch flake since it is impossible to construct a Stochastic flake defined in
Section 4 without recovering). Seven iterations are carried out to construct the flake.

2. The origin of the yardstick is chosen at random.

3. The fractal dimension is calculated by the YGV method and the perimeter’s length is
computed by Method 4 (floating number of yardstick).

Figure 3 represents the variation in the perimeter versus the yardstick length in log-log
coordinates. The upper line corresponds to the true perimeter (same origin for the yardstick
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and the initiator), and the broken line is the result of the calculation. It is shown that
the calculated perimeter’s length is shorter than the true one except if the origin of the
yardstick corresponds to the origin of the initiator and if the yardstick’s length is Ly /3.
From simple geometrical relation (Figure 1), it is obvious that the distance between the
maxima is log[2 cos(a/2)] = 0.25. An interesting discovery can be stated in relation with
the serrated variation since a systematic departure from linearity is always observed in
real microstructural features such as surface rupture of Titanium alloys and steel [3,4], rock
mechanics [5], or wear processes [6]. Such variations may be related to grain diameter or
other microstructural parameters to give information on the physical process involved.

45
44
g 43
8 42
8 41
§ 4
[«
g 3.9
E 3.8
& 37
B 5
= 35

0 0.5 1 1.5 2 2.5

w2

Log (yardstick) in pixel

Figure 3. Variation in the perimeter length versus the yardstick size (in log-log coordinates) for
a triadic Von Koch Island with a Self-similarity dimension D = 1.2. The upper line represents the
theoretical perimeter according to Equation (1). The Dotted line represents the linear regression and
gives the values of A = 1.188. The red line of the detail represents the linear regression.

From Figure 3, the regression line is parallel to the theoretical one and gives
A =1.188_g002. If we consider that when n < 30 pixels the peak does not match with
the upper line due the errors in discretization and when 1 < 10 pixels the undulations
are lost in the discretization noise, a new regression performed for 30 < n < 300 pixels
gives A = 1.198 1 pp2- By analyzing the computed perimeter, we can observe that this
perimeter is more and more underestimated when the size of the yardstick increases. This
can be explained away as follows: if the size of the yardstick matches with the length of
the initiator, the perimeter will be underestimated except if we choose as origin the origin
of the Koch construction. When the size of the yardstick increases, the probability that
the yardstick has the same origin as the initiator decreases dramatically. Let us note this
probability Pr(r) defined by Equation (7).

Pr(n) = dn/n (7)

where 41 is the constant size of the elementary pixel.

Then, Equation (10) shows that the probability to estimate the true perimeter decreases
logarithmically with the size of the yardstick. Moreover, for large yardsticks, the curves are
noisier and noisier since the variance of the measure of the perimeter increases with the
size of the yardstick. Postulating that the variance decreases with the probability that the
yardstick has the same origin as the Von Koch initiator becomes obvious.
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We can also remark that the graph itself achieves a self-affinity multifractal structure
meaning that the fractal dimension depends on the scale [7,8]. Figure 3 shows that some
parts of the plot present successive segments with slope 1 meaning that the local fractal
dimension is null and not 1.2.

To minimize all these artifacts, the result can be improved by the following averaged method:

The starting point for the first yardstick is chosen at random.

A second iteration is carried out taking the previous origin + 1 pixel.
The operation is repeated for & varying from 1 to 500 pixels.

Then the following statistics are built:

o

e  The computed perimeter is the mean of these 500 perimeters.
¢  The computed perimeter is the maximum of these 500 perimeters.
e The standard deviation is computed.

Figure 4 represents the evolution of mean and maximal perimeters versus the yardstick
length. For a long yardstick, a set of computed perimeters is equal to the theoretical one
using the maximal value, but using the mean value, the perimeter will always be underesti-
mated. This simulation confirms the hypothesis we state about the underestimation of the
perimeter that could then be avoided using the maximal perimeter that approaches the true
fractal dimension (A = 1.19965 1 g0035) with much accuracy although the mean perimeter
gives A = 1.22gp. The standard deviation of the perimeter versus the yardstick’s length
follows a linear relation ¢[P(e)] = 0.8¢ and confirms the hypothesis that the measurement
of the perimeter is less precise as the size of the yardstick increases.

42
b average

—_ 41 > theoretical
% >~ maximum
D‘ =~
g 4
5
T 39
E
g 3.8
o
&
=537

3.6

1.2 1.6 2 24 2.8 3.2

Log (yardstick) in pixel

Figure 4. Variation in the perimeter length versus the yardstick size (in log-log coordinates) for
a triadic Von Koch island with a Self-similarity dimension D = 1.2. The island is defined on a
2048 x 2048 pixel grid on the border of the graph. The upper line represents the theoretical perimeter
according to Equation (1). For a fixed yardstick, 10 perimeter measures are performed by choosing
the initial point at random. The Dotted line represents the average perimeter and gives the values
of A =1.22. The other dotted line represents the maximal values of the ten perimeter measures and
gives a fractal dimension of A = 1.19965.

Series of curves from dimensions 1.1 to 1.9 are now created and discretized at a
resolution of 2048 x 2048 pixels with a stick from 1 to 800 pixels. Figure 5 shows the
variability of length for the perimeter depending on the stick size for fractal dimensions of
1.1, 1.5 and 1.9. We can draw some insight about those graphs:
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1.  For smaller sticks, the perimeter is increasingly underestimated as the fractal dimen-
sion grows and the underestimating range increases critically. This phenomenon is
related to the length of the initiator that makes the fractal dimension grows with the
smallest size of £, in the Koch construction. Let &, represent the length of the last stick
after n iterations of the Koch construction. With similar principles as in Equation (1),
we can lead eventually to Equation (7).

nlog4

en =Lg/107 2 (8)

2. The critical value ¢, defined by the first significant variation in the log-log represen-
tation is plotted versus €5 in Figure 6 (n = 5 means that five iterations are performed
to construct the Von Koch Island). The very good correlation shows that the underes-
timation of the perimeter is a consequence of the size of the lowest initiator met in the
construction of the Von Koch flake.

The maxima observed in Figure 5 exist with a path depending on the geometry of the
generator. The errors of discretization imply that log P does not vary linearly versus log 1
and presents a cross-over at a critical value, t. To estimate the influence of this cross over
when computing the fractal dimension, A is calculated with t <1 < 300 pixels for all the
Von Koch islands. Figure 7 shows that the fractal dimensions vary and present oscillations
whose maxima fit well with the theoretical value. According to Equations (2) and (7), if
we noted d, the distance between two adjacent peaks, as cos «/2 = (1 4cosat)/2, we
finally obtain Equation (8).

~log?2
A==0" ©)

3. The variance in the estimation of the perimeter rises with the fractal dimension.
4. For a given yardstick, the perimeter is undervalued as the dimension increase.

From all these remarks, seven methods were developed to calculate the slope of the
log-log plot.

55

o

=
)

Log (perimeter) in pixel

4
~ Theoretical perimeter 2 .;?‘ -
.. Least square estimation
3.5
0 0.5 1 L5 2 25 3

Log (yardstick) in pixel

Figure 5. Variation in the perimeter length versus the yardstick size (in log-log coordinates) for a
triadic 3 Von Koch Island with a self-similarity dimension D=1.1, 1.5 and 1.9. The island is defined on
a 2048 x 2048 pixel grid shown on the graph. The continued line represents the theoretical perimeter
and the doted one the regression line [25].
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Figure 6. Correlation between ¢5 from Equation (10) and ¢, corresponding to the first significant
undulation of the log-log plot of Figure 5.
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Figure 7. Values T and A; versus the minimal size of n; (in pixel) for the Von Koch of theoretical
fractal dimension of 1.8. We obtain rmax = 27.5 that gives a fractal dimension of Apayx = 1.74.

3.2. Method 1: All Range of the Yardstick Variation (ARY'V)

The ARYV and MSMV methods are the same as those used in the publication by
Bigerelle and lost, [25] showing similar results. The aim of this study is to include these
methods in the general comparison of seven methods. We provide a summary of the ARYV
and MSMV methods, as too much detail on previous results would automatically result
in plagiarism. This method involves plotting the relationship between area and yardstick
length on a log-log scale. It uses the area covered by the curve as a function of yardstick
size to estimate the fractal dimension. Calculations show that smaller yardsticks tend
to underestimate the fractal dimension, as they do not capture fine details of the curves,
leading to a reduced slope in the log-log plot and thus indicating a lower dimension
estimate. As presented in Table 1, the method increasingly underestimates the fractal
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dimension as it grows. This occurs because &5 increases with the fractal dimension, which
in turn lowers the slope in the log-log plot due to perimeter underestimation. The result
of the calculation of the fractal dimension (1.5) shows that the method is ineffective for
accurately determining higher fractal dimensions.

Table 1. Fractal dimension values using the different methods of computation (ARYV to TRROFD).
Ay is the theoretical dimension as A is the dimension calculated using the range of sticks size (yin

and Mpax).-

1 2 3 4 5 6 7 8
ARYV TEMMV MSMV TMSMV FTPR SCPR  RROFD TRROFD
T
11102 G L0 b 109 o 1102 1141 109 i 1098
12 181 G s o0 1w o 18 S 124 117 o 1w
1.26 1.224 830 1.241 639 1.231 639 1.243 830 1.244 1.255 ;;4 1.260 1372
13 1248 830 1275 6?9 1267 6‘;9 1.285 830 1244 1295 23’5% 1318 13772
L4 1306 G 1368 Lo s S0 139 o 138 1396 b 1367
15 12 G wase 7 wws S0 way 0 1m0 o) 1au
L6 e o s 20 sy B s 30 ass o oass S s
17 1417 830 L O O O W 5 820% 1659 1671 4758 62 o
1.8 1.439 830 1.738 73347 1.737 %)7 1.743 830% 1.763 1.786 14709 1.792 137;
19 1462 oo 1816 L 182 o 15 o> 1ses 1901 0 189

3.3. Method 2: Initiator Epsilon Min-Max Variation (IEMMV)

The slope is calculated as follows. The yardstick varies between the size of the initiator
g1 (between 580 and 755 pixels) and the smallest size of the iterator after five iterations, i.e.,
e5 (between 4 and 41 pixels). When choosing the yardstick range, we obtain (Table 1) a
better estimation of the fractal dimension, and errors vary between 0.01 and 0.09. The best
results obtained by Method 2 mean that

e  The yardstick’s size must be higher than a critical value corresponding to the beginning
of the fractal regime.

e  The yardstick’s size must be lower than a critical size depending on the support of
the fractal.

In our case, these critical sizes are determined from the values €1 and ¢5 related to the
Von Koch flake construction. However, the fractal dimension is not well evaluated by this
method because the perimeter is underestimated for short yardsticks even if the yardstick
size is higher than e5. This is since the fractal curve is discretized in a highly anisotropic
matrix and then it is not possible for ¢5 to be confounded for each segment with the Von
Koch flake even with a high number of randomly distributed origins. This effect is amplified
for high fractal dimensions, which increase the anisotropy of the discretized image.

This method which requires the knowledge of both ) and &5 (the way to construct
the fractal curve and therefore its fractal dimension) is not relevant to calculate the fractal
dimension of unknown curves.
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3.4. Method 3: Maximal Slope with Minimal Variation (MSMV)

This method, also presented in detail in Bigerelle and Iost [25], measures the mean
square variation in the fractal dimension as a function of yardstick size. To evaluate the set
of perimeters that is significantly less than the expected one, A linear method on a log-log
plot is used to estimate the fractal dimension A;. To avoid errors related to small scales, an

estimator = é_j is defined, where SJ- is the standard deviation of the residuals.

The best estimate of the fractal dimension A,y is obtained at the highest value of rj.
This method allows estimation of the smallest meaningful scale (¢5) without knowing the
construction parameters, but it requires prior knowledge of the largest scale (g).

3.5. Method 4: Total Maximal Slope with Minimal Variation (TMSMV)

This method is the same as the MSMV method except for the largest yardstick which
is not given by £ but is equal to 800 (the maximal yardstick size used in our simulations).
The results are nearer than those obtained by Methods 3 and 2 in which parameters of the
fractal were completely or partially known. Moreover, this method does not require any
hypothesis on the flake constructor and can then be applied to any fractal curve and then
to any experimental image.

3.6. Method 5: Fourier Transform Patterns Research (FTPR)

A periodicity in the representation of log(P’) versus log(n) related to the self-similarity
dimension of the Von Koch construction by D =log2/d is shown in Figures 4 and 5.
To estimate d with this relation, we first calculated the fractal dimension by Method 1.
Secondly the signal is straightening up on by keeping only the residuals of the least square
regression line to avoid lower frequencies related to the slope of the log-log plot which
leaves unchanged the d value. Thirdly we processed a Discrete Fourier Transform. Figure 8
represents the spectra of the log—log plot for A =1.2. As it can be observed, the fundamental
peak appears on d = 0.242 and two harmonic peaks at d /2 = 0.126 and d /4 = 0.063. However,
even if the border effects are neglected (in our cases we used the Hamming window to
process to the weighted moving average transformation), the lowest frequencies are not
defined very precisely. In our experiment, the two adjacent periods for d = 0.242 are 0.223
and 0.263. This lower resolution is intrinsic to the Fourier transform and can only be
increased by taking a higher number of points, which means increasing dramatically the
image size and then the calculation time. However, according to Equation (11) and a fractal
dimension varying between one and two, the d-range lies in the [log /2, log 2] interval, i.e.,
[0.1505, 0.3010]. Consequently, using the Fourier analysis, the precision on A cannot exceed
0.2. In Figure 8, we obtain A = 1.24 which lies in the interval [1.14, 1.35]. This procedure is
repeated for the different fractal dimensions and the results with their confidence intervals
are shown in Table 2. As can be observed, the uncertainty on the determination of the
fractal dimension is around 0.2, which represents an error of 20%. However, the theoretical
fractal dimension always lies in the confidence interval determined by this spectrum
method, proving that the research pattern method is adequate but that its precision must
be improved. The next method will present an original technique to better estimate d.
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Figure 8. Discrete Fourier Transform of the log-log plot shows the border of the figure, which is the
residuals from the regression of Figure 3. The theoretical fractal dimension is 1.2. The harmonics give
the value of d = 0.242 and give A =1.24.

Table 2. Results of the Discrete Fourier Transform. dy,,, represents the period of the log-log plot
of the Richardson graph according to Equation (11). dmean, dins and dsyp represents the statistics of
the adjacent points of the higher harmonics (period) (see Figure §). The fractal dimension could be
calculated from these D values and give an interval of variation Ac € [Amin, Amax].

A dtheo dmean dinf dsup Ac Ainf Asup
1.10 0.274 0.264 0.242 0.290 1.14 1.04 1.24
1.20 0.251 0.242 0.223 0.264 1.24 1.14 1.35
1.26 0.239 0.242 0.223 0.264 1.24 1.14 1.35
1.30 0.232 0.242 0.223 0.264 1.24 1.14 1.35
1.40 0.215 0.223 0.207 0.242 1.35 1.24 1.45
1.50 0.201 0.207 0.193 0.223 1.45 1.35 1.56
1.60 0.188 0.194 0.181 0.207 1.56 1.45 1.66
1.70 0.177 0.181 0.171 0.194 1.66 1.56 1.76
1.80 0.167 0.171 0.161 0.181 1.76 1.66 1.87
1.90 0.158 0.161 0.153 0.171 1.87 1.76 1.97

3.7. Method 6: Self-Convolution Patterns Research (SCPR)

This method aims at determining d precisely and then, according to Equation (11), the

fractal dimension. As could be proved for the FTPR method, the resolution of all methods
based on the mathematical basis of the Fourier transform is insufficient to calculate the
fractal dimension. For this reason, we use an autocorrelation function by calculating the
coefficient of regression R(én) between the points log P() and log P(n + 7). By taking the
mean of all values for different profiles, we obtain Equation (10).

Timax —01

! ! log(P* (n)) log(P* (n + &n))dn

?nmax — Nmin — N

R(on) = (10)

TMmin

where ¢ is the variance of log(P*(n)) with log(P*(n)) = log (P(n)) — p and p the mean
of log P(n).
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As we have used the yardstick geometrical variation (YGV) method, each distance
between discretized adjacent points is constant and the integral can be discretized by
Equation (11).

1

N—i
R(i) = AN =1 Y log (P*(j))log(P*(j +1i)) (11)

=1

where N is the number of discretized points log(P*(j)).

To find d, &n is calculated such that the functional R(dn) is maximal with
on € [logv/2,log 2] , R(6n) is plotted versus A(dn) = 1‘;%}2 (Figure 9) for all the Von Koch
curves whose fractal dimension varies from 1.1 to 1.9. The maximum of each curve gives the
fractal dimension calculated by the SCPR method with an error lower than 0.03 (Table 1).
This method can estimate the highest fractal dimension and is more precise than the
previous ones. Moreover, this original method allows us to calculate the angle of the

constructor « (with the relation d =log[2cos (« / 2)]) without estimation of the regression
slope. Figure 5 shows that if m is the number of maxima met in the log-log plot and i the
number of iterations for the snowflake, the relation m = 2i — 1is obtained. Consequently,
all the odd peaks represent the value of ¢, used in the construction of the flake.

1
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Figure 9. Values of R(dn) versus ]%-%]—2 for all the different Von Koch curves with fractal dimension
varying from 1.1 to 1.9. The maximum of each curve gives the fractal dimension calculated by the
SCPR method.

As the relation e, = Lo/ [2(1 + cos «)]" holds, by plotting log ¢, versus log n and by
the least square linear regression, the values of the ordinate give the values of Ly. Then it
becomes very simple to reconstruct all the parameters of the initial fractal curve without
restriction. The SCPR method becomes an inverse method that could be used to find the
beginning of a fractal process and its origin. However, it can only be used to calculate the
fractal dimension of fractal curves constructed by Linear Iterative Function System (LIFS)
and cannot be applied to other forms.

3.8. Method 7: Range Research of Optimized Fractal Dimension (RROFD)

RROFD is not a method to calculate the fractal dimension, but it allows us to find the
optimal range of [ min, Mmax] on which the calculated fractal dimension corresponds to the
theoretical one (Table 1). To find this interval, we calculate the fractal dimension from the
set of points

Eij = {(logni, log P(m;)), (logni+1,10g P(Nit1)), - -, (lognj—1,log P(nj-1)), (logmj, log P(m;) ) }
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noted A;j.
We retain the values (i, j) that give the functional |Ai,j — Atheoreﬂcal‘ minimal. It is then

possible to plot the surface response of the error |A — Aheoretical | Versus the minimal

Mmin Mmax
and maximal sizes of the pixel Nmin and Nmax used to estimate the fractal dimension. The
main problem is that the surface on which optima are found does not consist of valleys,
making the optima not very stable, particularly for higher dimensions. Moreover, each
optimum depends on the fractal dimension and is quite different. Therefore, all methods
used to calculate the fractal dimension must be tested on curves with different fractal

dimensions and must lead to robust minima.

3.9. Method 8: Total Range Research of Optimized Fractal Dimension (TRROFD)

This method is close to Method 7 (RROFD) but its aim is to find the unique optimal
range [Nmin, Nmax] on which all calculated fractal dimensions correspond to the theoretical
ones. The research algorithm described in Method 6 is used to retain the shortest size of the
pixel in and the largest one Nmax used to estimate the fractal dimension which minimizes

the functional 1y, A in mae — Dtheoretical | Where 1.1 <A < 1.9 represents the fractal

dimension for the ith Koch flakes between n curves. The surface response of the mean error
fOr Nmin = 37 and Nmax = 172 gives a fractal dimension with an error lower than 0.016 (Ta-

. ) 2
ble 1). Note that changing the previous functional by \/ %El?‘zl (lAnmin,nmax — ‘Atheoreﬁcal)

does not affect N, and Ny, proving that the optimization problem is well stated.

3.10. Influence and Optimization of Yardstick Ranges

The accuracy of fractal dimension estimation using Richardson’s method strongly
depends on the selection of the yardstick range, defined by 1,;,, and n,,,. Each of the eight
methods described in this study adopts a different strategy for choosing or optimizing
this interval. Table 3 summarizes how these values are defined or computed in each
method, whether they are fixed, derived from the fractal geometry, statistically optimized,
or indirectly determined through signal analysis.

Table 3. Definition of 1 min and 1 max in the eight methods.

Method Full Name MNmin T max Description
Full range arbitrarily chosen; prone to
1. ARYV All R.a nge Of tl}e Fixed (e.g., 1 pixel) Fixed (e.g., 800 pixels) errors due to discretization (low n) or
Yardstick Variation X .
oversmoothing (high 1).
Tnitiator Epsilon €5 = smallest segment of 1 = initial segment of Reqmrels knowledge of the fractal’s
2. [IEMMV ‘ o the generator ers construction parameters; not usable on
Min-Max Variation . . the initiator
(iteration 5) unknown curves.
Maximal Slope with Selected to minimize Selected to minimize Searches for stlable H.ltervals Wl.th low
3. MSMV e - . - slope fluctuation, without relying on
Minimal Variation slope variance slope variance . .
explicit geometric knowledge.
Total Maximal Slope More general version of MSMV that
4, TMSMV . o P Like MSMV Fixed at 800 pixels can be applied to unknown or
with Minimal Variation -
experimental fractals.
Fourier Transform Implicit (derived Implicit (derived No exphCIt. N range; anally51s 8 Pased
5. FTPR ) . s on the periodicity of residuals in the
Pattern Research from residuals) from residuals) .
log-log perimeter plot.
. . Peak lag
. Determined Determined . o
6. SCPR Self-Convolution automatically automatically rmax defines the periodicity; 1y, and

Patterns Research

via autocorrelation

via autocorrelation

Mmax are implicit from the
correlated signal.
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Table 3. Cont.
Method Full Name Nmin T max Description
Range Research of Optimized per curve to find the best
7. RROFD Optimized Explored by grid search ~ Explored by grid search [Mmins Mmax] interval with minimal
Fractal Dimension deviation from theoretical D.
Total Range Research of inim e aesnge et sosasl
8. TRROFD Optimized Nmin = 37 pixels Nomax = 172 pixels &

Fractal Dimension

tested fractal dimensions; provides
stable and general recommendation.

4. Analyses of the Stochastic Von Koch Flake

We shall now introduce the stochastic construction of the Von Koch flake (size
2048 x 2048 with five iterations) (Figure 10). All the steps of the iterative construction
are the same as in the deterministic case, but the direction of the initiator is chosen at
random, with a probability %, (these operations leave unchanged the theoretical fractal
dimension). These fractal curves presenting a stochastic structure met in nature are more
appropriate to test Richardson’s method (Figure 11) and introduce a stochastic measure
for the fractal dimension that was impossible for deterministic curves. However, during
the construction, some recovering may appear that diminishes the fractal dimension of the
curves leaving unchanged the self-similarity dimension. We have shown that when using a
fractal dimension lower than 1.2, no recovering appears and then the fractal dimension of
the flake equals its self-similarity dimension (A = D). It is to be noticed that some analytical
models applied to calculate the fractal dimension of ruptured surfaces do not take this fact
into account and give overestimated values of A.

1 iteration 2 iterations 5 iterations

Figure 10. The Stochastic triadic Von Koch Island construction with D = 1.2: first, second and fifth iterations.

To estimate the fractal dimension of the stochastic Von Koch flake, the following
scheme is applied:

1. 100 stochastic Von Koch flakes are constructed with five iterations and a resolution of
2048 x 2048 pixels.

2. The fractal dimensions are calculated by the six different methods (ARYV, [IEMMYV,
MSMYV, TMSMYV, SCPR, and TRROFD (taking the range obtained by the nearer opti-
mization, i.e.,, 1 € [37, 172]) as indicated by Method 8.

3. Statistics on the 100 fractal dimensions are performed (mean, standard deviation,
standard error, min, max, median, 95% confidence level for the mean) (Table 4).
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Figure 11. Variation in the perimeter length versus the yardstick size (in log-log coordinates) for a
triadic Stochastic von Koch Island with a self-similarity dimension D = 1.2. The island is defined on a
2048 x 2048 pixel grid as illustrated in Figure 10. The upper line represents the theoretical perimeter
according to Equation (1). The dotted line represents the linear regression and gives the values of
A=1.19.

Table 4. Descriptive statistics on the calculation of the fractal dimension (theoretical fractal dimension
1.2) shown in Figure 10 for 100 Stochastic Von Koch flakes built with five iterations on a resolution of
2048 x 2048. Fractal dimension is calculated by the six different methods: ARYV, [IEMMYV, MSMV,
TMSMYV, SCPR, and TRROFD. IC 95% represents the 95% confidence interval of means, and Std. dev
the standard deviation.

Method Mean —I1C 95% +IC 95% Median Minimum Maximum  Std Dev
ARYV 1.186945 1.186567 1.187322 1.186793 1.182414 1.192838 0.001892
TMSMV 1.197857 1.197272 1.198442 1.197949 1.191600 1.207049 0.002932
SCPR 1.199980 1.198943 1.201017 1.198000 1.191000 1.212000 0.005200

TRROFD 1.197210 1.195674 1.198745 1.196271 1.180984 1.214840 0.007698
IEMMV 1.196716 1.196080 1.197351 1.196651 1.190029 1.207746 0.003184
MSMV 1.180796 1.180464 1.181128 1.180775 1.177221 1.185031 0.001665

The SCPR Method perfectly estimates the fractal dimension because the 95% confi-
dence interval includes the theoretical dimension. On stochastic curves, the results obtained
by this original method are also very accurate. The TRROFD method also speaks for itself,
confirming the fact that the range on which the yardstick is chosen plays an important role
in giving a precise determination of the fractal dimension. Moreover, this method helps to
determine the yardstick range. The methods ARYV and IEMMYV underestimate A, proving
once more that the yardstick range cannot be chosen arbitrarily. Because of the lack of
precision on the measure of the fractal dimension, the MSMV method is not appropriate
for stochastic curves. Finally, the TMSMV method is accurate and can be applied both to
stochastic and deterministic curves.

A promising avenue for future work is the extension of the He-Liu formulation [27],
originally developed for porous materials, to partially fractal geometries such as the stochas-
tic Von Koch curve as shown in Appendix A. By treating the probability p of recursive
refinement as a proxy for geometric porosity, we derive in Appendix A, a heuristic di-
mension «(p,n) that captures the progressive loss of complexity. This model enables a
continuous transition between linear and fully fractal regimes and defines a critical thresh-
old Piransition Where the structure reaches the classical Koch dimension. These results
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suggest that the He-Liu approach could bridge geometric and physical perspectives in
fractal analysis.

5. Conclusions

This study highlights both the strengths and limitations of using Richardson’s method
for estimating the fractal dimension of self-similar structures. A key strength of our ap-
proach is the development and comparison of multiple computational methods, allowing
for a more robust and precise estimation of fractal dimensions, particularly when applied to
digital images. Methods such as the Self-Convolution Patterns Research (5CPR) technique
demonstrated high accuracy, with confidence intervals including the theoretical fractal
dimension. Additionally, our findings emphasize the importance of selecting an appropri-
ate yardstick range, as arbitrary choices can significantly bias results. However, certain
limitations persist. The dependency of the estimated fractal dimension on the chosen
algorithm remains a challenge, making cross-method comparisons difficult. Discretization
errors introduce artifacts, particularly for large yardstick sizes, affecting the precision of the
perimeter estimation. Moreover, while our approach is effective for deterministic fractals
such as the Koch snowflake, its applicability to more complex, naturally occurring fractals
or stochastic fractal structures requires further investigation. Future research could extend
these findings by integrating physical simulation models to explore how characteristic
scales of interface modification emerge under specific physical mechanisms, such as erosion,
diffusion, or mechanical stress. Additionally, refining computational techniques to mitigate
discretization errors and improve cross-method comparability will be crucial for advancing
fractal analysis in various scientific and engineering applications.

In conclusion, this study demonstrates the effectiveness of Richardson’s method for
estimating the fractal dimension of self-similar structures. Qur analyses underscore the
emergence of artifacts when the condition of self-similarity is not strictly met, highlighting
the critical role of selecting appropriate parameters for accurate analysis. We observed
that the fractal dimension is influenced by various morphological factors in the Koch
curve construction, suggesting a potential link between shape parameters and underlying
physical processes.

Using an innovative approach, we analyze the perimeter as a function of yardstick
size, enabling the extraction of key parameters for constructing fractal curves. This inverse
method proves valuable in identifying critical experimental features. Furthermore, our
findings confirm that specific methods, such as Self-Convolution Patterns Research (SCPR),
provide accurate fractal dimension estimations, whereas methods like All Range of the
Yardstick Variation (ARYV) and Initiator Epsilon Min-Max Variation (IEMMYV) reveal the
sensitivity of results to the chosen yardstick range. This study also highlights the suitability
of certain methods for either stochastic or deterministic curves, offering robust tools for
fractal analysis.

Looking ahead, this work opens promising avenues for leveraging physical simulation
models on fractal constructions such as the Von Koch curve. These models could explore
how characteristic scales of interface modification emerge under specific physical mecha-
nisms. For instance, simulations of erosion, deposition, or diffusion along a fractal interface
could help identify critical points of interaction, while models of mechanical stress or
adhesion could elucidate the role of fractality in fracture propagation. Moreover, dynamic
simulations involving fluid—structure interactions, growth processes, or thermal ablation
could reveal how external forces alter the geometry of fractal structures. By combining
these simulations with a quantification approach based on morphological indicators, such
as fractal dimension or specific roughness parameters, it would be possible to system-
atically study the interplay between fractal geometries and physical phenomena. These
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methodologies may provide new insights into interface dynamics, enabling the identifi-
cation of characteristic features and scales relevant to applications in materials science,
surface engineering, and even biological systems.
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Appendix A. Toward the Application of He-Liu Formulation in Partially
Fractal Structures: The Case of the Stochastic Von Koch Curve

In the field of fractal analysis, it is essential to distinguish between two major categories
of structures: boundary (or contour) fractals and mass fractals. The former, such as the
classical Von Koch curve, are one-dimensional geometric objects embedded in a higher-
dimensional space. They are characterized by complex boundaries but occupy zero area or
volume. The latter, by contrast, include porous solids or granular media, which exhibit a
hierarchically distributed occupation of space. In these cases, the notion of mass density
at multiple scales becomes central. These two families of fractals rely on fundamentally
different measurement logics: boundary fractals are analyzed via perimeters or lengths,
while mass fractals require volumetric or areal evaluations.

The Lacunar Stochastic Von Koch curve constitutes a particularly intriguing intermedi-
ate case. It generalizes the deterministic Koch curve by introducing a probability p € [0,1]
of adding the triangular protuberance at each iteration step. As a result, only a fraction
of the segments undergoes fractal refinement at each stage, yielding a partially fractal
structure marked by local lacunarity. Some zones remain smooth (non-iterated), which
introduces a measurable loss of geometric complexity. Conceptually, this reduction can be
likened to porosity in mass fractals, where expected structure is absent.

In this context, it becomes relevant to question whether the formulation first proposed
by Kong [27] and improved by He and Liu [28] to quantify the fractal dimension of porous
materials based on the ratio of preserved to missing matter, could be extended to partially
fractal geometries. Their two-scale approach relies on the relationship between a total
reference domain of size L and a fractally occupied subdomain C, given by the following:

LZ

o= IHL;CQ (A1)
Ing

where L? is the bounding area (or total volume in 3D), and C? the effective area occupied by

structure. In porous media, L? — C? represents voids. Analogously, in the stochastic Koch

curve, this difference may be interpreted as a geometric porosity, reflecting the absence of

local fractal development.

The average fractal dimension of the stochastic Koch curve can be explicitly derived by
modifying the classical deterministic model. In the standard Von Koch curve, each segment
is replaced by four segments of one-third the original length, leading to a dimension
D =In3/In4 ~ 1.2619.

In the stochastic variant (Table A1, Figure A1), only a proportion p of the segments un-
dergo refinement. On average, a single segment yields 1+3p new segments: the base
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segment is divided into three, and the triangular “bump” is added with probability
p, contributing two additional segments. Hence, the mean fractal dimension becomes
D(p) = In(1+3p)/In(3).
This formulation behaves intuitively:
e  When p =1, we recover the classical dimension D = In4/In3,
e When p =0, no refinement occurs, and D =0, corresponding to a straight line (minimal
complexity).

Table Al. Grid of stochastic Von Koch snowflakes generated at recursion level 10, for decreasing
values of the probability p (from 1.0 to 0.0) applied to each segment. Each column represents a distinct
p, while each row shows an independent random realization. Geometric complexity decreases with
lower p, leading to smaller estimated fractal dimensions.

p=1 p=09 8 p=07 p=06 p=05 p=04 p=03 p=02 p=0.1 p=0

D=1264 D=1263 254 D=1.176 D=1222 D=1.158 D=0917 D=0.910 D=0.442 D=0.248 D=0
03 £

D=1264 D=1.263 D=1.250 D=1247 D=1.197 D=1.027 D=0.877 D=0.896 D=0.726 D=0.146 D=0
IR

D=1264 D=1262 D=1.258 D=1232 D=1215 D=1.102 D=0.996 D=0.905 D=0401 D=0.378 D=0
3 63

D=1264 D=1263 D=1.257 D=1239 D=1.197 D=1.130 D=0.885 D=0.826 D=0.686 D=0.352 D=0
£3 i3

D=1264 D=1263 D=1.253 D=1241 D=1.029 D=0806 D=0.435 D=0.459 D=0

4.7
£,

0.7
gm‘}.
{:}.

33 63 3 N7 N

To explore the applicability of the He-Liu method in this context, we propose the
following heuristic argument. At iteration n, the effective area developed by the stochastic
Koch curve is reduced relative to the fully deterministic version by a factor of p", corre-
sponding to the fractal density. We may thus approximate the occupied area as C? = Anpn,
where A,, is the area in the classical case. Assuming L = 1, the fractal dimension is shown
in Equation (A2).

In+Ll-
a(pn) = —F (A2)
N

This expression decreases with p, aligning with the intuition that greater lacunarity

(lower p) results in reduced fractal complexity. Therefore, the He-Liu formulation can
capture both the scale-dependent behavior and the local fractal density in structures that
are only partially developed.
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Figure A1l. Plot of the heuristic fractal dimension o(p,n) as a function of the stochastic activation
probability p, for various iteration depths n. The exact dimension D(p) is shown in black. For each
n, the heuristic formula «(p,n) overestimates the dimension for high p and is truncated at 1.2619 to
reflect the deterministic Koch curve limit.

This expression decreases with p, aligning with the intuition that greater lacunarity
(lower p) results in reduced fractal complexity. Therefore, the He-Liu formulation can
capture both the scale-dependent behavior and the local fractal density in structures that
are only partially developed.

The expression of x(p,n) provides a useful heuristic interpretation of effective fractal
complexity in partially developed structures. However, it diverges as p—1, unlike the true
fractal dimension of the deterministic Koch curve. Therefore, this formulation should be in-
terpreted as an approximation valid for p < 1. Interestingly, the heuristic formulation «(p,n)
derived in analogy to the He-Liu model does more than approximate local complexity—it
also provides a continuous description of the transition between geometrical regimes. For
each iteration depth n, a critical probability p,., o, can be defined by the condition of
Equation (A3).

In4
fx(Ptransition’ 1’1) = m (AS)

This transition point separates two regimes (see Figure A2):

e  For p < puansitions the structure behaves as a partially fractal boundary, with lower
geometric complexity.

e  Forp > piansitions the effective fractal dimension saturates to that of the deterministic
Koch curve, indicating full geometric development.

Thus, the heuristic a(p,n) serves as a phase-function interpolating between linear
and fully fractal contours. This offers a geometric counterpart to the original He-Liu
formulation applied to mass—void systems and suggests a broader conceptual framework
in which fractal completeness is governed by parameters such as p, scale n, or material
porosity. Although the He-Liu model was originally conceived for physical systems with
hierarchical porosity, its underlying logic, quantifying structural information loss across
scales, makes it relevant for geometric objects with incomplete or randomly distributed
fractality. When applied to the stochastic Von Koch curve, the model yields an effective
fractal dimension interpretable as a measure of complexity density. This transposition opens
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a promising avenue for bridging geometric and physical approaches to fractal analysis,
and for comparing deterministic methods (Richardson, SCPR, etc.) with scale-integrated
techniques from material science, thus moving toward a unified framework for fractal
quantification across scientific domains.
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Figure A2. Critical probability p,... .o at which the effective dimension e(p,n) reaches that of the
deterministic Koch curve.

Appendix B. Algorithmic Schema of Richardson’s Method

This appendix provides a step-by-step schematic description of the Richardson—
Mandelbrot method for estimating the fractal dimension of planar curves. The method
is based on measuring the perimeter of an object at various scales using yardsticks of
decreasing size.

We provide below a generalized version of the algorithm applicable to digital images
or parametric curves.

Appendix B.1. Algorithm: Richardson—Mandelbrot (Compass) Method

The process of estimating the fractal dimension of a two-dimensional boundary begins
with the input of either a binary image or a parametric curve representing the contour to be
analyzed. A set of yardstick sizes n; within a specified range [n_min, 1_max|, expressed in
pixels or normalized units, is then applied. By measuring the boundary’s length at each
scale and observing how this length changes with respect to the yardstick size, one can
estimate the fractal dimension D, which quantifies the geometric complexity of the contour
across scales (Figure A3).

Step-by-step procedure:

1.  Preprocessing

e  Extract the boundary or contour of the object (e.g., via edge detection or
marching squares).
e  Represent the contour as a sequence of ordered points { xk}if:l

2. Select yardstick sizes

e  Define a set of scales 11,13, ..., Mn, typically logarithmically spaced.
e  Ensure nyn is above image resolution noise, and nNmax below the object size.

3. Traverse the contour with each yardstick
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e  For each 1;, walk along the curve using a ruler of fixed length n;, placing steps of
this size end to end.
e  Count the number of steps N(n;) needed to traverse the full contour.
4. Compute effective perimeter
e  Approximate the perimeter as P(1;) = N(n;).n;.
5. Log-log regression

e  Fitalinear regression of log P(n;) vs. log(n;).
e The slope s yields the fractal dimension: D =1—s

The Figure A4 presents five realizations of the Von Koch snowflake, constructed
through recursive subdivision of an equilateral triangle using the classical deterministic
algorithm. At each iteration, every segment is replaced by four smaller segments forming
a triangular “bump,” which is consistently applied when the probability parameter is set
to p = 1. As expected, all realizations are geometrically identical, since the probabilistic
mechanism is inactive in this configuration. This scenario represents the theoretical limit
of maximal fractal development, where the expected fractal dimension reaches 1.2619.
The Figure A5 displays perimeter measurements obtained from multiple realizations of
the same underlying geometry, with each point in the plot corresponding to a distinct
realization. The data reveal a clear power-law relationship across several orders of mag-
nitude, from which the fractal dimension is estimated using linear regression, following
the relation D =1 — slope. In this case, the estimated fractal dimension slightly exceeds
the theoretical value of the Koch curve (D =log(4)/log(3) ~ 1.2619), with observed values
around D ~ 1.31—likely attributable to resolution and discretization effects.

[ Contour ]

Y

[ Yardstick scales 7 J
v

[ For each 7: ]

v
[Walk the curve (ruler steps) J
v
[Compute P(n)=N(n) xn j
v
[ Log-log regression ]

[ Estimate slope - D = l—slopej

Figure A3. Algorithmic schema of Richardson’s method.
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Figure A4. Deterministic construction of the Von Koch snowflake at successive iterations.

3 T T T T

—e— Data
- = = Linear fit

2.5

Log(L(e))

0.5 A S S S S S
7 6 5 4 3 2
log(e)

Figure A5. Log-log Richardson plot of perimeter P(n) as a function of yardstick size n, measured on
five independent realizations of the deterministic Koch snowflake.
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Chapter 3. Von Koch Complexity

3.4 Conclusion of the chapter

By dissecting the Koch snowflake, an ideal curve with a known analytical dimension, we have
shown that sampling density, indentation angle and mesh topology each introduce systematic
bias into estimated fractal metrics. The error model derived here yields two practical outcomes.
First, it defines a saferesolution envelope: a minimum of 12 nodes per indentation cycle keeps
the relative error on the fractal dimension below 2 %, regardless of curve depth. Second, it
validates a Gaussian low-pass pre-filter as the most effective way to suppress aliasing without

erasing scale information.

With these calibrations in hand, the thesis can now advance from synthetic geometry to
real, textured surfaces. Chapter 4 will embed the Gaussian filter inside a multi-scale Sdr
protocol, applying it to turned and blasted metal so that the complexity measured reflects
intrinsic morphology rather than discretisation artefacts. In SIAS terms, we are crossing the
threshold from the visual-syntax tier, where complexity is first recognised, to the quantitative-
evaluation tier, where that complexity becomes a reliable numerical descriptor usable across

engineering and heritage domains.
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Prolegomena of the chapter 4

Standing firmly on the “quantitative-evaluation” tier of the Surface-Information Acquisition
Spectrum (SIAS), Chapter 4 forges the methodological bridge between the thesis’s two
preceding chapters: the heraldic study that formalised visual complexity (Chapter 2) and the
Koch-snowflake investigation that quantified sampling-induced bias (Chapter 3). Here, we
translate those theoretical lessons into an operational protocol for real surfaces, coupling the
[SO-25178-2 Sdr extension parameter with a multi-scale Gaussian filter to generate a scale-
dependent relative area analysis. By calibrating filter bandwidth with the error model
established for synthetic curves, the chapter ensures that the dimensional estimates reflect
genuine morphology rather than discretisation artefacts. Bootstrap uncertainty analysis
positioning it as the core quantitative tool that the subsequent case studies, Van Gogh’s impastos

will exploit to unify artistic perception and metrological rigour.
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4.1 Bootstrap methodology

One of the statistical methods used to process measurement results is called Bootstrap.
Introduced by Efron in the field of statistics in 1979 [129,130], this method quickly became
widely applied in many fields. The Bootstrap method relies on treating the available sample
data as a proxy for the population to approximate the sampling distribution of a statistic. This
is achieved by resampling with replacement from the original dataset, generating numerous
Bootstrap samples (typically in the thousands). A statistical measure is then calculated for each
of these samples, and the distribution of these values, visualized as a histogram, is known as

the Bootstrap distribution of the statistic (Figure 4.1).

Let g be a population parameter to be estimated, and § the estimator computed from a
sample of size n, such as the median or the mean. According to the Central Limit Theorem
(CLT), when n is large, the distribution of § is approximately normal, centred at g, with a

standard error of the form in, where @ depends on the population and the estimator. However,

when q is complex (e.g., median, correlation), the standard error is difficult to compute
analytically. The Bootstrap overcomes this issue by generating multiple Bootstrap samples from
the observed data and recalculating §B for each of them. The distribution of the obtained §B,
known as the Bootstrap distribution, converges to the theoretical distribution of § , thus
validating the Bootstrap CLT. Moreover, if we consider the standardized statistic
(G — q)/SE where SE is the standard error, the Bootstrap allows for a second-order correction,
providing a more accurate approximation of the limiting distribution, especially for small
samples. Finally, in the specific case of the mean § = X , the Bootstrap variance 63 =

1 = o o . .
EZle(Xi — X)? offers a robust estimation of the standard error, making this method

particularly useful in practice.

In surface topography characterization, the Bootstrap method is used in multiple ways.
One approach is to resample with replacement the roughness parameter values obtained from
surface measurements. This allows for a better estimation of statistical uncertainties, the
stability of roughness descriptors, and the confidence intervals associated with the measured
parameters. It should be noted that Bootstrap can be applied not only to simple distributions

but also to pairs and residuals.
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Figure 4.1 (a) Original distribution of 50 random values from a variable with a mean of 10 and standard

deviation of 5. (b) distribution of 100000 Bootstrap replications based on the original distribution

4.2 Analysis of Variance (ANOVA)

When analysing surface roughness, there are quantity of parameters that geometrically describe
the topography termed by Whitehouse as “parameter rash” [131]. It is necessary to find the

most discriminating parameter that best differentiates between groups of surfaces. ANOVA is a

127




Chapter 4. New Fractal-based Method

statistical analysis method used to compare the means of several groups to determine if at least
one mean is different from the others. It evaluates the effect of one or more qualitative variables
(factors) on a quantitative variable (dependent variable). The qualitative variables are called
factors, and each factor can have multiple levels (or modalities). ANOVA allows for the study

of the main effects of these factors as well as the interactions between them.

For example, in a surface study, one can analyse the evolution of a parameter based on
the blasting media of a surface, with three modalities: small glass beads (70-150 um), large
glass beads (150-250 um), and fragments of crystallized alumina also known as corundum
(200-300 wm). The factor 'blasting media' is considered a qualitative variable, and its effect on

a quantitative surface parameter, such as roughness (Sa), can be studied.

In this case, a one-factor ANOVA is used to analyse the dependence of the quantitative
variable (surface parameter) on the factor 'blasting media'. The test involves verifying whether
the mean of the quantitative variable is homogeneous across the different modalities of the
factor. The F-test of Fisher compares the inter-group variance (between groups) to the intra-
group variance (within groups). If the ratio of these variances (F-ratio) is significantly different
from 1, the null hypothesis of equal means is rejected, indicating that at least one group mean
is different from the others. The analysis of variance thus determines whether the studied
dependence is significant for the factor considered. To better understand the ANOVA process,
we can visualize it through several key graphs using our example of sandblasted samples. First,
a box plot can be created to display the distribution of roughness values (Sa) for each type of
blasting media (Figure 4.2). This plot helps to identify the median, quartiles, and any outliers
within the data, providing a clear overview of how the roughness values vary across different
media types. Next, we can enhance the visualization by adding error bars to the box plot, which
represent the standard deviation (Figure 4.3). These error bars provide additional insight into
the variability of the roughness values for each media type, allowing us to assess the consistency
and reliability of the measurements. By examining the error bars, we can determine if there are

significant differences in roughness values between the different media types.

Finally, to ensure the validity of our ANOVA results, we can visualize the residuals
(Figure 4.4). This involves plotting the residuals to check for homogeneity of variances and
normality. By analysing the residual plot, we can identify any patterns or deviations that might
indicate violations of the ANOVA assumptions. A well-distributed residual plot with no clear
patterns suggests that the variances are homogeneous, and the residuals are normally

distributed, confirming the robustness of our ANOVA findings.
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Box Plot of Surface Roughness (Sa)
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Figure 4.2 Distribution of roughness values (Sa) for each type of media

Mean Plot with Error Bars of Surface Roughness (Sa)
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Figure 4.3 Mean of roughness values for every type of media with error bars
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Figure 4.4 Distribution of the residuals

Although considered a discriminating parameter, the question remains whether the Sa
parameter, present in the ISO 25178-2 standard, is the most discriminating for characterizing
the morphological difference between surfaces. Indeed, other parameters such as Sdq or Sdr
may be good candidates for better characterizing the difference between the various modalities
of the factor(s). Therefore, it will be necessary to perform ANOVA tests, taking each parameter
one by one as the dependent variable, and then compare the results of the Fisher tests. The

higher the F-value, the more significant the difference between the groups will be.

4.3 Two 3D fractal-based approaches for topographical characterization: Richardson

Patchwork versus Sdr
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Abstract: Various methods exist for multiscale characterization of surface topographies, each offering
unique insights and applications. The study focuses on fractal-based approaches, distinguishing
themselves by leveraging fractals to analyze surface complexity. Specifically, the Richardson Patch-
work method, used in the ASME B46.1 and ISO 25178 standards, is compared to the Sdr parameter
derived from ISO 25178-2, with a low-pass Gaussian filter for multiscale characterization. The com-
parison is performed from the relative area calculated on topographies of TA6V samples grit blasted
with different pressures and blasting materials (media). The surfaces obtained by grit blasting have
fractal-like characteristics over the scales studied, enabling the analysis of area development at multi-
ple levels based on pressure and media. The relative area is similar for both methods, regardless of
the complexity of the topographies. The relevance scale for each calculation method that significantly
represents the effect of grit blasting pressure on the increased value of the relative area is a tiling
of 7657 64 um? of triangle arca for the Patchwork method and a 124.6 um cut-off for the low-pass
Gaussian filter of the Sdr method. These results could facilitate a standard, friendly, new fractal
methed for multiscale characterization of the relative area.

Keywords: multiscale analysis; surface topography; fractal-based analysis; Sdr parameter

1. Introduction

Multiscale characterization enables the analysis of surface features present at different
scales and facilitates a functional understanding of the relationships between the processing
and performance of a surface and its topography. Considering that geometric properties of
rough surfaces can differ considerably, there are several multiscale calculation methods [1].
For each method, the application and insights regarding a surface can vary. The use of
different multiscale characterization methods depends on several factors. Firstly, the geom-
etry of surface topography may favor one approach over another, as in the case between
isotropic and anisotropic surfaces [2,3]. Furthermore, the variety of research domains
reflects specific needs that may influence the choice of multiscale calculation methods,
i.e., the nature of the geometric characterization should be pertinent to the application [4].
Lastly, choices may be related to algorithmic complexity, which can significantly lengthen
characterization depending on the method used. Guibert et al. [5] provided a comparison
between three of these methods, discussing the advantages and disadvantages of each
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method for characterizing polymer abrasion. Multiscale characterization methods, based on
fractals or not, employ different mathematical principles to analyze phenomena at various
scales. Wavelets, Fourrier series decompositions, power spectral densities and bandpass
filters are some examples of non-fractal methods as summarized in the review written by
Brown et al. [1]. In this paper, fractal-based methods [6,7] are specifically studied.

The term ‘fractal’, introduced by Mandelbrot in 1975, is used to describe surface
topographies that are continuous but not differentiable, with a self-similar or self-affine
structure relative to scale [8]. Fractals have shapes or features that can be iterated at different
scales. The surfaces of objects can be described mathematically using classical geometry
formulas. However, at finer scales, the surface microgeometries can become stochastic and
self-similar, like collections of littler scratches on bigger ones, suggesting characterizations
through recipes or recursive algorithms. To model and characterize stochastic surfaces, it is
necessary to use fractal models to determine the fractal dimensions of topographies. The
fractal dimension is used to characterize the complexity of surface topographies. Different
methods have been developed to determine different kinds of fractal dimensions [9-11].
Fractal methods have been used to simulate chaotic surfaces and to characterize measured
surfaces. These models are used to model surface interactions. One method is based on the
Weierstrass-Mandelbrot function [12-15]. This function provides a simulated surface with
adjustable parameters, allowing for the desired complexity in applications modeling the
size and number of multiscale contacts [13]. In surface analysis, it is possible to analyze the
fractal dimensions of surfaces in the forms of 2D or 3D profiles. The methods for analyzing
2D profiles are called length—scale, Richardson or coastline analyses, and it is possible to
calculate the relative length. Richardson’s study on the coastlines of Britain, later expanded
upon by Mandelbrot [16], is a well-known example. In summary, relative lengths depend
on the scale of the observation or calculation. To calculate the relative length of a 2D surface
profile, the scale is determined by the size of compasses or dividers that follow the surface
profile (Figure 1). The smaller the size of these dividers, the greater their number becomes,
allowing them to calculate more details on the profile. The relative length is the ratio of
the measured to the nominal length. Relative lengths can be represented on a log-log
plot against scale (Figure 2). As the scale decreases, the relative lengths begin to deviate
from unity. This deviation occurs when the line segments become short compared to the
topographical features, causing significant tilting when they land on the valleys and peaks
of the profile. When the profile exhibits self-similarity across a range of scales, the logarithm
of the relative length shows a linear increase as the logarithm of the scale decreases. The
length—scale fractal dimension is determined by subtracting the slope of the length—scale
plot from the unity, as specified in ASME B46.1.

To understand the difference between the length scale and area scale, we can conduct
a similar study to that of the coastlines of Britain, but this time trying to calculate the area
of a mountain land. Area scale analysis involves calculating the areas of surfaces at various
scales. Following Richardson’s and Mandelbrot’s methods, Brown developed a method
for calculating the relative area using a 3D triangular tiling with the same philosophy as
the relative length with scale variation. Area scale analysis is a type of fractal multiscale
analysis. Surfaces containing chaotic elements exhibit scale-dependent variations in their
surface areas. The importance of area in understanding performance is emphasized by the
fact that many interactions that impact physical functionality are area-dependent. This
observation emphasizes the potential of area scale analysis in distinguishing surfaces with
different behaviors and in correlating with performance and behavior. The characterization
of surface topographies nowadays leans more towards an areal analysis of the surface [17].
Industrial requirements necessitate a deeper understanding of surface features for effective
analysis. This goes beyond the limited use of a straight axis for characterizing 2D profiles.
To define the development of the relative area of a complex surface (e.g., after sandblasting),
where craters may nest within larger craters in a self-similar manner, the fractal area scale
method is well suited.
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Figure 1. Two calculations of the relative length for two different scales. (a) Calculation from a profile
view with 4 steps. (b) Calculation from a profile view with 12 steps. The calculated length is the sum
of the step length multiplied by the number of steps. The nominal length is 230 pm.
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Figure 2. Length-scale plot. The self-similarity over some range of scales is emphasized by the
regression line in green. According to ASME B.46, the fractal dimension based on the length scale is
1.095 (no unit). The blue line is the interpolation between the values for the calculation of the relative
length on every scale. The dashed green corresponds to the fractal domain, which is the range where
the surface is self-similar on different scales.

This study will present two methods for calculating the relative area, in line with the
fractal philosophy of area scale computation from Richardson to Mandelbrot: the developed
interfacial area ratio (Sdr) parameter (ISO 25178-2 [18]) using a low-pass Gaussian filter
(ISO 16610-61 [19]) and the triangular tiling method or Patchwork method. The aim is
to introduce a technique for computing the relative area, which leverages two elements
commonly found in standards: the Sdr parameter as defined in ISO 25178-2 and a set
of low-pass Gaussian filters. The idea is to iterate the calculation of the Sdr parameter
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using filters to change the scale of calculation. The advantage would be to increase the
calculation speed of the relative area for multiscale characterization and to use elements
already present in existing surface processing software such as MountainsMap® version 9.
This new method would allow for an expansion of the scope of application, as multiscale
characterization methods depend on the nature of the surfaces, i.e., a certain method is
more suitable for a given surface.

2. Materials and Methods
2.1. Materials

Considering that these characterization methods (Patchwork and Sdr) serve to quantify
the developed area of a surface topography, it was necessary to find a way to control the
topography using the same process to avoid introducing bias into our further statistical
methods. The manufacturing process of the samples and the increasing developed area
needed to be correlated to ensure control over the experiment. For this reason, this study
presents grit-blasted TA6V logs. Using two factors, namely the grit-blasting media and the
pressure of the blaster, it was possible to create a wide range of surfaces and to influence
the areal increase due to surface work hardening.

The dimensions of the TA6V logs were a 30 mm diameter and 20 mm height, and
they were ground with SiC papers from grit 80 to 4000 before grit blasting. An indentation
test was performed on this material to determine its mechanical properties. Ground TA6V
surfaces were therefore grit blasted using the Guyson Euroblast 65F system. Three grit
materials were used to blast the TA6V logs:

e two types of micro balls of glass silico-soda—calcium (G 100 (particle size of 70-150 pm)
and G 250 (150-250 pum)) from ARENA;

e  one abrasion material, named C 300 50/80 (particle size of 100-630 um) from Semanaz,
which was composed of hard, sharp, abrasive crystals manufactured from molten
glass mass whose material composition was silicate, alumina and iron oxide.

For each grit material, seven pressures were applied from 2 to 8 bar. A total of 35 TA6V
logs were blasted, one set for C 300, one set for G 100 and three sets for G 250, to study the
repeatability of the grit blasting process. During grit blasting, the blasting gun/log distance
was around 10 em. The grit materials were shot perpendicularly to the TA6V surface during
around 30 s for the pressures from 3 to 8 bar and around one minute for the 2 bar pressure
to homogeneously blast the whole surface. The grit materials were shot according to a
back-and-forth movement (left to right) from the top to bottom of the surface. The 7 grit
blasting pressures allowed for a wide variation in relative surface area. The question of the
relevant scale for analyzing this process helped in determining which calculation method
presented in this study best discriminated the pressure during the grit blasting,.

2.2. Topographical Measurement and Data Post-Processing

Each blasted TA6V surface was measured by white light interferometry with Bruker
ContourGT™ (San Jose, CA, USA). A 50x lens was used which corresponded to an ele-
mentary image of 127 x 94.9 um, and 50 zones of 1 x 1 mm? (5059 x 5058 pixels, 0.198 um
X/Y resolution) were measured randomly on each surface using stitching (540 elemen-
tary images, i.e., 27 rows x 20 columns). A total of 1750 measurements were obtained
for the 35 surfaces. The surfaces were post-processed and filtered with the software
MountainsMap® (Digital Surf™, Besangon, France). Figure 3 shows the measurements of
surface topographies. We exhibit a sample of 3 different pressures out of the 7.
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Figure 3. Selection of surface topographies classified by pressure of grit blasting (a—c) and blasting
material (i-iii). The topographies for the media G 100 (i) and G 250 (ii) have more circular features
considering the spherical nature of the glass beads. The topographies of the C 300 medium (iii) have
more sharply edged indents due to the angular nature of the corundum.

2.3. Fractal Multiscale Characterization Methods
2.3.1. Method n°1: Patchwork

The first method based on the principle of a developed area is the triangular tiling
method, also known as the Patchwork method, which was developed by Brown in the
early 1990s [20]. The area, as a function of scale, is determined through a virtual tiling
algorithm, such as the one employed in the length-scale analysis (i.e., the coast of Britain).
Unlike the length—scale analysis however, which focuses on tiles with line segments, area
scale analysis utilizes triangles. Each triangle area serves as a representation of the scale of
the calculation. In each tiling instance, all virtual triangles used for tiling have the same
area in three dimensions. This places this technique among the methods of fractal analysis
based on areal scale. However, when projected onto a datum or nominal XY-plane, the area
of these triangles will vary depending on their inclination. The tiling algorithm used in
these examples aligns the vertices on the tiling triangles with one of two active rows or
columns of heights. These active rows or columns are separated in the X or Y directions by
a distance which is the square root of two times the area of the tiling triangle (Figure 4).
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Scale : 235.735um? Relative Area =1.0709

Scale : 1343.57um? Relative Area =1.0250

Scale : 7657.64um? Relative Area =1.0058

Figure 4. Triangular tiling at three different scales of a TA6V surface grit blasted with the C300
medium and a pressure 8 bar. The scale is the area of the triangular tiles, which have the same area
but different projected areas, depending on the inclination.

The Patchwork method uses linear interpolation to precisely position vertices along
rows or columns, enabling the creation of triangles with desired areas in a 3D tiling process.
It begins by setting initial heights for the first triangle and then interpolates the remaining
vertices on a similar scale for subsequent triangles within rows or columns. This tiling
process can commence from any corner and progress along rows or columns. The outcomes
can then be averaged. At larger scales, this method results in the use of more of the
measured heights, thereby potentially offering a more accurate representation of the area
at that scale. In 2002, the Patchwork method was introduced into the US standards for
defining surface textures, ASME B46.1 [21]. Subsequently, in 2012, area scale analysis
was incorporated into ISO 25178-2. However, Brown recommends prioritizing using
the method presented in ASME B46 [6]. These methods have been applied in several
cases, but it is possible to summarize this by two studies: the complexity of the surface
(i.e., fractal dimension) of food impacts how the frying process will occur, as shown by
Moreno et al. [22], and the fractality of chocolate using the Patchwork method [19].

2.3.2. Method n®2: Sdr Parameter
Developed Area Principle

The two calculation methods presented in this study are twe approaches that initially
allow for quantifying roughness through its correlation between the topography of the
surface measured with a microscopy system and the projected surface. This ratio is called
the developed area (Rs). The principle is summarized in the study of Lange et al. [23],
and it is a foundation for quantifying roughness. To calculate a surface area, one must
tirst compute the sum of the areas of elements defined by four adjacent pixels over an
entire measurement. To find the parameter Rs, one must divide the sum of the areas of the
elements by the projected area. The parameter Rs can be calculated using Equation (1).

actual surface area

Rs = (1)

projected surface area

Plane geometry is employed to determine the surface area of each element. A rep-
resentative element of area is depicted in Figure 5. The height levels (z) of four adjacent
pixels are labeled Z;-7,. The line segments between points are designhated as Sig, Sz3, Sza,
S41 and Sy3. These line segments constitute the sides of two triangles, the areas of which
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can be calculated. The sum of the two triangular areas offers an approximation of the actual
surface bounded by the four adjacent pixels.

Vo)

Figure 5. Representation of the four neighboring pixels (Z; to Z;) of the surface topography used to
create two triangular areas (A in green and Aj; in orange) with segments (515, Sz3, S34, 513, 541) and a
comparison on the projected area (An in blue).

Sdr Calculation

The Sdr parameter used in this study is a hybrid parameter from the standard
ISO 25178-2 [18]. Hybrid parameters use both information present in elevations and their
positions to a similar extent. Examples of such hybrid parameters include the arithmetic
mean slope, the root mean square slope, the arithmetic mean summit curvature and the
area ratio. Hybrid parameters are highly sensitive to scale and their values are influenced
by the data resolution [24]. The Sdr parameter calculates the ratio of the incrementation of
the developed surface to the sampled surface. The ratio of the developed interfacial area re-
flects the combined characteristics of surfaces. A high value of this parameter indicates the
importance of either the amplitude, spacing or both [25]. The analysis of the 5dr parameter
is relevant for studies on wettability, coating and conductivity in the electronics industry.
For wettability, according to the study of Werb et al. [26], since the relative increase in
total surface area is closely linked to wetting energy, it is expected that this parameter can
effectively differentiate between biofilm variants. Initially, the Sdr parameter (ISO 25178-2)
is calculated according to Equation (2).

w2 ([ CS2 ()] o]
A

9y

The Sdr parameter can be expressed as a dimensionless positive number or as a
percentage. For instance, a flat and smooth surface would have a value of zero. Essentially,
the parameter serves as an indicator of a surface’s complexity and is particularly valuable
for tracking surface changes across different processing stages. This characteristic also
makes it beneficial for adhesion applications. It is important to mention that the parameter
is significantly affected by the sampling scheme, including the number of points and the
spacing in the X and Y axes [27]. However, a comment needs to be made as the following:
the formula presented in the standard implies that the surface is differentiable everywhere,
which is not the case with fractal surfaces, as they may exhibit singularities and abrupt
variations that are not represented by differentiable functions.

The calculation of Sdr shows a similarity with Equation (1) for calculating the Rs but
the difference is that Sdr uses the mean value of two triangulations (Figure 6) and not only
one as for the Rs [25] (Equation (3)). The provided equation calculates a representative value,
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denoted as A; ;, for a specific cell in a grid or matrix. In this formula, the distances between
the points A, B, C and D in a quadrilateral are computed using vectors. Subsequently, the
average lengths of the quadrilateral sides are calculated to obtain the final value. This
average is detailed in an expression utilizing the coordinates (x, y) of each point to compute
the Euclidean distance between them.
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Figure 6. Actual surface area as topography on a given scale (color) on the projected surface area
(black). The topography is represented as squares of 4 pixels. The magnification is representing
the calculation of the area between four adjacent points (A-D) calculated from the mean value of
two triangulations (blue triangles) [25].

The calculation of the developed interfacial area ratio, Sdr, is derived directly from
the digitized measured dataset, exclusively at the scale of the sampling interval. It is not
initially suitable for estimating a fractal dimension. In essence, it does not represent the
genuine developed area since this concept is meaningful only when it is associated with the
scales of measurement and computation. Given that the calculation of the Sdr parameter
does not currently allow it to be used as a multiscale calculation method, modifications
were made. The particularity of this study consisted of varying the scale of the topography
during the calculation of Sdr by using a low-pass Gaussian filter, in compliance with the
ISO 16610-61 [19] standard. Appendix A presents some filtered surfaces used to visualize
the topographical changes according to the cut-off length of the low-pass filtering. The
difference between the developed area and relative area is semantic. The developed area
expresses the ratio of the Sdr parameter taken at a single scale, whereas as we vary the
calculation scales of this ratio, this area becomes relative.



Materials 2024, 17, 2386

9of 19

2.3.3. Differences between Both Methods

For a more comprehensive understanding of this study, it is important to highlight the
major differences between these two methods. This could be achieved by simplifying and
schematizing the comparison, not calculating an area on a 3D profile but rather a length on
a 2D profile. The calculation of the developed length for Sdr (Figure 7) was performed by
following the sampling rate and summing the length between each point. This method is
therefore at a constant pace (kAx). On the other hand, the Patchwork method operates at a
constant length; it is possible to modify the number of steps by reducing their size, thereby
better fitting the measured profile.

““"’F‘.’_"‘—J'H"m‘.“"‘th - P K\ | ) \\‘N.\g

| lgx

L /'_’___Wm—_“,:._—f o vé .M

@ Height points Profile of real surface
Measuired profile

@ Step limi
ep limil | Length of step

Length of profile (Hm)

Method 5dr : Sum of the length between every height point / length of profile = Relative length X

Method Patchwork : Sum of n step length / length of profile = Relative length

Figure 7. Diagrams of the two calculation methods used in this study for the developed length.
The blue line is a representation of a real surface. The orange line is a linear interpolation between
measured height points which is our measured profile (the Sdr method was used for computing the
relative length at the sampling scale). The green line is a representation of the Patchwork method
following the measured profile using the same length steps and sometimes interpolating between
measured height points.

2.4. Statistical Analysis

Given the complexity of our factors (pressure, media, scale), directly comparing the
means of distributions whose nature was unknown would have been both lengthy and
risky. To compare the two methods of the relative area calculation, a robust statistic is
required such as the mean and the standard deviation. A bootstrap sampling protocol was
therefore used to quantify the variation in distributions of both methods. Beotstrapping is
a resampling method that involves drawing repeated samples with replacements from a
given dataset to estimate its distribution and assess data variability [28,29]. We replicated
the value of the relative area 1000 times for the 50 measurements on all of the TA6V logs.
Employing bootstrapping in statistical analysis can offer significant advantages, particularly
when one aims to circumvent assumptions about the underlying data distribution, especially
in cases where this distribution deviates from a normal distribution. Only based on these
assumptions can the correspondence between the Sdr and Patchwork prove to be reliable.

3. Results

The relative area values were calculated from the two methods. The first part of the
results aims to establish the reliability of our data, and the second part aims to define
a relevance scale to measure the impact of sandblasting on surface geometry. Figure 8
presents the relative areas calculated by both methods on the surfaces obtained with the
highest pressure (8 bar) and the hardest material (C 300). It can be observed that at large
scales, the relative areas are unified regardless of the method. Whether it was tiling or
Gaussian filtering, it did not compute the details of the topography at large scales and
resulted in minimal or null changes.
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Figure 8. Comparison of the two methods, Sdr and Patchwork, for the calculation of the relative
area on the surface topographies created with the C 300 grit-blasting material and a pressure of 8 bar
(these are the most aggressive conditions of our material /pressure experimentation). The blue rings
represent the values of the relative area calculated by the Patchwork method depending on the size
of the triangle tiling (patch area). The red dots represent the calculation of the relative area related to
one of the 24 cut-off lengths of the low-pass filter.

To analyze the data distribution, a bootstrapping replication was performed, consisting
of 50 measurements on a sample grit blasted with C 300 at 8 bar. Since the results of the
relative area varied depending on the size of the triangular area of the tiling, this procedure
was repeated three times on different sizes as shown in Figure 9.
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Figure 9. Density probability distributions obtained after applying the bootstrapping protocol to
the relative area measurement data. The area of the tiling triangles corresponds to (a) 0.02 pm?2,
(b) 5.124 um? and (c) 10,845 um?.
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The histograms of Figure 9 do not show bias considering the distribution of values for
the relative area. It was then possible to analyze the measurement data behavior across all
tile sizes. The plot presented in Figure 10a shows the relative area values across all scales of
the 50 measurements on the surface obtained by grit blasted with C 300 at 8 bar. The points
were replaced by a line to analyze the distribution of each measurement. It can be observed,
firstly, that the distribution follows the same trend for each measurement. In Figure 10D, a
bootstrap replication was conducted, this time on the relative area measurement values of
the 50 measurements, each at every tile scale, echoing the histograms presented in Figure 9.
It can be noted that the distribution follows the same trend as Figure 10a, indicative
of the stability of the Patchwork method at all scales (ie., no fundamental changes in
the distribution). Figure 10c depicts the average of the curves presented in Figure 10a,
compared with Figure 10d, which represents the average of the bootstraps. Both curves are
similar, which may indicate that the bootstrapping replication did not significantly alter
the mean of the original data. Therefore, it can be assumed that the distribution can give a
robust mean.
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Figure 10. Distributions of the relative area values calculated by the Patchwork method from the
30 measurements of the sample sandblasted at 8 bar with C 300: (a) the lines of the 50 sample
measurements, (b} the values after resampling by bootstrapping, (c) the averages of the original
measurements and (d) the averages of the bootstrapped values.

Finally, a comparison was performed by studying the medians of the distribution
values across the 50 measurements by categorizing the calculation method and the pressure
(Figure 11). By selecting the medians for each category, it was possible to compare the
central tendency among them without being affected by extreme values or differences in
dispersion. The first observation drawn from analyzing Figure 11 is the difference in trend
regarding material change. There is a greater dispersion of distributions noted for G 100
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(Figure 11a) compared to other materials. This is due to the size of the abrasion material
G 100 (70-150 pm) which will have a minimal impact on surface topography modification,
i.e., the relative area, at low pressures. Conversely, more aggressive materials more easily
reach the hardness limit of TA6V due to work hardening, explaining the closer distributions
for G 250 (Figure 11b) and even more so for C 300 (Figure 11c). The second observation
derived from these graphs (Figure 11) is the systematic correlation between the values
calculated using the two methods. The smallest value of the Gaussian filtering cut-off
length is about 0.8 um, which is why the curves of the 5dr method always start from this
value. However, the values are still correlated with those of the Patchwork method. The
reason why the relative area value at 8 bar (Figure 11b,c) pressure is lower at smaller scales
with less pressure is that the work-hardening rate will flatten the surface up to a certain
limit, making it a smaller relative area value at smaller scales.
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Figure 11. Comparison of the two methods, Sdr and Patchwork, for the calculation of the relative area
of the surface topographies created with the grit-blasting materials G 100 (a), G 250 (b) and C 300 {c).
The points represent the medians of the distribution of the relative area values, categorized by the
calculation method and pressure. The blue symbols represent the median points for the Patchwark
method and the red symbols correspond to the 5dr method. The scale references the cut-off length
for the low-pass Gaussian filter applied for the Sdr calculation. In this scale, the tiling size in pm? for
the Patchwork method is equal to the square of the cut-off length divided by 2.

The analysis of the relationship between the blasting pressure and the value of the
relative area is consistent. Figure 12 indicates that the distribution of the relative area values
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varies according to the applied pressure. The higher the pressure, the more complex the
surface becomes, and its relative area increases. The distributions between the two calcula-
tion methods can be compared at the same scale: the distributions follow the same trends
for both methods except for the G 100 media at 7 and § bar, but both methods invent for G
250 at 7 and 8 bar. Upon examining the mean and standard deviation values for media G
100 (Table 1a), the means vary slightly across the calculation methods up to bar 7. However,
for measurements taken on the sandblasted sample at a pressure of 7 bar, the values differ
significantly and are closer at bar 8. The means calculated across all media are slightly lower
for the Patchwork method than for the Sdr method, although some exceptions confirm that
this is not systematic. The Patchwork method generally exhibits a greater dispersion of
data around the mean, which is reflected in slightly higher standard deviations.

Table 1. Means and standard deviations of the relative area from distributions of Figure 12, by media
(G 100, G 250, C 300), pressure (2 to 8 bar) and method of calculation (Patchwaork, Sdr).

(a) G 100
Relative area
Pressure (bar) Method: Patchwork Method: Sdr
Mean Standard deviation Mean Standard deviation
2 1.000023 117 x 107 1.000008 6.67 x 1077
3 1.000071 251 x 1078 1.000061 1.40 x 1076
4 1.000112 2.83 % 10 @ 1.000104 552 » 100
5 1.000178 449 x 1078 1.000174 230 x 1079
6 1.000224 461 x 10 @ 1.000242 310 x 10 @
7 1.000250 744 % 10°° 1.000352 149 x 10-°
8 1.000286 6.15 x 10°° 1.000346 6.64 x 10°°
(b) G 250
Relative area
Pressure (bar) Method: Patchwork Method: Sdr
Mean Standard deviation Mean Standard deviation
2 1.00018 6.97 x 10°° 1.00017 5.79 x 107°
3 1.00024 8.43 x 107° 1.00024 3.64 x 1070
4 1.00036 1.16x 1073 1.00045 8.36 x 107°
5 1.00045 142 x 1073 1.00059 1.45 x 1073
6 1.00053 1.21 x 10753 1.00074 1.16 x 1073
7 1.00060 1.97 % 10 5 1.00087 1.20 x 10 5
8 1.00058 1.52 % 10°° 1.00086 1.52 x 105
(c)yC 300
Relative area
Pressure (bar) Method: Patchwork Method: Sdr
Mean Standard deviation Mean Standard deviation
2 1.0038 7.22 x 105 1.0053 9.72 x 10 5
3 1.0054 1.16 = 10 * 1.0081 141 %104
4 1.0057 1.69 x 10~ 1.0091 1.68 x 10~*
5 1.0078 211 x 107* 1.0127 319 x 10~
6 1.0082 240 x 1074 1.0135 3.17 x 107
7 1.0093 2.35 x 107* 1.0151 3.65 x 1074
8 1.0100 2.94 x 107* 1.0156 3.64 x 1074
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Method: Patchwork
Scale: 7657.64 um (area of triangular tiles)

Method: Sdr

Scale: 124.6 um (cut-off length of the low-pass filter)
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Figure 12. Distributions of the relative area values by method of calculation (Patchwork (a,c,e) and
Sdr (b,d.f)), media (G 100 (a,b), G 250 (¢,d) and C 300 (e,f)) and pressure.

4. Discussion

The results demonstrate a strong correlation between the two methods of calculating
the relative area. However, to express the limitations of this study, we can focus on
two aspects. The Patchwork method introduces measurement uncertainties at very small
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scales. This can potentially be explained when the triangle size for tiling falls below
the sampling interval. During the experimentation, no S-Filter was applied to remove
microroughness associated with measurement noise, as recommended by 1SO 25178-3 [30].
Following the calculation philosophy of the Patchwork method, we believe that triangular
tiling at very small scales amplifies measurement noise because it interpolates between
measured points. This phenomenon can be observed in Figure 8, where the third tiling
exercise indicates a higher relative area value than the previous one, which logically should
not be the case. One of our assumptions is that the Patchwork method acts as a low-pass
Gaussian filter by removing details at each surface tiling scale. This initial point leads to the
second, which concerns measurement uncertainties in general. The fluctuations in heights
can be estimated through multiple topographical measurements at the same location, as
demonstrated by Lemesle et al. [31,32]. The authors argue that the largest measurement
fluctuations correspond to regions with significant plastic deformations, namely from grit
blasting. In Appendix B of Lemesle’s study, two graphs depict the fluctuations of the Sdr
parameter on surfaces blasted at 3 and 6 bar, measured 100 times. These results indicate
that the Sdr parameter fluctuates over time when the surface exhibits a certain level of
complexity, suggesting a significant variation in fractal surfaces. Another trend is that
the graphs generally show an increase in the relative area as a function of pressure, as
indicated in Figure 11. However, in the distributions at 7 and 8 bar in Figure 12b—d, an
overlap or even exceeding of the histogram is observed for 7 bar compared to 8 bar. The
hypothesis for this is that the grit blaster struggled to maintain a pressure of 8 bar, which
was its maximum capacity, and it is possible that the TA6V logs were grit blasted at a lower
pressure. If we consider this hypothesis, we can still observe that the rest of the grit blasting
process is consistent in the relationship between the relative area and the pressure.

5. Conclusions

From the results of the comparison between the Patchwork method and the Sdr
method using a low-pass Gaussian filtering, it is possible to observe a strong similarity
between the two methods for calculating the relative area. The Sdr method offers several
advantages: its computation time is shorter and its components are derived from 1SO
standards (i.e., computation and filtering). The relevance scale for each calculation method
that significatively represents the effect of grit blasting pressure on the increased value of
the relative area is a tiling of 7657.64 um? of triangle area for the Patchwork method and
a 124.6 pm cut-off for the low-pass Gaussian filter of the Sdr method. Moreover, these
components are already implemented in surface processing software solutions, making
them easily accessible to researchers. These findings are important as they demonstrate the
robustness and reliability of both approaches for calculating the relative area, providing
researchers and practitioners with flexibility in choosing the appropriate method based
on the specific needs of their study or application. However, it is important to note that
despite the similarity in results, each method has its own advantages and limitations, which
should be considered when using them. Therefore, it is recommended for researchers
and practitioners to carefully consider the specific characteristics of their samples and the
objectives of their study before choosing the appropriate measurement method.
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Appendix A. Visualization of Filtered Surfaces

The 24 values of the cut-off length of the low-pass Gaussian filter used in this study
were the following: 0.8,1.2,1.8,2.5,3.5,4.7, 6.3, 8.4,11.2,14.7, 19.3, 25.3, 33.1, 43.2, 56.3, 73.4,
95.7,124.6,162.1, 211.0, 274.5, 357.0, 464.3, 603.8 um. In this appendix, the original surfaces
(a) and some surfaces filtered at different cut-off lengths (b—d) for the three grit-blasting
media at 8 bar (Figures A1-A3) are presented to observe topographical changes. The
relative area was calculated for each filtered surface topography.
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(©) (d)

Figure Al. Original and filtered surfaces grit blasted by C 300 at 8 bar. The surfaces were, respectively,
unfiltered (a) and filtered at 8.4 um (b), 73.4 um (c) and 603.8 um (d). The relative area was calculated
after filtering.
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Figure A2. Original and filtered surfaces grit blasted by G 100 at 8 bar. The surfaces were, respectively,
unfiltered (a) and filtered at 8.4 um (b), 73.4 um (c) and 603.8 um (d). The relative area was calculated

after filtering,.
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Figure A3. Cont.
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Figure A3. Original and filtered surfaces grit blasted by G 250 at 8 bar. The surfaces were, respectively,
unfiltered (a) and filtered at 8.4 um (b), 73.4 um (c) and 603.8 um (d). The relative area was calculated

after filtering.

References

1.  Brown, C.A,; Hansen, H.N,; Jiang, X.J.; Blateyron, E; Berglund, J.; Senin, N.; Bartkowiak, T.; Dixon, B.; Le Goic, G.; Quinsat, Y.;
et al. Multiscale s and Characterizations of Surface Topographies. CIRP Ann. 2018, 67, 839-862. [CrossRef]

2. Majumdar, A.; Tien, C.L. Fractal Characterization and Simulation of Rough Surfaces. Wear 1990, 136, 313-327. [CrossRef]

3. Bartkowiak, T.; Berglund, J.; Brown, C.A. Multiscale Characterizations of Surface Anisotropies. Materials 2020, 13, 3028. [CrossRef]
[PubMed]

4. Brown, C.A. Surface Metrology Principles for Snow and Ice Friction Studies. Front. Mech. Eng. 2021, 7, 753906. [CrossRef]

5. Guibert, R.; Hanafi, S.; Deltombe, R.; Bigerelle, M.; Brown, C.A. Comparison of Three Multiscale Methods for Topographic
Analyses. Surf. Topogr. Metrol. Prop. 2020, 8, 024002. [CrossRef]

6. Brown, C.A. Areal Fractal Methods. In Characterisation of Areal Surface Texture; Leach, R., Ed.; Springer: Berlin/Heidelberg,
Germany, 2013; pp. 129-153. ISBN 978-3-642-36458-7.

7. De Chiffre, L.; Lonardo, P.; Trumpold, H.; Lucca, D.A.; Goch, G.; Brown, C.A.; Raja, J.; Hansen, H.N. Quantitative Characterisation
of Surface Texture. CIRP Ann. 2000, 49, 635-652. [CrossRef]

8.  Mandelbrot, B.B.; Mandelbrot, B.B. The Fractal Geometry of Nature; WH freeman: New York, NY, USA, 1982; Volume 1.

9.  Thomas, T.R. Rough Surfaces, 2nd ed.; World Scientific: London, UK, 1998; ISBN 978-1-78326-236-6.

10. Russ, J.C,; Russ, ].C. Modeling Fractal Profiles and Surfaces. Fractal Surf. 1994, 149-190.

11. Kaye, B.H. A Random Walk through Fractal Dimensions; John Wiley & Sons: Hoboken, NJ, USA, 2008; ISBN 3-527-61598-9.

12.  Whitehouse, D.J. Handbook of Surface and Nanometrology, 2nd ed.; CRC Press: Boca Raton, FL, USA, 2010; ISBN 978-0-429-14069-3.

13. Zahouani, H.; Vargiolu, R.; Loubet, J.-L. Fractal Models of Surface Topography and Contact Mechanics. Math. Comput. Model.
1998, 28, 517-534. [CrossRef]

14. Majumdar, A.; Bhushan, B. Fractal Model of Elastic-Plastic Contact between Rough Surfaces. J. Tribol. 1991, 113, 1-11. [CrossRef]

15. Berry, M.V,; Lewis, Z.V.; Nye, ].E. On the Weierstrass-Mandelbrot Fractal Function. Proc. R. Soc. London. A. Math. Phys. Sci. 1980,
370, 459-484.

16. Mandelbrot, B. How Long Is the Coast of Britain? Statistical Self-Similarity and Fractional Dimension. Science 1967, 156, 636-638.
[CrossRef] [PubMed]

17.  Jiang, X.; Scott, PJ.; Whitehouse, D.J.; Blunt, L. Paradigm Shifts in Surface Metrology. Part II. The Current Shift. Proc. R. Soc. A
Math. Phys. Eng. Sci. 2007, 463, 2071-2099. [CrossRef]

18. ISO 25178-2:2021. Available online: https://www.iso.org/fr/standard /74591.html (accessed on 16 April 2023).

19. ISO 16610-61:2015. Available online: https:/ /www.iso.org/standard /60813.html (accessed on 7 April 2024).

20. Brown, C.A,; Charles, P.D.; Johnsen, W.A_; Chesters, S. Fractal Analysis of Topographic Data by the Patchwork Method. Wear
1993, 161, 61-67. [CrossRef]

21. Kelechava, B. ASME B46.1-2019: Surface Texture (Roughness, Waviness, Lay). The ANSI Blog. 2020. Available online: https:
/ /blog.ansi.org/2020/08/asme-b46-1-2019-surface-texture-roughness/ (accessed on 5 March 2024).

22.  Moreno Constenla, M.C.; Brown, C.A.; Bouchon Aguirre, P.A. Effect of Food Surface Roughness on Oil Uptake by Deep-Fat Fried
Products. . Food Eng. 2010, 101, 179-186. [CrossRef]

23. Lange, D.A; Jennings, H.M.; Shah, S.P. Analysis of Surface Roughness Using Confocal Microscopy. . Mater. Sci. 1993, 28,

3879-3884. [CrossRef]



Materials 2024, 17, 2386 19 0of 19

24,

25.

26.

27.

28.

29,

30.
3L

32.

Lonardo, PM_; Trumpold, H.; De Chiffre, L. Progress in 3D Surface Microtopography Characterization. CIRP Ann. 1996, 45,
589-598. [CrossRef]

Blunt, L.; Jiang, X. Advanced Techniques for Assessment Surface Topography: Development of a Basis for 3D Surface Texture Standards
“Surfstand”; Elsevier: Amsterdam, The Netherlands, 2003.

Werb, M.; Falcon Garcia, C.; Bach, N.C.; Grumbein, S.; Sieber, 5.A.; Opitz, M.; Lieleg, O. Surface Topology Affects Wetting
Behavior of Bacillus Subtilis Biofilms. NPJ Biofilms Microbiomes 2017, 3, 1-10. [CrossRef] [PubMed]

Tsigarida, A.; Tsampali, E.; Konstantinidis, A.A.; Stefanidou, M. On the Use of Confocal Microscopy for Calculating the Surface
Microroughness and the Respective Hydrophobic Properties of Marble Specimens. J. Build. Eng. 2021, 33, 101876. [CrossRef]
Efron, B.; Tibshirani, R. Bootstrap Methods for Standard Errors, Confidence Intervals, and Other Measures of Statistical Accuracy.
Stat. Sci. 1986, 54-75. [CrossRef]

Najjar, D.; Bigerelle, M.; lost, A. The Computer-Based Bootstrap Method as a Tool to Select a Relevant Surface Roughness
Parameter. Wear 2003, 254, 450-460. [CrossRef]

1SO 25178-3:2021. Available online: https:/ /www.iso.org/fr/standard /42895.htm] (accessed on 10 May 2023).

Lemesle, J.; Moreau, C; Deltombe, R.; Martin, J.; Blateyron, E; Bigerelle, M.; Brown, C.A. Height Fluctuations and Surface
Gradients in Topographic Measurements. Materials 2023, 16, 5408. [CrossRef] [PubMed]

Lemesle, ].; Moreau, C.; Deltombe, R.; Blateyron, F.; Martin, J.; Bigerelle, M.; Brown, C.A. Top-down Determination of Fluctuations
in Topographic Measurements. Maferials 2023, 16, 473. [CrossRef] [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.



Chapter 4. New Fractal-based Method

The first study, “Two 3D fractal-based approaches for topographical characterization:
Richardson Patchwork versus Sdr” [132] ,served as a methodological shoot-out, demonstrating
that a Gaussian-filtered multi-scale Sdr curve delivers a smoother cumulative profile and a more
stable fractal dimension than the classical Richardson patchwork. Building directly on that
verdict, the second study : “Uncertainty-based scale identification and process-topography
interaction analysis via Bootstrap: application to grit blasting” [133], elects Sdr as its core
metric, augments it with a residual-Bootstrap routine to map confidence bands at every cut-off,
and deploys the enhanced toolset to reveal how grit-blasting parameters steer surface
complexity. Together, the two articles trace a logical arc from choosing the most reliable fractal
descriptor to harnessing its full statistical robustness for real-process diagnostics, thus laying

the technical foundation for the protocol advanced in the remainder of Chapter 4.

4.4 Uncertainty based scale Identification and Process-Topography interaction Analysis via

Bootstrap: Application to Grit Blasting
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Abstract: Finding the relevant scale to observe the influence of a process is one of the
most important purposes of multiscale surface characterization. This study investigates
various methods to determine a pertinent scale for evaluating the relationship between
the relative area and grit blasting pressure. Several media types were tested alongside two
different methods for calculating the relative area and three boolstrapping approaches for
scale determination through regression. Comparison with the existing literature highlights
innovations in roughness parameter characterization, particularly the advantages of relative
area over traditional parameters like Sa. This study also discusses the relevance of different
media types in influencing surface topography. Additionally, insights from a similar
study on the multiscale Sdq parameter and blasting pressure correlation are integrated,
emphasizing a scale relevance akin to our Sdr method’s 120 um cut-off length. Overall, our
findings suggest a pertinent scale of 10,000 um? for the Patchwork method and a 120 um
cut-off length for the Sdr method, derived from bootstrapping on residual regression across
all media. At the relevant scale, every value of R? inferior to 0.83 is not significant with the
threshold of 5% for the two methods of calculation of the relative area. This study enhances
the understanding of how media types and blasting pressures impact surface topography,
offering insights for refining material processing and surface treatment strategies.

Keywords: surface topography; multiscale analysis; grit blasting; fractal analysis

1. Introduction
1.1. Grit Blasting and Surface Metrology

One of the primary challenges of multiscale characterization studies is to model the
relationship between a manufacturing process and its influence on surface topography [1,2].
These studies on the relationships between manutacturing techniques and surface condition
aim at establishing a cause-and-effect relationship. Grit blasting stands out as a widely
employed surface treatment technique, traditionally used for surface cleaning and rust elim-
ination. In contemporary applications, it finds extensive use in altering surface roughness
to achieve complex functionality. Grit blasting alters the surfaces of zirconium ceramics in
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dental applications, where blasted surfaces enhance the biaxial strength and reliability by
inducing compressive residual stresses [3]. One could also mention other applications such
as improving cell adhesion [4] and increasing wettability or super hydrophobicity [5,6].
Grit blasting process variables affect blasted surface states. These process variable factors
include grit blasting times, which influence the coverage, the nozzle orientation relative to
the workpiece surface, the type of blasting material (including silica sand), as well as the
workpiece material, and the blasting pressure.

Studies that investigate the relationship between the surface condition and the grit
blasting process conduct the following:

e  Examine the impact of changing a single factor in the process on roughness;

. Consider multiple factors and their interactions;

e  Focus on surface analysis to select relevant characterization roughness parameters
and observation scales;

e  Concern the fractal dimensions of sandblasted surfaces.

Bouzid and Bouaouadja [7] argued that the maximum height of the profile (Rt) in-
creases with the angle and blasting duration, while the Ra is found to only increase with
blasting duration [8]. Regarding the size of the materials, several studies agree that rough-
ness increases when the surface is blasted with finer materials. The study of Su et al. [9]
compares powders of 50 pm and 110 um on zirconia. The geometry of the blasting grit
significantly affects the surface topography: smaller grit sizes result in more homogeneous
surface textures and lower Sa and Ra values compared to larger grits. As expected, the Ra
values of the surfaces of the TA6V alloy increase with higher blasting pressure for both
20/40 (300-850 um)- and 180 (53-90 um)-mesh garnet particles [10].

The study by Su et al. [11] presents the results of a comparison between all these
factors on dental zirconia. The volume and height loss increased with higher grit blasting
pressure and longer treatment duration but decreased with larger grit powder size. The
Substrate Bonding Strength (SBS), which refers to the strength of adhesion between an
applied layer and the underlying material, known as the substrate, significantly increased
with longer grit blasting durations and larger alumina powder sizes. However, the SBS
values did not differ significantly among different grit blasting pressures. The previous
article does not express its results in terms of standards such as ISO 25178-2 [12] (roughness
parameters), which are nonetheless crucial for the geometric characterization of surface
topographies. On the other hand, the study by Valverde et al. [13] presents an investigation
on a titanium alloy, providing the values of the roughness parameters as the results.
Statistical analyses revealed that the Sa, Sq, and Sdr values were influenced significantly
by the blasting media, velocity, and surface coverage (all p < 0.001). Moreover, the media
velocity, the media coverage, and the interaction between the media and velocity, as well
as the interaction between the media and coverage, significantly impacted the Sa, Sq, and
Sdr values (p < 0.002).

Surface metrology focuses on characterizing surfaces using relevant parameters that
best represent changes in geometry in a comparative study [14]. Previous studies merely
discriminate between blasted surfaces using overly general parameters (e.g., Ra, Rt) to
describe surface geometries. Relevant roughness parameters must also be analyzed at
a pertinent scale which best isolates the features characteristic of the process, i.e., those
influencing the surface topography. According to Ho et al. [15], the parameter that char-
acterizes significant changes in morphologies in the grit blasting process is the Sdq from
ISO 25178-2; 5dq describes a correlation between the blast pressure and surface rough-
ness. Sdq represents the root-mean-square value of the surface slope within the sampling
area. Sdq is computed using a Lagrangian polynomial with seven points in orthogonal
directions [16,17]. The pertinent filtering scale for the Sdq parameter (i.e., the one that best
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describes the change in topography induced by grit blasting) is a 120 um low-pass filter
in the study by Ho et al. [15] using 150-250 pm silicon carbide particles as the blasting
medium for pressures from 1 to 7 bar.

1.2. Fractal Philosophy

Blasted surfaces are also studied using fractal dimension analysis, which is another
method of multiscale characterization. Fractal structures and advanced material charac-
terization are pivotal in enhancing the functional properties of materials and surfaces.
Recent advances, such as the work of Yan et al. [18], have demonstrated the potential
of engineered multilayer nanocomposites to overcome trade-offs between a high break-
down strength and the dielectric constant, achieving significant performance gains. This
emphasis on multiscale strategies highlights the importance of advanced methodologies,
including fractal-based approaches, in addressing challenges in surface and material char-
acterization. Advanced material characterization plays a crucial role in bridging the gap
between fundamental research and technological applications. For instance, O. Barros
et al. [19] investigated the dielectric properties of ZnNb,Og (ZNO) combined with CaTiOs
(CTO), highlighting the impact of crystalline phase interactions on thermal stability and
electromagnetic performance. Such studies underscore the importance of multiscale ap-
proaches and precise characterization techniques, which are also critical in understanding
and optimizing surface properties across different domains.

Blasted surfaces exhibit self-affinity, meaning they have a structure that is similar
at different scales. Persson’s work [20] provides a kinetic model to understand how
sandblasting generates a fractal surface, combining theoretical and experimental aspects.
Blasting operates on the principle of transferring the kinetic energy of high-velocity particles
to a target surface. Upon impact, the particles’ energy is dissipated through multiple
mechanisms, including plastic deformation, elastic rebound, and minor losses (e.g., noise
and vibrations). Hutchings [21] suggested that 80% of the energy is converted into heat for
metals, but the experimental work by Gillstrom and Jarl [22] estimated this fraction to be
closer to 39% for steels, challenging prior assumptions. The energy balance during impact
shows that only the energy associated with plastic work in the workpiece contributes
to heat generation. Elastic energy causes rebound, which can be quantified using the
coefficient of restitution. The rebound effect depends on the material properties, such
as the hardness and elastic modulus. As shown in prior studies, softer materials absorb
less energy as heat due to their higher hardness-to-modulus ratio, which enhances elastic
recovery. The contact mechanics are described using the Hertz contact theory, as discussed
by Timoshenko [23] for elastic contact time and Chaudri and Walley [24] for plastic contact
time. The contact radius and time depend on the particle’s velocity, size, and material
properties. Maeda et al. [25] assumed the contact area to be the particle’s projected area.
However, numerous shot-peening and sandblasting experiments have demonstrated that
the penetration depth during impact is significantly smaller than the particle radius. Studies
on materials highlighting the effect of heat on titanium alloys indicate that the morphology
can become unstable when exposed to a constant temperature of 400 °C for a certain
period [26]. The localized heat generated by the impact of sandblasting is insufficient
to cause such changes, particularly during a brief blasting of a few seconds like in our
study [27].

In general, blasted surfaces are extensively studied for their fractal complexity because
the grit blasting conditions vary the complexities of the surface topography [28-30].

This study builds on the study of Berkmans et al. [31] in which two methods of fractal-
based characterization calculation were compared to determine the relative area with
respect to scale. In summary, the Richardsen Patchwork method, from the ASME B46.1 [32],
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was compared with the Sdr parameter derived from ISO 25178-2 (Equation (1)) [12], using
a low-pass Gaussian filter for multiscale characterization. Filtering methods are widely
used in roughness analysis, providing a reliable and simple way to process 2D or 3D
signals depending on how the surface profile is studied. Common methods include
Gaussian [33-35], robust [36,37], and spline filters. Gaussian filters, standardized under
ISO 16610-21 [38], are the most commonly used method [39].

sm:% ” _ {H (W}: (azg—":}’())j —1 | dxdy (1)
) !

The comparison is based on the relative area calculated from topographies of TA6V

samples that were grit-blasted with different pressures and blasting materials (media). The
surfaces produced by grit blasting exhibit fractal-like characteristics over the scales studied,
allowing for the analysis of area development at multiple levels based on pressure and
media. Both methods yield similar relative area results across a wide range of scales for a
given blasting condition. The Patchwork method is clearly sensitive to complexities and to
differences in pressure. The Sdr method, with our proposed protocol, is easier to implement
with some conventional roughness software. This could make Sdr more practical for some
analyses. The results of this study present the calculations of the relative area at different
computation scales. Increasing the blasting pressure causes a work-hardening phenomenon
on the surface, making it less rough at high pressures (8 bar) compared to intermediate
pressures (5 bar) when using media such as glass beads. This results in a smaller relative
area at 8 bar compared to 5 bar at the smaller scales for both methods (Figure 1).
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Figure 1. Comparison of two methods, Sdr (ISO 25178-2) and Patchwork, for calculating relative
areas of surface topographies created by blasting with glass beads. The points represent the median
of the relative area values, categorized by calculation method and pressure. Blue symbols indicate
the median points for the Patchwork method, while red symbols correspond to the Sdr method. The
scale refers to the cut-off length of the low-pass Gaussian filter applied in the Sdr calculation. For the
Patchwork method, the tile size in um? is equal to half the square of the cut-off length.

It should be noted that the equation of the Sdr parameter (Equation (1)) is inconsistent
with fractal theory, as a fractal curve is non-differentiable.
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The objective of this work is to propose a method to calculate the scale in the calcula-
tion of the relative area pertinent to the pressure of grit blasting. Based on the previous
results, this method will contribute to improving the precision and reliability of surface
area calculations, leading to more effective control and optimization of blasting processes
in various applications. The method would allow for better characterization of the grit
blasting process, as well as other manufacturing processes that create fractal surfaces with
modifiable intensities, such as electrical discharge machining [40] and laser manufactur-
ing [41].

2. Materials and Methods
2.1. Creation of the Blasted TA6V Surfaces

The data used in this publication come from the study by Berkmans et al. [31]. To
control surface topography and avoid bias in subsequent statistical analyses, this study
utilized grit-blasted TA6Vsurfaces. The workpiece cylinders, measuring 30 mm in diameter
and 20 mm in height, were ground with SiC papers ranging from grit 80 to 4000 before
grit blasting.

The TA6V surfaces were grit-blasted using the Guyson Euroblast 65F system (Guyson
S.A, Skipton, North Yorkshire, UK). Three types of grit materials were used: two types
of glass silico-soda—calcium microbeads (G 100 with particle size of 70-150 um and G
250 with particle size of 150-250 um) from ARENA (Marquette-lez-Lille, France) and an
abrasive material named C 300 50/80 (particle size of 100-630 pum) from Semanaz (Bray-
Saint-Aignan, France), composed of hard, sharp, abrasive crystals manufactured from
molten glass mass with a composition of silicate, alumina, and iron oxide.

Seven blasting pressures, ranging from 2 to 8 bar, were applied for each grit material,
resulting in a total of 35 blasted TA6V samples. The specimens were divided into sets,
one set for C 300, one set for G 100, and three sets for G 250, to study the repeatability of
the grit blasting process. In preliminary experiments, 1 bar was included, but challenges
were encountered in achieving a consistent and uniform surface topography, leading its
exclusion from the main study.

During grit blasting, the distance between the blasting gun and the workpiece surfaces
was maintained at approximately 10 cm. The grit materials were blasted perpendicularly
to the TA6V surface for about 30 s for pressures ranging from 2 to 8 bar, ensuring a
homogeneous blast across the entire surface. The blasting was performed with a back-and-
forth motion (left to right) from the top to the bottom of the surface. This method provided
a wide variation in the relative surface areas.

2.2. Topographical Measurements of the Blasted Surfaces

White-light interferometry (Bruker ContourGT'™, San Jose, CA, USA) was used to
measure the blasted surface topographies (Figure 2). Fifty 1 x 1 mm? regions, corre-
sponding to stitching maps of 5059 x 5058 pixels (540 elementary maps), were measured
randomly on each surface with a 50% lens (elementary map size of 127 x 94.9 um for a
0.198 um X/ Y resolution). A total of 1750 measurements were obtained from the 35 surfaces.
Post processing, filtering and fractal calculations were performed on the dataset of the
1750 measurements (50 zones x 35 blasted surfaces) using the software MountainsMap 8%
(Digital Surf, Besangon, France).
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(a) 2 bar

(b) 4 bar (c) 8 bar

500 pm

Figure 2. Surface topographies of TA6V surfaces grit-blasted at 2 bar (a), 4 bar (b), and 8 bar (c) with
the C300 medium. The aggressiveness of the medium can make it difficult to assess visually the
gradation in blasting intensity. More surface topographies are shown in Appendix A.

2.3. Methods of Relative Area Calculation

The methods used to calculate the relative surface area are fractal methods known
as area-scale analyses. The first method is called the Patchwork method, developed by
Brown in the 1990s [42]. The second is a method derived from the Sdr parameter of the
ISO 25178-2 standard, with the addition of a low-pass Gaussian filter for the multiscale
approach [31]. Brown’s Patchwork method and the Sdr (Surface Area Ratio) method
are both used to analyze surface roughness and topography, but they differ in how they
define and calculate relative area. In the Patchwork method, the surface is divided into
small triangular patches of constant size (Figure 3). These patches are created through
interpolation between the regularly spaced measured heights on the surface. As a result,
each triangular patch has a fixed, uniform area across the entire surface, regardless of the
spacing or density of the measurement points. This constancy in patch size enables a local
analysis of surface roughness or texture. The strength of this method lies in its ability to
capture local variations in texture and provide a fine-grained statistical view of the surface
irregularities. It is particularly useful for studies requiring multiscale characterization
or the analysis of complex functional surfaces. On the other hand, in the Sdr method,
the patches are not of constant size. They are defined by the sampling intervals on the
surface, and their area varies depending on the height differences between these points.
The Sdr measures the ratio between the real surface area of a topography, accounting for
its features, and the projected surface (Figure 3). Thus, unlike the Patchwork method, the
patch area in the Sdr calculation is variable and directly reflects the surface topographical
complexity. The more pronounced the irregularities between the sampled points, the
larger the patch area becomes, leading to a higher Sdr value. The Sdr is expressed as
a percentage and is used to quantify the relative roughness of a surface compared to a
flat reference surface. The key difference between these two methods lies in the areas of
the triangular patches. In the Patchwork method, the area is constant, ensuring uniform
and regular analysis, even if the vertices of the triangular patches are spread unevenly.
In the Sdr method, the patch area is variable, influenced directly by the distribution of
sampled heights and local asperities, providing an equally accurate representation of a
measured surface. Formally, the Patchwork method is more closely related to fractal theory,
as introduced by Benoit Mandelbrot in his study of the coastline of Great Britain, based
on Richardson’s data [43]. The fractal nature of the method lies in its ability to handle
different scales, making it particularly suited to analyzing surfaces with varying roughness.
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However, the Patchwork method has certain challenges. One difficulty can be the potential
distortion of the patch shapes, which could lead to the Schwartz area paradox, if this is not
controlled for. Correcting this deformation is straightforward, and the algorithms needed
to address this issue are computationally simple. The Sdr method is easier to implement
computationally, as it directly computes the ratio based on the sampled heights, without
concerns about patch deformation; however, it depends on the filtering algorithm, which
distorts the measured topography. Despite these differences, we can expect convergence
between the two methods when dealing with surfaces that are not too rough, i.e., complex,
at the scales being investigated. The distinction between these two calculation methods is
presented in 2D form in Figure 3.

/’T\Tf\v&. A LA A
! N /

Profile of real surface , . kAX
Method Sdr © Height points -
Method Patchwork  ses—— @ Step limit
Length of profile (pm)
Method Sdr : Sum of the length between every height point / length of profile = Relative length X

Method Patchwork : Sum of n step length / length of profile = Relative length

Figure 3. Diagram of the two calculation methods used in this study, shown in terms of relative length.
The blue continuous line represents a real surface. The green line, a linear interpolation between
measured height points, represents our measured profile (the Sdr method calculates the relative
length at the sampling scale). The red line illustrates the profile obtained by the Patchwork method.

2.4, Statistical Analysis Based on Bootstrapping
2.4.1. Description of the Adopted Methodology

The results of linear regressions as a function of the scale used to calculate the relative
area are used to evaluate the relevant scale for analyzing the relative area based on the
pressure used; we present the results of linear regressions as a function of the scale used
to calculate the relative area. The study presented here uses the principle of multiscale
analysis for surface characterization. The principle is to examine the surface across multiple
scale ranges and to associate findings or calculations with different scales [44]. In addition,
a bootstrapping protocol is used to obtain robust results. Bootstrapping is a statistical
method used to estimate the distribution of a sample statistic by repeatedly resampling
with replacement from the original data. This technique helps assess the accuracy and vari-
ability of estimates, providing robust results even with small or non-normally distributed
datasets [45]. The linear regressions in Figure 4 use replicated data (10 values of the relative
area for each pressure are randomly selected out of the 1000 bootstrapped values) and were
computed at the smallest scale of calculation for both methods. This provides us with initial
information regarding the relevance of the scale. Indeed, for both calculation methods, the
scale, where the relation of the relative area value depending on the pressure is high, is
not the smallest scale that should be observed. The smallest reasonable tile size for the
Patchwork method is one-half the square of the sampling interval (Figure 4a), while the
cut-off length is 0.789 um for the filtering used for the Sdr method (Figure 4b). Here, with
very low determination coefficients R? (0.04 for the Patchwork method and 0.05 for Sdr),
one can consider that analyzing the surface in maximum detail does not show the influence
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Relative Area ( No unit )

of pressure on the relative area. This could be due to the work-hardening phenomenon and
media size [46], which flattens the surface and makes it less complex as pressure increases.

(a) Patchwork method (b) Sdr method
Size of triangular tiles Mean coefficient of determination Cut-off length Mean coefficient of determination
0.02 pm? R?2=0.04 0.789 pm R2=0.05
1.76 ————— 1.60
\ 159 | !
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Figure 4. Results of the linear regressions of the relative area as a function of pressure for the two
calculation metheds. Simulations from 0 to 9 are obtained from bootstrapping replication of the real
data and then averaged. The results come from measurements performed on surfaces blasted with
the C 300 medium (corundum). Each simulation corresponds to an R? value, which is then averaged.

In this study, two statistical hypotheses are formulated to test the effect of blasting
pressure on the relative area of surfaces. The null hypothesis (HO) states that there is no
significant relationship between the blasting pressure and the relative area of the surfaces,
implying that any observed variation may be attributed to random chance. In contrast, the
alternative hypothesis (H1) proposes that a significant relationship exists between these
two variables, suggesting a measurable impact of pressure on surface topography. These
hypotheses are statistically tested to determine whether the data provide sufficient evidence
to reject HO and accept HI.

For HO, the data were permuted to represent the distribution of regression coefficients
if there was no real relationship between the pressure and the relative area. This means
that for each combination of the relative area (RA) and pressure, there are 7 pairs of data.
In the bootstrapping for HO, the seven values of relative area are randomly permuted. This
means that instead of using the actual order of the relative area on every scale, such as X,
to Xy, and the 7 pressure values Y7 to Y, we create new combinations of pairs to calculate
the coefficient of regression by performing a random permutation of Yy to Yy The goal is to
generate a distribution of R? that could be obtained if pressure and relative area were not
correlated. Although this method can eliminate any apparent correlation between pressure
and relative area, it is important to note that the regression coefficients obtained will not be
exactly equal to zero.

To compare these hypotheses robustly, three bootstrapping protocols have been de-
fined: simple bootstrap, double bootstrap based on pairs, and double bootstrap based
on residuals.

2.42. Simple Bootstrap

The relationship between the blasting pressures (independent variable) and the de-
veloped surface area (dependent variable) using 50 topography measurements for each of
the seven different pressures (ranging from 2 to 8 bar) is investigated. OQur goal is to assess
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how well the variation in pressure explains the variation in the developed surface area,
which will be quantified using the regression coefficient R?.

Data Preparation and Bootstrapping Sampling

We have seven blasting pressures (e.g., 2, 3, 4, 5, 6, 7, 8 bar). For each pressure, there
are 50 measurements of relative area. For each measurement, a bootstrapping is performed
as follows:

1. For each pressure level (2, 3, .. ., 8 bar), conduct the following:

¢  Draw 50 random samples with replacement from the 50 original measurements
for that pressure level;

. Calculate the mean relative area for that resample;

e Repeat this process multiple times (e.g., 1000 times) to obtain a distribution of
bootstrapping means for each pressure.

2. For each of the 7 pressures, end up with a set of means from the bootstrapping means.

Regression Analysis for Each Resampling
With a set of bootstrapping means for each pressure level, conduct the following:

e  Perform a linear regression between the pressure (independent variable) and the
corresponding bootstrapping mean surface relative area (dependent variable).

e  Calculate the coefficient of determination R? for this regression. The R? value will tell
us how much the variation in the developed surface area is explained by the variation
in the grit blasting pressure.

e  Repeat the entire bootstrapping resampling process many times (e.g., 1000 times).
Each time, a new set of regression results and a new R? value are obtained. By

repeating this process, a distribution of R? values is created.

Analysis of the R? Distribution
Once the distribution of R? values is obtained, conduct the following:

. Calculate the mean or median of the R? values to obtain an overall sense of the fit;

e  [Estimate confidence intervals (e.g., 95% CI) for R?, giving a range in which the true
relationship between the pressure and the surface area likely lies;

e Assess the stability of the relationship by looking at the variability in the R? values
across the bootstrapped samples.

2.4.3. Double Bootstrap Based on Pair Replication

The relationships between the blasting pressure and the developed surface area are
analyzed by using a two-stage bootstrapping approach. In the first stage, the surface
area measurements for each pressure are resampled, and in the second stage, a pairwise
bootstrap on the resulting bootstrapping means is performed. The goal is to explore the sta-
tistical distribution of the regression coefficient R?, providing a more robust understanding
of the relationship. In this extended approach, we perform two levels of bootstrapping:

1. A first bootstrap on the individual surface area measurements for each pressure level;
2. Asecond bootstrap on the pairs [pressure, surface area means] derived from the first
bootstrap.

By incorporating the second bootstrap, the variability is determined not only within
each pressure group but also in the overall relationship between the pressure and the
developed surface area.
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Data Preparation

As previously specified, we have seven grit blasting pressures, each with 50 topogra-
phy measurements of developed surface area. Two bootstrapping levels are performed.

First-Level Bootstrap

For each pressure, a simple bootstrap is performed, resulting in a set of bootstrapping
means for each of the 7 pressure levels whose means are input for the next stage.

Second-Level Bootstrap: Bootstrap on Pairs

Once we have the bootstrapping means for each pressure, we introduce the second
bootstrap step, where we resample pairs [pressure, bootstrapping means]:

1.  Resample pairs: for each iteration, randomly sample pairs [pressure, bootstrapping
mean] from the set of 7 pressure levels (with replacement). For example, a bootstrap
sample might be [2 bar, mean2], [3 bar, mean3], ..., [8 bar, mean§].

2. Perform a linear regression: perform a linear regression on the resampled pairs, with
pressure as the independent variable and the corresponding bootstrapping mean
surface area as the dependent variable.

3. Calculate R?: for each resampled pair, calculate the regression coefficient R?, which
measures how much the variation in surface area is explained by the variation in
pressure.

4. Repeat: repeat this entire second-level resampling process many times (e.g., 1000 times)
to build a distribution of R? values.

2.4.4 Double Bootstrap Based on Residuals

This is also a two-level bootstrapping method. This time, instead of performing a
bootstrap on pairs [pressure, surface area mean]|, a bootstrap on residuals in the second
stage is used. The two methods are similar in concept, but they differ in the way they
handle resampling in the second stage. The bootstrap on residuals focuses on the variability
captured by the regression model errors, while the bootstrap on pairs resamples the entire
dataset. The main difference between the two methods lies in the resampling approach:

e Thebootstrap on pairs resamples all the pairs [pressure, surface area mean], which can
distort the relationship between the independent (pressure) and dependent (surface
area) variables;

e  The bootstrap on residuals preserves the structure of the data by resampling only the
errors (residuals) of the model, ensuring that the overall relationship between the
pressure and the surface area is maintained while introducing variability based on the
model accuracy.

First-Level Bootstrap

The first stage remains identical in both approaches, i.e., the following is a simple
bootstrap:

1. The surface area measurements within each pressure group (e.g., 50 samples with
replacement) are resampled;

2. For each pressure level (2 to 8 bar), the bootstrapping mean is computed;

3. This process is repeated (e.g., 1000 times) to obtain a distribution of bootstrapping
means for each pressure level.

After this first step, there is a set of bootstrapping means for each pressure level, just
like in the bootstrap on pairs method.
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Second-Level Bootstrap: Bootstrap on Residuals
In the bootstrap on pairs method previously described, the following is true:

. All the pairs of pressure and bootstrapping means are resampled;

. For each iteration, the pairs from the set of pressure levels and their corresponding
bootstrapping means are sampled randomly (with replacement);

e  Then, a new linear regression is calculated, and the regression coefficient R? is deter-
mined.

In the bootstrap on residuals method, instead of resampling pairs, the following steps
are performed:

1. Fit an initial regression: After calculating the bootstrapping means for each pressure
level, we fit a linear regression between the pressure (independent variable) and these
bootstrapping means (dependent variable). We then calculate the residuals, which
represent the differences between the actual bootstrapping means and the predicted
values from the regression model.

2. Resample residuals: Instead of resampling pairs, the residuals are resampled with
replacement. These residuals capture the variability in the relationship between the
pressure and the surface area.

3. Generate new data: For each pressure level, we create new bootstrapping means by
adding the resampled residuals to the predicted values from the original regression
model (Equation (2)). This step maintains the core structure of the original regression
model, ensuring that the relationship between the pressure and the surface area
remains intact, while introducing variability based on the residuals.

new mean = predicted value + resampled residua (2)

4. Perform regression and calculate R%: We fit a new linear regression to the original pres-
sure values and the newly generated bootstrapping means. The regression coefficient
R? for this resampled dataset is calculated.

5. Repeat the process (e.g., 1000 times) to generate a distribution of R? values, just as we
performed in the bootstrap on pairs method.

3. Results

After generating the data with our three bootstrapping protocols, the best protocol
for finding the relevant scale to characterize the relationship between relative area and grit
blasting pressure can be identified.

Figure 5 presents the results of the R? distributions as a function of the scale for the
relative area calculation, for the three bootstrapping methods previously described. The
bootstrapping methods indicate that regardless of the calculation method or the medium
used, the relevance of the R? values at scales is given.

For the three bootstrapping methods (Figure 5iiii), regardless of the media (Figure 5¢,e,g),
the maximum relevance which highlights the influence of pressure is obtained for a tile
size of around 10,000 pm? for the Patchwork method and a cut-off length of around 120 ym
for the Sdr method (Figure 5a). The choice of this specific cut off is directly tied to the
analysis in Figure 5. The box plots included in these graphs allow us to directly observe the
variation in the R? values with changes in the cut-off parameter. Consequently, a 120 pm
cut off and 10,000 um? triangular tile size were chosen as a balance between capturing
relevant surface features and minimizing noise while ensuring comparability between the
two methods. To determine if the R? values associated with this relevance are significant to
validate H1, we must look at the distribution of the R? values under HO (Figure 5b).
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Figure 6 presents a visualisation of the surface topography after being filtered on the
relevant scale for the Sdr Method (120 pm cut off length). Surface are smoother than the
original ones but have differences depending on the pressure, the surface blasted at 2 bar is
more homogeneous than the two other ones.

The distributions under HO (Figure 7b) indicate that at a 95% threshold, the R? values
are located at different points depending on the bootstrapping method used. For the simple
bootstrap (Figure 7i), the threshold value is 0.59, indicating that 95% of the values must be
below this to invalidate HO. For the paired bootstrap (Figure 7ii), the threshold value is
0.91, and for the residual bootstrap (Figure 7iii), it is 0.83. This assumption is valid for both
methods of calculation. These checks under HO are necessary because the H1 hypothesis
alone is not sufficient, considering that the values are correlated if we assume that the
surfaces are the same at different filtering scales. For H1, the graphs clearly indicate that
the values generally approach 1 regardless of the bootstrapping method used (Figure 7a).
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Figure 5. Cont.
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Figure 5. Analysis of the R? distributions according to the scale of calculation for relative area under
hypotheses H1 (a) and HO (b) for the three bootstrapping methods: simple bootstrap (i), bootstrap
based on pairs (ii), and bootstrap based on residuals (iii). The tile size of the Patchwork method (in
um?) is equal to half the square of the cut-off length of the Sdr method. Two plots are proposed for
each bootstrapping method: the first one based on the media (c,e,g) and the second one based on the
method of the relative area calculation, Sdr or Patchwork (d,f,h).

To continue the analysis, the choice was made to use bootstrapping on residuals as a
promising method. Indeed, the threshold for the simple bootstrap, equal to 0.59, is too low
under HO to be helpful to validate significance. Additionally, to capture the variations in the
initial model and gain a better view of the uncertainties, the bootstrap based on pairs is too
high with a threshold of 0.91. The bootstrap on residuals preserves the original regression
structure by resampling residuals, maintaining the relationship between grit pressure and
relative area, unlike the paired bootstrap, which may introduce noise or trends. It captures
variability from model errors without distorting the data, ensuring that subtle roughness
variations are not overshadowed. Moreover, narrower confidence intervals and more stable
R? estimates are provided, closely aligning with physical observations, making it the most
suitable method for identifying relevant scales.
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Figure 6. Surface topographies of TA6V samples grit-blasted at 2 bar (a), 4 bar (b), and 8 bar (c)
with the C300 medium. The range of height varies significantly. The surfaces are the same as those
presented in Figure 2 but this time filtered with a low-pass Gaussian filter at a 120 um cut off (the
relevance scale).

In Figure 8, the slopes (Figure 8i) and intercepts (Figure 8ii) of the bootstrapping model
based on residuals for the two methods of calculation (Patchwork and Sdr) are analyzed.
For G 100, the relationship between slope stability and initial roughness (Figure 8(ai)) is
relatively stable, with smoother and more homogeneous surfaces showing lower variability
in slope values. In contrast, for C 300, the relationship is more variable, with higher initial
roughness leading to increased unstable slope values due to the angular particles’ sharp
edges. The variations stabilize at the same scale as in the comparison of the bootstrapping
models in Figure 5 under H1. The results of the slope and intercept variations show a
distinct behavior for the C 300 blasting medium (corundum). For this aggressive medium,
at small calculation scales, there is little variation in the surface area developed relative to
pressure. The high intercept at small scales indicates that even at the lowest pressure, the
surface is already rougher compared to other media. The results of all the distributions of
slopes and intercepts can be found in Appendix B.

After selecting our bootstrap on residuals model, the analysis of the R? distribution
at the relevant scale using this method shows disparities among the media and methods
of calculation (Figure 9). Surprisingly, the trend is reversed for the R? values compared to
the methods of calculation of the relative area. The Patchwork method (Figure 9i) shows
numerous values close to 1 for G 100, the third series of G 250, and C 300 media, whereas
the Sdr method (Figure 9ii) shows values close to 1 for series 1 and 2 of the G 250 medium
(Figure 9a). While both methods yield high R? values, there are notable differences between
them. The Patchwork method produces smoother histograms, which may be advantageous
for certain analyses. However, in the case of the triple repetition for the same medium
G 250, the results differ between the two methods, making it challenging to establish a
definitive strategy for selecting one method over the other. To address this, the method
yielding the highest correlation (the best R? value) could be prioritized. This strategy
combines the strengths of both methods while ensuring the most robust correlation for
each specific case.
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Figure 7. Distributions of the R? values at all scales under H1 (a) and HO (b) for every method
of bootstrapping computation: simple bootstrap (i), paired bootstrap (ii), and bootstrap based on
residuals (iii). The black lines on the HO plots are the threshold value at 95% of the R? distribution:

0.59 (bi), 0.91 (bii), and 0.83 (biii).

To conclude this analysis, the results of the relationship between relative area and
pressure were plotted at the optimal pertinence scale (Figure 9), encompassing all media
(Figure 10a—e) and both relative area calculation methods (Figure 10i,ii). The relevance
scale ranges between 10,000 um? and 14,000 um? for the Patchwork method (Figure 10i).
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Figure 8. Evolution of the slope (i) and intercept (ii) as a function of scale for H1 (a) and HO (b) using
bootstrap based on residuals.

The study of the distribution of the intercepts according to the slopes at the relevant
scale can be added to these insights (Figure 11). Besides the fact that the glass beads (G100,
(G250) are grouped together, there are three types of distributions of these points. The
first one is a rather oblique distribution of intercepts for the fine glass beads (G 100). The
slightly oblique distributions of this material indicate that the intercept is relatively constant,
while the slope varies, suggesting that the initial roughness is quite stable, but the effect of
pressure varies. While the points form a nearly vertical distribution for the angular medium
(C 300), the effect of the pressure on the relative area (slope) is quite stable for this medium,
but the initial roughness varies significantly. This type of distribution could indicate that
the medium had a uniform relation to the pressure but with variable starting conditions.
These findings suggest that using an angular medium like C 300 might be optimal for
applications requiring high stability in response to varying pressures. The variability in
surface roughness across the different media (e.g., G 100, G 250, C 300} can be attributed to
the intrinsic properties of each medium, including particle hardness, size, and morphology.
For instance, the corundum-based C 300 medium, characterized by its higher hardness
and angular morphology, induces more aggressive impacts on the surface, resulting in a
higher intercept at small scales. It indicates a rougher initial surface even at lower pressures
compared to the softer and more spherical glass beads (e.g., G 100 and G 250). In contrast,
the glass beads, due to their lower hardness and smoother shape, tend to cause more
gradual surface roughening, leading to lower initial roughness and a more pronounced
dependency on pressure, as seen in their slope distributions. The differences in particle size
also play a role: larger particles {(e.g., G 250} can create broader indentations, contributing
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to different scaling behaviors compared to smaller particles like G 100. These intrinsic
properties directly influence the interaction mechanisms between the blasting media and
the surface, which are captured in the variations in the slope and intercept distributions,
reflecting the distinct roughness evolution patterns for each medium. However, the two
methods of calculation, Patchwork and Sdr, lead to the same three clusters in Figure 11,
which means that both methods characterize the relevant scale for studying the relative
area depending on the pressure of blasting.
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Figure 9. Distribution of the R? values by medium at the relevant scale for the Patchwork (i) and Sdr
(ii) methods and for H1 (a) and HO (b). The digits after 250 indicate the blasting series (e.g., G 250-1 =
first series of the G250 medium).
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Figure 10. Box plots of the relative area values by pressure at the relevance scale (tile size between
10,000 um? and 14,000 pm? for the Patchwork method and cut-off length of 120 um for the Sdr
method). The results are presented by medium (a—e) and calculation method (i ii).
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Figure 11. Bivariate density (intercept, slope) of the linear regression at the relevant scale between
relative area for the three media of grit blasting and the two methods of relative area calculation
{Patchwork, Sdr) obtained by bootstrap on residuals. The red frame is a zoom with ellipses of
confidence at 95%.

4. Discussion

The analysis results indicate that the bootstrapping method based on residuals is
the best choice for characterizing the relevance scale to highlight the influence of the grit
blasting pressure on the relative area. In this study, we have several aspects that warrant
comparison with the existing literature. These aspects pertain to roughness parameters,
specifically how our method is innovative compared to the grit blasting characterization
parameters already presented in the literature and the scale used to characterize the surface.
This also concerns the different media and how their nature influences surface topography.

The use of the Sa parameter to characterize the influence of blasting on materials is
documented in the literature [10]. Howewver, the methods of calculation of the relative
area proposed in this study is considered more suitable because the relative area captures
surface irregularities at different scales and is sensitive to large-scale features such as deep
recesses and significant local variations. The Sdq parameter is discussed in the study of
Ho et al. [15]. Impact craters are generated by SiC particles striking the surface of the
substrate. The repetitive impacts can lead to the development of a plastically deformed
layer and the formation of additional craters on top of existing ones. This process results in
the creation of a series of small peaks and valleys with sharp edges, whose slopes can be
characterized using Sdq. This study, which is very similar to ours, gives a scale of relevance
for characterizing the relationship between the value of the multiscale Sdq parameter and
the blasting pressure. The filtering uses a low-pass filter with a cut off of 120 pm, which
also corresponds to our relevance scale with the Sdr method. This result is interesting
because the pressures used for this study changed slightly, ranging from 1 to 7 bar, whereas
our samples were blasted from 2 to 8 bar. This comparison gives an argument for the
generalization of our results.
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It is essential to address two critical aspects in the discussion part: the influence of
surface modification during the experiment on the results and the impact of the chosen
Gaussian filtering method on fractal surfaces. Below, we provide detailed considerations
regarding these aspects. Factors such as humidity and temperature can disrupt measure-
ments by introducing uncertainties. The room where the measurements were conducted is
a temperature-controlled environment with an automatic regulation system maintaining a
constant temperature of 20 °C. Regarding humidity, the air circulation provided by the ven-
tilation system helps regulate condensation and the humidity density in the measurement
room. Neither the temperature of the metal during blasting nor the humidity altered the
surface appearance during the experiment due to the excellent mechanical properties of
TA6V, which is resistant to heat and corrosion [26,27,47]. Regarding the use of Gaussian
filtering, two remarks can be made. This surface filtering method is the most common in
surface processing; it is well documented, and its limitations are well known. However, we
acknowledge that for fractal surfaces, such as those generated by blasting, distortions may
be introduced by the Gaussian filter on the sharpest features. The chapter on the use of
filters in the book by Blunt and Jiang [36] clearly explains the difference between robust and
Gaussian filters on a plateau-honed surface. However, the robust filter requires a longer
computation time, which explains our choice in this study. A comparison between both
is necessary.

The results indicate that the relationship between pressure and roughness evolution
is not strictly linear for some blasting media such as C300, as initially hypothesized. At
lower pressures (e.g., 2 bar), roughness increases are moderate and uniform, reflecting
gradual material erosion. In contrast, at higher pressures (e.g., 8 bar), the changes become
pronounced, with deeper asperities and irregular textures, likely due to enhanced impact
energy and its effects on asperity deformation and void formation.

Given these results, a nonlinear model such as Y = aP! + ¢ may better capture the
relationship between pressure and roughness, where Y represents a roughness parameter,
P is the pressure, and a, b, c are the model parameters. Notably, the model converges to the
linear approximation Y = aP + ¢, as discussed earlier in this article, when b is statistically
equal to 1. Significant deviations from b = 1 could reveal transitions in the dominant
mechanisms of surface modification with different materials and process conditions.

Totestif b <1, b =1or b > 1, the bootstrapping techniques proposed in this paper
(simple, paired, or residual bootstraps) could assess the statistical significance of parameters
a, b, and ¢, providing insights into the interplay between the pressure, media type, and
substrate response. However, implementing such a nonlinear model would require solving
a regression problem through iterative optimization algorithms, ensuring convergence to a
unique global minimum. This added complexity would extend beyond the current study’s
scope. We plan to apply this framework to further research on the nonlinear effects of
contact pressure and media type on surface topography.

The grit blasting process is known to exhibit inherent variability, which can contribute
to the inconsistencies observed in the G 250 medium series. Factors related to the sand-
blasting equipment itself, such as nozzle wear or inconsistent abrasive flow, can further
contribute to variations in surface preparation. These variations lead to fluctuations in
the surface roughness and texture of materials treated with G 250, as the process may not
consistently achieve the intended surface finishing across different batches or applications.
Therefore, the lack of reliability in the grit blasting process is likely a significant factor
contributing to the variability observed in the G 250 series.

The results of this study may encourage further research to continue determining
the reference scale of complex surfaces created by different processes that allow for
varying intensities of surface modification. Thus, it is possible that the results could be



Fractal Fract. 2025, 9, 48

21 of 26

compared with acid etching, electric discharge machining, and shot peening (i.e., steel
bead blasting) on titanium alloys like in this study. By varying parameters such as the
type of filament used and the electrical intensity [48] for electric discharge machining, it
is possible to modify the surface topography and study the relevant scale for this process.
The same applies to soaking time in acid during chemical etching [49]. Some studies
on functional optimization already exist and aim to identify a relevant scale for process
analysis. For instance, one study highlights the sensitivity of hMSC cells to topographical
features at different scales (Ra, Sm) on surfaces generated by EDM (electric discharge
machining) [50].

5. Conclusions

In this study, the results of different bootstrapping methods are presented in order
to find a relevant scale for determining the relationship between the relative area and
blasting pressure. Three types of media were tested with seven pressures. Two methods
for calculating the relative area (Patchwork and 5dr) and three bootstrapping methods
(simple bootstrap, double bootstrap based on pair replication, and double bootstrap based
on residuals) for determining the relevant scale associated with the regression are studied.
Several factors already presented in other studies were considered to generalize our results,
such as the influence of different media or different pressures. The scale of pertinence
corresponds to a tile size of 10,000 um? for the Patchwork method and a filtering cut-
off length of 120 um for the Sdr method using low-pass filtering. Using the regression
results of the bootstrap on residuals method, the R? value required to characterize the
area/pressure link has to be higher than 0.83 to be significant at the threshold of 5%. In
addition, to determine pertinent scales and the R? values, our study contributes to the
understanding of how different media types and blasting pressures influence surface
topography, providing insights that can inform more effective material processing and
surface treatment strategies.
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Appendix A

The original unfiltered blasted surface topographies with the three materials used in
this study are presented at different pressures (in bar) to represent the differences between
topographies.
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Figure Al. Surface topographies of blasted surface using the medium G 100 at (a) 2 bar of pressure,
(b) 4 bar of pressure, and (c) 8 bar of pressure.

(b) 4 bar (c) 8 bar
um g
3y km 30
B, 25
;20 600 ok 20
15 40 UK 12
-r 10 200 10
5 0 5
0 0

Figure A2. Surface topographies of blasted surface using the medium G 250 at (a) 2 bar of pressure,
(b) 4 bar of pressure, and (c) 8 bar of pressure.
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Figure A3. Surface topographies of blasted surface using the medium C 300 at (a) 2 bar of pressure,
(b) 4 bar of pressure, and (c) 8 bar of pressure.

Appendix B

This section presents tables containing the results of linear regressions according to
each hypothesis and each bootstrapping method.
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Table Al. Results of the linear regression distributions according to hypothesis H1 for the simple

bootstrap method. For the G 250 medium, the last digit represents the series, e.g., G 250-1 corresponds

to the first series of this medium.

Media I“t"i,r;epf R2 P5 Slope P5 I“t;;‘;pt RZ P50 Slope P50 I“‘;;“;pt R? P95 Slope P95
Patchwork method
G100 0.99994346  0.9605421 3.1964 x 10~ 0.99994994  0.98024554 3.3521 % 107% 0.99995545  0.99069454 35564 x 10~°
G 250-1 0.99994265  0.93998527  5.6607 x 10~° 099995483 095741298  5.9307 x 10~°  0.99996718 097144593  6.2193 x 10~°
G 250-2 1.00001458 091216793  5.0771 x 107 100002897 094577385 54101 x 10~ 1.00004328 097272786 57609 x 1077
G 250-3 0.99996649  0.96296679 6.356 x 107> 0.99997767 097724731 6.6341 x 10~ 0.99998741  0.98845025 6.9056 x 1075
C 300 1.00101778  0.93252007 0.00074162 1.00123208  0.96675567 0.00079234 1.00145402 098623911 0.00083841
Sdr method
G100 0.99993077 091114478  2.8109 = 10~° 0.99993543 095429143 2.9207 x 10~ 0.99993925 097222884 3.0678 x 1075
G 250-1 0.99986366  0.94674398  7.2577 x 1077 0.99987231 095471517 7.4832 x 107 (0.99988003  0.95981093 7.7251 x 1075
G 250-2 0.99993112  0.96827255 6.6163 x 1077 099994013  0.97783397 6.8047 % 1077 0.99994774  (0.98597727 7.0285 % 10~5
G 250-3 (0.99987676  0.94419689  7.9193 % 10~° (.99988505  0.95428896 8.1181 % 107° (.99989356  0.96350047 8.3368 x 107"
C 300 1.00045608  (.93746278 0.00112675 100067672 096254004 0.0011778 1.00088318  (0.97971935 0.00123367
Table A2. Results of the linear regression distributions according to hypothesis HO for the simple
bootstrap method. For the G 250 medium, the last digit represents the series, e.g., G 250-1 corresponds
to the first series of this medium.
Media ™9Pt Reps Slope P5 fntercePt R pso SlopePso 'SPt R pos Slope P95
Patchwork method
G100 0.99998005  0.00074667 —259889 x 107  1.00011303  0.0998969 7.95122 % 1077 100024542 0.57852645  2.8049 x 1077
G 250-1 1.00000187  0.00099695 —0.00005105 1.00024848  0.09622853 54433 x 107 1.0004976  0.58899767  4.9761 x 1073
G 2h0-2 1.00006342  0.00116497 —419153 x 107° 100028471  0.09044521 2.79673 x 10~° 1.00051083  0.55888993  4.5329 x 10~
G 250-3 1.00003625  0.00088057 —496151 x 1077 1.00028404 0.12048242 —149483 = 10°°  1.0005359  0.64680814 4.8274 = 1075
C 300 1.0021071 0.0005601 —(.000653803 100525864  0.08550533 —1.08371 % 10°°  1.00840518 0.55558088 0.00063065
Sdr method
100 0.99996117 0.00153102 —2.35362 x 10> 1.00007958 0.10014213  5.07146 x 107 1.00020192  0.58251626  2.3917 x 102
G 250-1 0.99993002 0.00103109 —652164 x 10°°  1.00026373  0.08679445 —3.912 x 10 1.00057789  0.58270044  £.2492 x 10
G 250-2 0.99999004 0.00129898 —541773 % 10 ° 100029743 0.10132161 —3.3893 x 10 © 1.00055961 0.56778929  5.7678 x 10 7
G 250-3 0.99994349  0.00151227 —6.60741 x 10 2 100027356  0.12006613 —4.5955 % 10 © 1.00057745 0.64192854 6£.2393 % 10 °
C 300 1.00188342  0.00087451 —0.000933592 1.00663373  0.09388461 —1.4159 % 10 % 1.01112943  0.56925084 0.00091395
Table A3. Results of the linear regression distributions according to hypothesis H1 with the paired
bootstrap method. For the G 250 medium, the last digit represents the series, e.g., G 250-1 corresponds
to the first series of this medium.
Media I““;f;ef" R2 P5 Slope P5 I“tl";;f]ept R P50 Slope P50 I“‘;;‘:E)‘*Pf R? P95 Slope P95
Patchwork method
G 100 0.99992846 0.93651857 2.97081 x 10°° 0.99994992  0.98765361 3.34376 x 1077 099996945  0.99933642 39465 x 10°°
G 250-1 0.99991799 (.85158765 5.13625 x 105 0.99995367 0.96156467 5.92575 x 1077 0.99999982  0.99606657  6.6725 x 1077
G 250-2 0.99997389  (0.88291308 4.23452 x 10~° 1.00002549 0.96352655  5.4452 x 107° 1.00010307  0.99502698 6.745 > 1073
G 250-3 0.99994599  0.94350252  5.19333 x 10~° 0.99997793 098176962 6.61776 x 1077 1.00004143  0.99932267  7.3596 x 1077
C 300 1.00073813 0.88411381 0.000691077 1.00119264  0.97430649 0.000793964 1.00180254  0.99803303 0.00091091
Sdr method
G100 0.99990288  0.89934141 2.43914 x 10~° 099993617 096513054 2.91411 x 107 0.9999516 099813461  3.5923 x 10~°
G 250-1 0.99981818  0.83799507  6.65061 x 10~ 0.99987617 095563311 7.46588 x 1072 0.999907 099924201 8.2506 x 107°
G 250-2 09998916 0.95753257 5.96684 x 10° 0.99993774 098344327  6.85639 x 1075 0.99998996  0.99888513 7.859 x 107
G 250-3 099982669  0.90361156 5.85351 x 10~7 099988662  0.96528468 8.15432 x 10~7 0.99997794  0.99853208 9.2672 x 1077
C 300 0.99986501  0.90528018 0.001002537 1.00060315  0.97048401 0.001182872 1.00176586  (.99498155 0.00138857
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Table A4. Results of the linear regression distributions according to hypothesis HO with the paired
bootstrap method. For the G 250 medium, the last digit represents the series, e.g., G 250-1 corresponds
to the first series of this medium.

: Intercept 2 Intercept 2 Intercept 3
Media P5 R* P5 Slope P5 P50 R* P50 Slope P50 P95 R* P95 Slope P95
Patchwaork method
G100 0.9999 0.00162 —0.000039 1.0001 0.18 —0.0000034 1.0003 0.89 0.000034
G 250-1 0.9998 0.00219 —0.00007 1.0002 0.25 —0.0000005 1.0006 0.89 0.000081
G 250-2 0.9999 0.0022 —0.000071 1.0003 0.22 —0.00000234 1.0006 0.89 0.000067
G 250-3 0.9998 0.00144 —0.000082 1.0002 0.27 0 1.0006 0.96 0.000085
€ 300 0.9993 0.00198 —0.001029 1.0052 0.26 0 1.0104 091 0.001068
Sdr method
G100 0.9999 0.00161 —0.000036 1 0.21 0.0000005 1.0002 0.9 0.000035
G 250-1 0.9997 0.00158 —0.000092 1.0002 0.21 —0.0000014 1.0004 0.89 0.00009
G 250-2 0.9998 0.0014971  —8.77189 x 1072 1.0002971  0.2115413 —3.20292 % 10°° 1.00074429 0.9 0.000083
G 250-3 0.9997 0.0018004 —0.000108688 1.0002212  0.2687166 418523 x 107° 1.00076864 0.95 0.0001
€300 0.9991 0.0018053 —0.001491175 1.0071597  0.2177582 —(0.000103172 1.0141841  0.8828032  (.001440755
Table A5. Results of the linear regression distributions according to hypothesis H1 with the bootstrap
on residuals method. For the G 250 medium, the last digit represents the series, e.g., G 250-1
corresponds to the first series of this medium.
. Intercept 2 Intercept 2 Intercept 2
Media Ps5 R” P5 Slope P5 P50 R* P50 Slope P50 Pos5 R* P95 Slope P95
Patchwork method

G100 0.999932 0.9565443  3.00899 x 10~

0.9999498  0.9874099 3.3551 x 107° 0.99996783  0.997883 3.72897 x 1077
G250-1 09999097 09310252  5.07515 x 10— 3

0.9999556 0970523  5.93189 x 1075 0.99999789 0.9946046  6.75171 x 10~
G250-2 09999837 09172058  4.52646 x 10~ 1.0000289 09653095 542804 x 1077 1.00007403  0.992669 6.2665 x 1077
G250-3 09999418 09660482  5.87297 x 10~ 0.9999777 09854348  6.63596 x 10™°  1.00001188 0.9970392  7.37881 x 10—
C 300 1.0007119  0.9295922 0.000684518 1.0011989  0.9806584 0.000793258 1.00181321  0.9973577 0.000898461

Sdr method

G100 09999143 0910487 250086 x 1077  0.9999348  0.9705346 290556 x 10™° 099995929 0.9959154  3.37325 x 1077
G250-1 09998133  0.9205808  6.38924 x 1077 0.9998784  0.9650501  7.46952 % 107 099992171 0.9989289  §.52443 x 10°
2 5 5

5
5
5
5

G 250-2 0.999903 09680796 6.14229 x 10~ 0.9999401  0.9845218  6.83071 = 10~ 0.99997368  0.9979556  7.49173 = 10~
G250-3 09998274 0.9370731  6.85729 x 1075 0.9998864  0.9694675  8.09004 x 10~ 0.9999449  (.9928928  9.30415 = 10~
C 300 0.9999004  0.9376534 0.001023062 1.0006449  0.9760935 0.001181016 1.00150702  0.9940184 0.001328685

Table A6. Results of the linear regression distributions according to hypothesis HO with the bootstrap
on tesiduals method. For the G 250 medium, the last digit represents the series, e.g., G 250-1
corresponds to the first series of this medium.

Intercept
P5

Intercept
P50

Patchwork method
G 100 0.9999299  0.002008¢ —3.11653 x 10°°  1.0001127 0.202859 953073 x 107 1.00028281 0.7994261 3.60729 = 10
G 250-1 0.9999497  0.0023251 —7.31388 x 107  1.0002654 0.244319 —2.80214 x 107%  1.00061606 0.8626616 6.14137 = 10
G 250-2 1.0000079 0.001991 —5.11685 x 10 7 1.000287 0.1917183 2.84894 x 10 6 1.00056674  0.78524 56151 % 10 °
G 250-3 0.9999356  0.0029693 —6.35342 % 10 °  1.0002779 0.288483 —6.62178 3 10 7 1.00059524 0.8713916 £.56124 x 10 3
C 300 1.0006622  0.0018682 0.00086555 1.0049848  0.1982778 417098 x 10 ® 1.00951576 (0.8162126 0.000857372
Sdr method
G 100 0.9999363  (0.0019827 —3.1144 % 10 * 1.0000939 02274792 —254905 % 10 ©  1.00024402 0.8072309 278718 = 10
G 250-1 0.9998456  0.0026152 —7.49781 % 10 ° 1.0002684  0.2167074 —5.68906 x 10 ®  1.00064383 0.800484 744384 % 10
G 250-2 0.999928 0.0022781 —7.96435 % 107 1.0003079  0.2371843 —5.22383 % 10 % 1.00069378 0.8569223 6.86005 = 10
G250-3 09993214 0.0029229 —7.80835 x 10°°  1.0002386  0.2563251 1.99542 x 10 ¢ 1.00066272 0.8536141  8.14062 x 10
C 300 1.0004782  0.0020249 —0.001196388 10067009  0.2076762 —2.27189 x 1072 1.01303065 10.7983351 0.001178235

Intercept

Media P95
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Chapter 4. New Fractal-based Method

4.5 Conclusion of the chapter

By integrating the Gaussian-filtered, multi-scale Sdr descriptor with the Bootstrap-based
uncertainty model, this chapter has completed the “quantitative-evaluation” tier of the Surface-
Information Acquisition Spectrum (SIAS) on firmly industrial ground. Turned steels, grit-
blasted alloys and benchmark roughness artefacts have shown that Sdr not only outperforms
patchwork-style fractal estimators but also delivers process-relevant insights once its confidence
bands are properly mapped. In other words, the SIAS has now proven its ability to translate a
visual-syntax concept into a metrologically robust tool that withstands production-line

variability.

With that industrial validation secured, the thesis is ready to cross the SIAS boundary
back toward perception-driven surfaces. Chapter 5 will test the very same Sdr + Gaussian filter
protocol on artistic substrates, Van Gogh’s impastos and painted surfaces probing whether the
metric that decoded machining signatures can equally reveal an artist’s surface “morphological
signature.” The journey thus moves from factory floor to gallery wall, completing the SIAS arc
from language to syntax, to measurement, and now back to the realm where surface complexity

meets human interpretation.
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Chapter 5. Van Gogh and Fractal

Prolegomena of the chapter 5

Located at the junction between perceptual insight and calibrated measurement within the
Surface-Information Acquisition Spectrum (SIAS), Chapter 5 delivers the thesis’s first full-scale
application to heritage artefacts: Vincent van Gogh’s impasto-rich paintings. Having secured a
robust fractal metric in Chapter 4, coupling the ISO-25178 Sdr parameter with a multi-scale
Gaussian filter, we now test whether that metric can capture the swirling energy that viewers
intuitively associate with Van Gogh’s brushwork. High-resolution images converted into surface
topography of selected paint ridges is fed through the Sdr + Gaussian filter pipeline, while
multispectral imaging supplies chromatic context; the resulting scale-resolved spectra are then
correlated with art-historical descriptors such as “turbulence” and “vibration.” This chapter
therefore constitutes the SIAS’s first passage from the laboratory to the gallery, showing how a
quantitative tool forged in engineering metrology can illuminate aesthetic perception and,

conversely, how artistic phenomena challenge and enrich surface science.
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Chapter 5. Van Gogh and Fractal

5.1 Introduction of the chapter

The study of an artist's style has long been a central focus in art history, with scholars analysing
elements such as colour choices, composition, and iconographic themes to understand the
unique signature of a painter. However, the advent of fractal geometry offers a novel and
quantitative approach to this analysis, particularly in the context of surface topography and the
material traces left by the artist. This chapter explores the application of fractal dimensions to
study the distinctive style of Vincent Van Gogh, a painter renowned for his expressive and
textured brushwork. By examining the fractal properties of his paintings, we aim to uncover
patterns and characteristics that define his artistic identity. Fractal geometry, with its ability to
describe complex, self-similar patterns, provides a powerful tool for analysing the intricate
textures and layers of paint that Van Gogh applied to his canvases. The fractal dimension of a
surface can reveal the complexity and roughness of the paint layer, offering insights into the
artist's gestural signature. This approach goes beyond traditional visual analysis, allowing for a
more objective and quantifiable assessment of style. In this study, we focus on Van Gogh's use
of impasto and his distinctive style and brushstroke, which create a rich, multiscale surface
topography. By calculating the fractal dimensions of these surfaces, we can quantify the
complexity of his painting technique and compare it across different works. This method not
only enhances our understanding of Van Gogh's style but also demonstrates the potential of

fractal analysis as a tool for art historical research.

While this chapter centres on Van Gogh, the principles and methods discussed here can
be applied to a broader range of artists and artistic movements. The use of fractal geometry in
art analysis opens new avenues for exploring the materiality of artworks and the creative
processes behind them. By bridging the gap between science and art, this interdisciplinary

approach enriches our appreciation of artistic styles and their evolution over time.

5.1.1 About painting

When observing a painting, regardless of the era, artistic period, or artist, it is possible to begin
with a simple observation of the work to appreciate its aesthetic qualities and consider whether
it warrants a deeper analysis. However, if one wishes to uncover the essence, the richness of
the work, one can delve into the choices of colours, composition, iconographic themes, and
anecdotal details, as presented by Daniel Arasse [134]. Although the artist's technique is
important in defining their style, the study of the paint layer and its relief created by the artist

is generally analysed for the overall visual effect of the artwork. For example, pointillism or
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impasto is typically studied for its general visual rendering rather than as a 3D topographic
system of paint layers with levels of detail at different scales which may carry, at the scale of
the brushstroke decontextualized from the other elements of response regarding the painter's
style. Focusing on the painter's trace on the material as a mark of their style, or at least a part
of it, quickly shifts the art historian's analysis towards stylometry [135] or the potential
quantification of certain traceable and measurable factors ( e.g., chemical components). There
are, however, traces of the question of roughness and style regarding the surface of the artwork
influencing style in the analyses of art historians starting from the 19th century. On one hand,
the notion of surface in our study concerns the geometry of the pictorial layer, the imprint of
the painter's gesture. This is not the only mathematical approach corresponding to the definition
of surface in art; in De Pictura by Alberti [136], one finds a notion closely tied to the Latin root
of the word "surface." In Alberti, the surface is defined as the outermost part of a body,
identifiable only by its length and width, without depth. However, in this study, we question
the roughness of the surface, the roughness embedded in the material as a trace of the painter.
From Rembrandt to Van Gogh, both of whom inspired painters like Eugene Leroy [137], artists
have a relationship with their work in which the trace of the creative process is an integral part
of the artwork. The pictorial surface thus becomes a multiscale surface: the lowest frequencies
correspond to the slope of the canvas and variations in tension on the stretcher, the layering of
paint represents the undulation of mid-range frequencies, while the imprint of the brush, knife,
or finger corresponds to the highest frequencies. In this study, we present a reflection and a
statistical method to link the artist's style to surface roughness and the microgeometry of the

pictorial layer.

5.1.2 Style and roughness

Style in painting is a broad subject, which can be viewed as encompassing an era, a group of
artists, or the unique touch of a single artist. Richard Wollheim [138] discusses in his article
the distinction between the concept of an international style and individual style, which allows
us, for instance, to recognize the prominence of Baroque or Impressionist styles through their
distinctive characteristics, as well as to differentiate between a painting from Veldzquez and a
painting from Rembrandt. Thus, individual style emerges even when an artist works within a
movement or under dominant stylistic conventions. Heinrich Wolfflin begins the introduction
of his seminal work, Principles of Art History [139], with a short story about the painter Ludwig

Richter. This painter and three of his friends set themselves the task of painting the same
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landscape outdoors. Although all three artists executed their works in a shared style reminiscent
of the Pre-Raphaelites, the paintings differed in their representation of the same landscape.
Several elements can constitute a painter's style: the themes explored through iconography,
which may be more prominent in certain periods than others, and the composition, or the
arrangement of elements within the pictorial space. Federico Zuccari, in his treatise L'Idea de'
pittori, scultori ed architetti [140], embodies the Neoplatonic thought of the Renaissance
concerning artistic practice. He defines disegno interno as the idea or mental conception of the
artist. Disegno esterno, on the other hand, is the material expression of this idea, the drawing or
physical artwork that results from it. The thematic and symbolic choices of the artist, connected
to iconography, fall under the realm of mental conception. The work takes shape internally
before its realization. Similarly, composition how pictorial space is structured (the guiding lines,
relationships between forms) is also a preliminary stage before the execution of the artwork.
Disegno esterno can be linked to the material representation of the artwork but it can be related
to the execution of this artwork, such as the way the artist applies paint (e.g., brushstrokes,
texture, fluidity). These elements relate to the technical and material aspects, reflecting the
relationship between the artist and the medium. Another comment from Wolfflin says that by
using relatively few elements, a wide diversity of distinct individual expressions has emerged.
Countless artists have depicted the Virgin seated, with drapery gathered between her knees,
and each time, a form has been discovered that reflects the entirety of a person. This
psychological resonance of drapery is not limited to the grand tradition of Italian Renaissance
art but extends even to the painterly style of 17 century Dutch genre painters. It is this concept
of the disegno esterno that we need to focus on if we wish to study in more detail the notions of
gesture and texture that constitute the painter's gestural signature (i.e., his style from a
technical point of view). However, it is necessary to distinguish between pictorial techniques
that better capture the idea of movement and the painter's gesture than others. For instance,
the technique of a fresco painting, which involves applying pigments onto one or more layers of
fresh plaster, can convey the artist's gesture through the lines, curves, modelling of flesh, and
drapery of fabrics. However, the issue lies in that the surface relief and texture do not express

a dynamic notion that could be referred to as the painter's morphological signature.

Similarly, certain types of painting techniques, as also distinguished by Wolfflin,
transition over time from a linear style to a painterly or Malerisch. This word has, in German,
two distinct meanings, one objective, a quality residing in the object, and the other subjective,
a mode of apprehension and creation. To avoid confusion, they have been distinguished in

English as “picturesque” and “painterly” respectively. The painterly style in Wolfflin implies
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seeing in patches of paint less than in lines. The distinction between the linear or
“draughtsmanly” aspect of painting more present in the 16™ century. The transition to the
painterly style has set aside the reproduction of tangible objects through boundaries, surfaces,
and contours (cf. Alberti). The texturing of the pictorial layer produces a visual sensation for
the eye, offering different levels of realism. To quote the author: “A very close view is senseless.
Modelling by gradation has yielded to modelling in patches. The rough, furrowed surfaces have lost
any possibility of comparison with life. They appeal only to the eye and are not meant to appeal to
the senses as tangible surfaces” [139] to confirm the rough and textured aspect of the surface
observable in the painterly style. However, the painterly style can also apply to drawing, which
completely negates the notion of texture in the sense of surface roughness. Nevertheless, this
observation does not contradict the fact that, for the painter, the concept of gesture is more

prominent in the painterly style.

Ancient philosophy, especially Pythagorean and Platonic thought, structured the world
through a series of binary oppositions, light/darkness, form/matter, good/evil, that medieval
Christian thinkers adopted and reinforced. These dualistic frameworks long shaped artistic and
theoretical conceptions of creation, drawing a clear line between the artist’s inner intention
(preparatory drawing, idea) and its outward execution (material, technique). With Rembrandt,
however, this conceptual architecture seems to dissolve. The pictorial gesture no longer seeks
to translate a preconceived idea; it becomes a space where light, matter, and figuration merge.
The boundary between inner design and outer execution blurs, opening a non-binary way of
thinking about the artwork, in which the visible itself is a site of becoming. Painting is no longer
the outcome of a plan but the locus of emergence. This surpassing of dualism situates
Rembrandt not only in a stylistic break but also in a broader reconfiguration of how the image

and its genesis are conceived [141].

5.1.3 The artist and roughness

Painting, as an artistic practice, is deeply rooted in the interaction between material, tools, and
the artist’s gesture. Jean Dubuffet emphasizes this synergy, arguing that art emerges from the
dialogue between these elements, retaining the traces of the process itself. According to
Dubuffet, “Art must be born from the material and the tool, and it must bear the traces of both
the tool and its struggle with the material. The artist must speak, but so must the tool and the
material” [142]. This perspective underlines the essential role of texture as the outcome of this

creative struggle. Texture, in Dubuffet’s view, is not merely an aesthetic quality but a testament
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to the material's responsiveness to the artist’s hand, where the gesture leaves its imprint, and
the material asserts its presence. As he notes, “Each material has its language, being a language,

which admits no other and serves none other” [142].

This idea is vividly demonstrated in the manipulation of pigments, binders, and
supports, where the choice and combination of materials profoundly influence the outcome.
For example, ultramarine powder, when mixed with different binders such as oil, egg, or gum,
produces entirely distinct textures and effects depending on whether it is applied to plaster,
wood, or canvas. These textures are not arbitrary; they are the result of an intimate dialogue
between the artist’s gesture and the intrinsic properties of the materials. The textural variations
underscore the material’s active role, transforming it from a passive medium into a co-creator

of the artwork.

The notion of texture also defines the generative process of painting, which, unlike
sculpture, operates predominantly through addition rather than subtraction. This layering
principle is exemplified in the works of Eugene Leroy, where successive layers of paint obscure
the original figure, transforming it into points of colour that emerge only faintly through the
thick strata. In such works, texture transcends its visual dimension, becoming a metaphor for
the “flesh of the world,” as evoked in the visceral materiality of Rembrandt’s The Slaughtered
Ox. Here, texture functions as both a physical manifestation of the painter’s gestures and a

means of anchoring the artwork in the sensory, tangible world.

Through the works of Dubuffet and Leroy we see that texture is not simply a surface
quality but a central element in the artistic process. It reveals the material's voice, the painter's
gesture, and their interaction, producing a visual and tactile language that resonates with both

the physical and the intangible.

5.1.4 The Impasto

The technique that best represents the material expression, the artist's trace in the painting, is
the impasto technique, which consists of adding thick layers of paint to the canvas. There are
testimonies about Rembrandt's painting techniques [143]. This technique is more closely linked
to spontaneity in the artist's expression. While the draughtsmanly style requires prior

preparation, with sketches and preliminary drawings, the painterly style with impasto is a
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constant iteration. The impulsiveness of impasto has led to numerous pentimenti in painting,
indicating that the artist's final vision of the artwork changed during its creation. Rembrandt
could, for example, add layers of paint until reaching a thickness of about half a finger [144].
Vincent Van Gogh used two types of white paints, sometimes on a single painting to create his
impasto, zinc white [145] and lead white [146,147]. These two types of paints are the most
used by Van Gogh, although these paintings are very colourful. The elements found in Van
Gogh's letters [148] provide valuable indicators for understanding the relationship between the
materials used and Van Gogh's typical impasto technique. Lead white, used until the 19th
century, is toxic but has excellent covering power and dries faster than zinc white, which has
better mixing properties with other pigments. By varying the two, Van Gogh could create a wide

variety of textures ranging from smooth to rough, which is characteristic of his style.

5.2 Analysis of Surface Topography in Art

In the field of painting, the application of surface topography analysis is relatively recent,
allowing for the examination of the intricate details of a pictorial surface. This microgeometry
encapsulates information that can be interpreted as the morphological signature of an artist.
Key elements such as the artist’s handedness, the type of brush employed, and the nature of the
paint contribute to revealing the artist’s techniques and stylistic choices through surface

characterization, integrating both biomechanical and mechanical factors.

Despite its potential, the study of surface topography in fine art remains underexplored.
A review by Elkhuizen et al. [149] identified only 13 significant publications on three
metrological methods: laser triangulation, structured light projection, and focus variation
microscopy. Their comparative study of these techniques on Johannes Vermeer’s Girl with a
Pearl Earring (c. 1665) demonstrated that multi-scale optical coherence tomography and 3D
digital microscopy (via focus variation) provided the highest precision and accuracy. Further
investigations by Bigerelle et al. categorized surface phenomena into three distinct scale ranges:
3-70 um for brushstroke details, 70-700 um for canvas texture, and above 700 pm for broader

canvas undulations [150,151].
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5.3 Research Objective and Selected Corpus

This chapter aims to compare fractal dimension calculations across ten surface topographies
derived from paintings. Among these, eight are undisputed Van Gogh artworks, recognized by
institutions. The remaining two include Sunset at Montmajour, recently authenticated by
experts [152], and The Plowmen, a piece that sparked controversy in the French press during

the early 2000s and was finally consider as a forgery.
Authentic works:
Dutch Period (1881-1886) :

o Wheatfield with Partridge (1887) — Oil on canvas, 53.7 cm X 65.2 cm, Van Gogh

Museum, Amsterdam.

e Two Women in the Moor (1883) — Oil on canvas, 27.8 cm X 36.5 cm, Van Gogh Museum,

Amsterdam.

French Period (1886-1890) :

Wheatfield with Crows (1890) — Oil on canvas, 50.2 cm X 103 cm, Van Gogh Museum,

Amsterdam.
e Reaper (1889) — Qil on canvas, 73.2 cm X 92.7 cm, Van Gogh Museum, Amsterdam.

e The Bridge at Langlois (1888) — QOil on canvas, 59.6 cm X 73.6 cm, Van Gogh Museum,

Amsterdam.

e The Starry Night (1889) — Oil on canvas, 73.7 cm X 92.1 cm, Museum of Modern Art,
New York.

e Farmhouse in the Wheatfield (1888) — Oil on canvas, 45.3 cm X 50.9 cm, Van Gogh

Museum, Amsterdam.

e Marguerite Gachet in the Garden (1890) — Oil on canvas, 46 cm x 55 cm, Musée d’Orsay,

France

Although Wheatfield with Partridge (1887) was painted during Van Gogh'’s early years in France,
it is categorized within the Dutch period due to its stylistic resemblance to his earlier works.

Van Gogh’s transition to France in 1886 complicates strict period classifications [153].

To evaluate whether fractal dimension serves as a reliable parameter of Van Gogh’s

morphological signature, this chapter incorporates two additional paintings:
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1. Sunset at Montmajour (1888) — An oil painting depicting a landscape near Arles, France.
Initially forgotten in an attic, it was authenticated based on stylistic features and a letter
from July 4, 1888, in which Van Gogh described the piece. The work measures 73.3 cm

X 93.3 cm, but its current location remains undisclosed [152,154].

2. The Plowmen — A small oil painting (30.5 cm X 45.8 cm) on wood panel, discovered in
Paris in the 1990s. Bearing the signature “Vincent,” its authenticity was disputed by the
Van Gogh Museum. Despite private evaluations suggesting a possible attribution, the
painting’s sale was suspended due to unresolved questions regarding its provenance

[155-157] .

Through this comparative analysis, the chapter seeks to determine whether fractal complexity

can serve as a reliable metric for artistic attribution and authentication.

5.4 Material and methods

Fractal surface analysis would typically require direct access to the artworks for digitization
using optical measurement systems or other topographic measurement systems. While
technically feasible, this study does not rely on direct topographic measurements of Van Gogh’s
works. Instead, it employs a conversion process that transforms very high-resolution images

into topographic data.

This conversion is performed using an algorithm embedded in the surface analysis
software MountainsMap® (Digital SurfTM, Besancon, France). The process involves several
steps: first, the color image is converted into grayscale. Each pixel is then represented by a
single value corresponding to its light intensity or brightness, which depends on the material
properties of the object and the sensitivity of the camera sensor. Mathematically, a grayscale
image can be described by a function f(x, y), where each point (x, y) is assigned an intensity
value z = f(x, y). In the conversion to topography, these intensity values are interpreted as
height data. However, these heights do not hold a strict metrological value; rather, they reflect

variations in grayscale intensity rather than actual physical height measurements [158,159].

Two types of topographies were generated: one representing the entire artwork and
another focusing on a specific detail (Appendix A). This distinction allows for an assessment of
the overall fractal dimension of the painting, in other words, its general visual complexity.
However, from a statistical perspective, large-scale analysis may be less meaningful. Van Gogh’s

expressive style is characterized by distinctive brushstrokes that often appear in specific areas
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of his paintings. Once the 3D topography is generated, it becomes possible to calculate the

fractal dimension of the image (Figure 5.1).

(@ (b)

Figure 5.1 Conversion of the painting image into 3D topography, (a) image of a painting of Van Gogh in

high resolution (b) conversion into topography viewed from above using grayscale (GL)

For the calculation of the fractal dimension, a new method was employed, derived from
surface analysis research [132,133]. This method involves using a roughness parameter called
Sdr with a series of low-pass Gaussian filters. The Sdr parameter, as defined in ISO 25178-2
[1], is classified as a hybrid parameter. While height parameters evaluate roughness, symmetry,
and the distribution of surface heights including maximum height spatial parameters analyze
the texture’s directionality, isotropy, and autocorrelation decay rate. Hybrid parameters, in
contrast, integrate both height and spatial characteristics, combining these aspects into a single
measure [160]. The values of hybrid parameters depend on both the observation scale and the

resolution of the measurement system [19,161].

Sdr quantifies surface complexity by computing the ratio between the developed surface
area and the sampled surface area, as illustrated in Figure . This metric is highly sensitive to
scale and data resolution, making it particularly relevant for applications such as wettability,
coatings [162,163], and conductivity analysis [164]. It is also useful for monitoring surface
modifications during processing, especially in adhesion-related studies. However, Sdr assumes
that surfaces are differentiable at all points a condition that may not hold for fractal surfaces,

which often contain singularities and abrupt variations.
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Sdr is a robust parameter for characterizing measurement variability due to its
sensitivity to fine-scale surface features. While this responsiveness enables the detection of
subtle topographic variations, it also makes Sdr susceptible to high-frequency noise [23].
Additionally, as a global parameter, it accounts for all surface points. Research by Pawlus et al.
highlights that Sdr is particularly sensitive to peak spikes and stitching artifacts, tends to yield
higher values in optical measurements compared to tactile methods, and is influenced by factors

such as sampling intervals and filtering techniques [165].

Sdr =89%

pm

Sdr=0.3%

30.36 R
pm O
2
§
pm

pm

Figure 5.2 Same surface before (a) and after (b) being filtered by low pass Gaussian filter with a cut off
250um. It is possible to observe that the valleys remain the same, but the details have completely
disappeared making the geometry far less complex and, therefore, an Sdr value of 0.3% compared to the

full surface of 89% of ratio
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These equations describe the relationship between surface roughness and fractal
complexity as a function of the observation scale. The equation 2, indicates that the developed
surface area A follows a power law in relation to the scale ¢, where 4 is a parameter related to
the fractal dimension of the surface. This relationship reflects the fact that surfaces with fractal
complexity exhibit an apparent increase in surface area as they are observed at finer scales.
Equation 3 defines the Sdr which measures the ratio between the developed area and the
projected area A0, expressed as a percentage. This parameter is crucial for characterizing

surface roughness, particularly in tribology and coating analysis.

A= age?™® 2

A—A
Sdr = 100 0 ()

The model presented in Equation 4 and used in this study introduce a double logarithmic
transformation of the relationship between the Sdr parameter and the observation scale e,
expressed as loglog(Sdr/100 + 1). This transformation aims to further linearize the relationship
and mitigate the influence of extreme variations in Sdr, which may result from measurement
noise or singularities in the surface. Compared to the previous model, where Sdr was expressed
as a function of the fractal dimension A, this new formulation introduces a parameter A’ that
adjusts the dependency of Sdr on scale, while slightly modifying the interpretation of surface
complexity. The coefficient (1 —A") replaces the previous (2 —A) term, suggesting an
alternative approach to characterize the evolution of roughness across scales. This log-log
transformation is particularly useful for surfaces exhibiting high variability at small scales, as it
reduces the impact of extreme values and allows for a more robust estimation of fractal
complexity over a broad range of scales. In the linear model y = a + bx, y denotes the log-log
values of Sdr; a is the intercept, b the slope, and x is the filter cut-off value in um—i.e., € on a

log scale in the model. From this model, the fractal dimension is obtained as (1—A).
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loglog (% + 1) =a+ (1—-A)log(¢) )

5.5 Results

In this section, the author aims to perform a discriminant analysis on Van Gogh's paintings by
demonstrating that analysing style through fractal dimension can identify paintings that are
indeed by the artist, distinguishing them from those that are not authenticated as such. To
represent the relationship between the values of the Sdr parameter and the scales, linear
regressions were calculated for the different paintings. These regressions reveal discriminating
results concerning the forgery painting The Plowmen, as shown in Figure 5.3. Indeed, the
distribution of values associated with this painting (in red) does not follow the same slope

tendency as the other paintings (including Sunset at Montmajour).

From the slope of the linear regression, a fractal dimension value can be obtained. This
fractal dimension calculation method is akin to the Patchwork, and box-counting methods (1 —
A"). The values of this fractal dimension are presented in Figure 5.4 . It can be observed that
the nine authentic paintings follow an approximately Gaussian distribution, while the painting
The Plowmen is not included in this distribution. The authentic paintings exhibit a distribution
centered around 2.85, while Sunset at Montmajour shows a slightly lower fractal dimension,
though still within the range of authenticated works. In contrast, The Plowmen stands out with
a significantly lower value (around 2.3), suggesting a marked stylistic difference. However, the
limited number of values does not allow us to draw robust conclusions. This is why we applied
a Bootstrap protocol to our data to analyse the distribution of values as if we had a large number
of observations available. From these initial regressions on a log(log(Sdr)) and a log(g), we

were able to obtain the initial fractal dimensions.
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Figure 5.3 Slope of the distribution of Sdr value on every scale. The rejected painting (The Plowmen is here

depicted in red)

Number of observations

B Authentic paintings
.| Sunset at Montmajour
B The Plowmen

22 23 24 25 26 27 28

Fractal Dimension

29 30 31

Figure 5.4 Distribution of fractal dimensions values
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To account for variability in our model while preserving the structure of the initial
regression, a two-step Bootstrap procedure was applied. First, the residuals from the initial
regression were resampled with replacement, allowing us to simulate different realizations of
the model’s errors while maintaining their original distribution. In parallel, the predicted values
from the regression were also resampled to capture variations in the estimated trend. These
two resampled components were then combined by summing the Bootstrapped residuals and
Bootstrapped predicted values, generating new simulated Sdr values. This approach ensures
that the stochastic nature of the data is accurately reflected while maintaining the underlying
relationship between Sdr and ¢ ,rather than directly resampling raw Sdr values, which could

distort the model’s structure. This process can be summarized in the following steps:

1. Initial Regression: A linear regression was performed on log(Sdr) as a function of
log(epsilon) for each dataset (i.e., each painting).

2. Calculation of Residuals and Predictions: The residuals (differences between observed
and predicted values) and the predicted values from the regression were computed.

a. Bootstrap Resampling (100,000 replications):
b. The residuals were resampled with replacement to preserve their statistical
distribution.

3. The predicted values were also resampled with replacement to incorporate variability
in the regression trend.

4. Generation of Simulated Sdr Values: Each new simulated Sdr value was obtained by
summing a resampled prediction with a resampled residual, effectively creating a
Bootstrapped realization of the data.

5. Repeated for Each Painting: This procedure was applied independently to each dataset,
ensuring that the structure of each painting’s regression was maintained.

6. Estimation of Fractal Dimension: New regression models were fitted to the Boostrapped
dataset, providing a distribution of estimated slopes.

7. Analysis of the Bootstrap Results: The distribution of the fractal dimension estimates

was analysed to assess its variability and to compare different paintings.

These steps allow us to generate Figures 5.5, in which the Bootstrapped distributions
suggest that the painting The Plowmen is a forgery despite the large number of simulated data
points generated through the Bootstrap process. Three modes can be observed; however, the

rightmost mode corresponds to three paintings created by Van Gogh during his French period,
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accounting for three out of six paintings in this study. The painting The Plowmen remains in a

separate mode from the others.
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Figure 5.5 Modes of distribution for the Bootstrapped values for fractal dimensions of the paintings

To validate our hypothesis, that fractal dimension can be used to discriminate non-authentic

Van Gogh works, we must compare these results with another widely used method in fractal

surface analysis, namely the box-counting method.

5.6 Using the box counting method for topographical and fractal insight in authentication

of Van Gogh’s painting (currently in the process of peer review in Surface Topography:

Metrology and Properties submitted in April 2025)
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Abstract

The studies determining methods for authenticating forgeries in artworks are of crucial importance. Some
works, which can reach considerable market value, compel institutions or owners to be certain of the
object's authorship. Furthermore, the diversity of methods is crucial as it allows for varied perspectives by
considering different factors (e.g., chemical analysis, connoisseurship, carbon-14 dating). In this study,
we propose an innovative method for authenticating artworks using the fractal dimension of the surface
topography. The fractal calculation method used is the Box Counting method, also known as the
Minkowski-Bouligand dimension calculation method. By utilizing 9 paintings from the corpus of Vincent
Van Gogh and one false known as “The Ploughmen”, we compare the results of fractal dimension
calculations of the surface topography. High-resolution images were converted into 3D topographies, from
which fractal dimensions were extracted. Our analysis rejects “The Ploughmen™ (Z-value = -2.336) and
validates a recently discovered work “Sunset at Montmajour” (Z-value = 1.64) as authentic. This
innovative approach demonstrates that the fractal dimension of the paint layer can serve as a distinguishing
parameter of the painter's morphological signature. The findings suggest that fractal analysis could
complement traditional art authentication methods, providing a quantitative tool that can enhance the
accuracy and reliability of authenticity assessments.

Keywords: Surface topography, fractal dimension, Van Gogh, art painting

Montmajour (Private collection, 1888. In the realm of

Introduction

The painter we address in this study is none other than
Vincent Van Gogh (1853-1890), a Dutch painter and
draftsman whose style varies depending on the period, ranging
from pointillism to expressionism [1]. His highly influential
body of work ranks him as one of the most important artists in
art history as a precursor of modern painting. Detailed
analyses of his life and work, as well as monographs, number
in the hundreds, and the primary aim of this study is not to
provide an overview of art history research on Van Gogh.
However, we can mention the significant biography of Naifeh
and Smith [2] and the work of J-B Faille [3-5]. The works of
a painter of such renown have acquired considerable value
over time [6], which introduces a crucial question regarding
the authentication of works discovered late as Sunset at
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contemporary art authentication, the pursuit of detecting
forgeries has evolved, primarily leveraging three distinct
methodologies: connoisseurship, which draws upon expert
judgment and historical context; physico-chemical analyses,
involving scientific examination of materials and pigments;
and digital image processing involving the manipulation and
analysis of digital images using computer algorithms.
Through this study, a new method for detecting forgeries
based on Van Gogh's work will be introduced. Indeed, the
field of surface metrology has scarcely addressed the study of
pictorial surfaces, let alone in the context of forgery detection.
Therefore, following this introduction, the field of surface
metrology will be presented.

© xxxx IOP Publishing Ltd
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1.1 Connoisseurs

Firstly, the case of connoisscurship in the work of Van
Gogh possesses several renowned instances. This issue is at
the heart of the Wacker affair, in which about thirty works
attributed to Van Gogh were added to the artist's standard
catalogue in the 1930s. Some of these works were forgeries,
initially recognized as such, then rchabilitated before being
definitively determined as fakes. Feilchenfeld [7] summarizes
the affair in his study by specifying that there are three types
of forgeries in Van Gogh's work :

e Forgeries: Works intentionally manufactured to
deceive.

e  Misattributed works: Works wrongly attributed to
Van Gogh simply because they were among his
brother Theo's estate.

e Mixed cases: Works incorrectly ascribed to van
Gogh, signed "Vincent" with the intent to deceive,
often involving forged documents.

Artwork authentication is a major step when orphan
works need to be attributed to one artist or another before they
enter auction networks, curation processes, museum and or
private collections. The intervention of experts is regularly
sought so that artworks wishing to enter the art market are
recognized as having been indeed executed by a painter to
whom the work is attributed. One can note that the experts,
initially scholars in the painting of the great masters, are
gradually complementing their analysis, which is both
iconographic and stylistic, with a forensic analysis. The
Research Laboratory of French Museums (LRMF) typically
distinguishes between two primary categories of working
methods: The first, Examination, primarily involves
photographic and imaging techniques. The second, Analysis,
is a structural study aimed at identifying the constituent
materials of a work of art and understanding how they were
used. It should be noted that in the methodology for detecting
forgeries, Le Chanu positions the connoisseur or art historian
as the first participant, leading the way with the examination
phase preceding the analysis phase [8]. All analysis techniques
ranging from X-ray fluorescence scanning [9] to computer
vision [10], including Raman spectroscopy [l11] are
summarized in details in the book by Ragai [12].

1.2 Physico-chemical aspect

The physico-chemical studies in the authentication of
Van Gogh's works also feature some intriguing cases. It is
possible that other works have undergone analysis, but these
cases have remained within the realm of private domain. The
first study concerns a work by Van Gogh (Patch of Grass,
Paris, Apr-June 1887) in which the artist covered a previous

composition with a second one. Using synchrotron radiation-
based X-ray fluorescence mapping, researchers revealed a
hidden woman's head beneath his "Patch of Grass" painting.
By visualizing specific elements in the paint layers, they
reconstructed flesh tones, allowing comparison with Van
Gogh's known works. This breakthrough offers unprecedented
insight into hidden layers, opening new possibilitics for non-
destructive study in Van Gogh's oeuvre [13]. Underdrawings
in paintings, previously obscured, were revealed with
exceptional clarity through synchrotron X-ray techniques in
another study. One such case study involves a floral still life
initially doubted as a van Gogh due to its unconventional
characteristics. Despite challenges in interpretation using
conventional methods, synchrotron XRF imaging in 2012
unveiled a distinct under drawing of two wrestlers, confirming
the painting's authenticity. This breakthrough underscores the
transformative impact of synchrotron-based art analysis,
enabling precise authentication and enriching our
understanding of artistic processes[12]. Finally, Sunset at
Montmajour, initially doubted as a forgery, was authenticated
as an original Van Gogh by the Van Gogh Museum in 2013.
Purchased in 1908, it faced scepticism after being stored in an
attic upon suspicions of forgery. In 2011, its new owner
presented it to the museum, prompting revaluation. Van
Gogh's correspondence and matching catalogue numbers
supported its authenticity. Stylistic analysis and pigment
examination further affirmed its genuineness, with SEM-EDX
analysis confirming the canvas weave. Technical research
confirmed the pigments' alignment with van Gogh's Arles
palette, solidifving its status as an authentic piece in the
museum's collection[14,15].

1.3 Digital Image Processing and Stylometry

The technologies associated with painting authentication
offer various possibilities to support expert opinions. Hence,
scientists are exploring indicators of different natures, as
illustrated by the literature review in this introduction.
However, the processes require considerable technological
resources, often involving the need to physically move the
artwork or directly intervene in the institution where it is
stored. That is why art historians, working in collaboration
with researchers in technical sciences, often use stylometric
analyses based on images from paintings. In painting,
stylometry is a method used to study an artist's style through
their works. This can involve analysing various visual
characteristics, such as colour choice, composition,
brushstroke type, or the depiction of recurring motifs.
Stylometry can be used to identify an artist's works, analyse
the evolution of their style over time, or distinguish authentic
works from imitations or forgeries. A literature review for
stylometric studies on paintings is summarized in the
introduction of Liu et al.[16] and Hugues [17]. For insurance
and security reasons, analyses based on high-quality images
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of the artworks represent a viable strategy. Images stored in
databases have the advantage of being accessible to art
historians, interoperable across institutions, and providing
material for computer-aided image processing studies [18]. To
stay at the cutting edge of studies focused on the analyses of
Van Gogh's works, it is necessary to mention the Digital
Painting Analysis (DPA) initiative. This initiative was
supported by the Van Gogh Museum and the Kroller Miiller
Museum, which provided high-resolution digital images of
paintings, mostly by van Gogh. The art historians presented
challenges to the research teams, including authentication,
dating, identifying  distinguishing features, image
enhancement, and inpainting. This initiative organised two
workshops. (IP4Al or [Image Processing for Artist
Identification) and a symposium (celebrating the inauguration
of TiCC, Tilburg centre for Creative Computing) [19,20].
Unfortunately, those images are not available nowadays.
Since 2008, in the study by Johnson et al,, [18] Van Gogh's
works have been studied using image processing. The
techniques used for image analysis to authenticate the author
of a work are based on the principles of wavelets and Gabor
wavelets. The principle of using wavelets for image
processing, particularly in the fields of image recognition,
feature detection, and texture classification (i.e., domains that
can be used to authenticate a painting from an image) are
addressed in Walker's [21] book and Choi & Baraniuk’ study
[22]. Wavelets also allow for a multifractal analysis of Van
Gogh's paintings [23]. Methods using wavelets include
Hidden Markov Models (HMMs), Support Vector Machines
(SVMs), and Multidimensional Scaling (MDS).

Contrary to most image processing studies using
wavelets, the study from Liu et al., proposes an analysis of
brushstrokes using a geometric tight frame. Tight-frame
transforms are redundant bases that can provide overcomplete
but stable coding of directional variations. The geometric tight
frame used in this study consists of 18 filters that capture the
first- and second-order differences in the horizontal, vertical,
and diagonal directions in small areas, allowing it to capture
subtle oriented variations in the texture of the paintings.

Algorithms for edge detection are another method of
studying pictorial style. These algorithms trace the contours of
Van Gogh's brushstrokes and allow the painter's gestures to be
isolated to quantify repetitive and patterned impressions. The
study from Li et al., confirms that the combined brushwork
features identified as unique to Van Gogh are consistently
present throughout his French periods of production (1886-
1890)[24]. This is relevant to attribution studies as there are
paintings by other artists, including those in his inner circle,
which were not created as deliberate copies or forgeries, but
have been mistakenly attributed to Van Gogh for various
reasons (i.¢., the style of painting). A significant number of the
paintings assessed by experts that are brought to the Van Gogh

Museum fall into this category. Other algorithms used include
Canny edge detection and Ant Colony Optimization methods
[25].

This literature review indicates that the detection of
forgeries in Van Gogh's work, and generally in painting,
focuses on three approaches: one based on connoisseurship,
another on physico-chemical analyses, and the last one on
digital image processing. These methods are interconnected in
the sense that connoisseurship relies on forensic study results
(i.e., physicochemical analysis) to ensure the authenticity of a
work, in addition to the connoisseur's expertise on the artist in
question. Studies in image processing also assist the
connoisseur in decision-making, offering the advantage of
employing non-invasive analysis methods and enabling the
analysis of a dispersed corpus of works. In this context, only
images provided by institutions are necessary and can be
digitally shared. In this study we aim to present a non-invasive
method based on surface topography analysis. This approach
would have the advantage to have been closer to the physical
aspect of the surface in opposition to image analysis and can
give indicators to help connoisseurs in their authentication
process.

1.4 Surface topography and art

Surface metrology of topography is a method
providing analysis over the geometric characteristics of the
surface [26]. This method is usually studied in the industrial
field to assess both the process of manufacturing and the
optimisation of functionality on surface state [27]. Surface
topography analysis in painting is a relatively new approach
that studies the fine geometry of the pictorial surface. This
microgeometry contains information related to what can be
called the painter's morphological signature. Factors such as
the handedness [28] , the type of brush used, and the type of
the paint are indicators that connect the work to the painter
through surface topography (i.c., biomechanical and
mechanical factors related to artists choice). The study of
surface topography in fine art paintings is not yet widespread.
A 2019 review by Elkhuizen et al. [29] found only 13
comprehensive publications on three metrological techniques:
laser triangulation, structured light projection, and focus
variation microscopy. They compared three 3D scanning
techniques on Johannes Vermeer’s "Girl with a Pear]l Earring"
(c. 1665), concluding that 3D digital microscopy (using focus
variation) and multi-scale optical coherence tomography offer
the highest accuracy and precision. Further rescarch by
Bigerelle et al. [30,31] identified three distinct scale ranges
for surface phenomena: 3-70 pm for brushstroke details, 70-
700 pm for canvas fabric topography, and scales larger than
700 pm for canvas undulations.
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1.4.1 Fractal methods

Among the methods of analysis in surface metrology, the
incorporation of fractal aspects in the study or art tends to
be a promising and innovative approach [32]
Characterization of surfaces involves the examination of
the spatial configuration of details, brushstrokes, and
patterns present in a painting, by scrutinizing these
features at small scales, distinctive signatures specific to
cach artist can be discerned. However, to delve beyond
the visual aspect, the integration of fractal aspects adds a
mathematical dimension to this analysis. Fractal aspects,
particularly measured through methods such as the box
counting method [33,34], allow for the quantification of
complexity and self-affinity within the topography of an
artwork. This could be a wvaluable resource for
establishing distinctive patterns and recurrent structures
characteristic of a specific painter. In the context of
artistic authentication, this approach provides an
objective and quantifiable means of assessing the stylistic
consistency of an artist over time. The hypothesis is that
the pictorial surface has a geometric complexity unique
to the artist, which can be calculated using fractal
dimension. This complexity can be associated with a
particular artist, allowing us to determine if a work does
not belong to the artist's corpus because the geometric
structural complexity would differ.

Studies on the fractal dimension of artworks are not
numerous, two examples can be cited: The first concerns
the paintings of Jackson Pollock, which highlight an
analysis of the pattern associated with dripping (i.e the
way Jackson Pollock was creating artwork). This study
shows the complexity of the pattern created during the
creative process rather than an analysis of the pictorial
layer itself [35]. The second study explores the wavelet
leader based multifractal formalism to characterize
paintings, analysing digitized paintings for forgery
detection and differences among Van Gogh's works and
those of his contemporaries [23].

1.5 Objective and corpus

This study compares the fractal dimension calculations of
10 surface topography from paintings. Among these 10 works,
8 have been authenticated as Van Gogh paintings and are
undisputed by institutions. Of the remaining two, on¢ has been
recently authenticated, which is "Sunset at Montmajour," and
the other was subject to controversy called “The Ploughmen™
that caused brief doubt in the French press in the 2000s. The
list of authenticated works classified in the Dutch and French
periods:

Dutch Period (1881-1886)

e  Vincent Van Gogh, Wheatfield with Paridge, 1887,
oil on canvas, 53.7 ¢m x 65.2 c¢m, Van Gogh
Museum, Amsterdam, Netherlands.

e Vincent Van Gogh, Two Women in the Moor, 1883,
oil on canvas, 27.8 ¢cm x 36.5 cm, Van Gogh
Museum, Amsterdam, Netherlands.

French Period (1886-1890)

¢ Vincent Van Gogh, Wheatfield with Crows, 1890, oil
on canvas, 50.2 cm x 103 cm, Van Gogh Museum,
Amsterdam, Netherlands.

e  Vincent Van Gogh, Reaper, 1889, oil on canvas, 73.2
cm x 92.7 cm, Van Gogh Museum, Amsterdam,
Netherlands.

e  Vincent Van Gogh, The bridge on Langlois, 1888, oil
on canvas, 59.6 cm x 73.6 cm, Van Gogh Museum,
Amsterdam, Netherlands.

e Vincent Van Gogh, The Starry Night, 1889, oil on
canvas, 73.7 cm x 92.1 c¢cm, Museum of Modern
Art, New York, United States

e Vincent Van Gogh, Farmhouse in the Wheatfield,
1888, oil on canvas, 45.3 ¢cm x 50.9 cm, Van Gogh
Museum, Amsterdam, Netherlands.

It should be noted that "Wheatfield with Partridge"
(1887) is placed in the Dutch period for simplicity, even
though 1887 is during his early time in France, as it reflects
the style influenced by his Dutch years. The classification can
be nuanced, as Van Gogh moved to France in 1886 [2].To
address whether fractal dimension is indeed a significant
parameter of the painter's morphological signature, we
introduce two works into the study that can provide insights
into our hypothesis. "Sunset at Montmajour," an oil painting
from 1888, was revealed to the public by Van Gogh Museum
director Axel Rueger, depicting a landscape of oaks near
Arles, France. Purchased by a private collector in 1908 and
forgotten in an attic, the painting was authenticated by
scientists and Van Gogh experts using his typical techniques
and a letter from July 4, 1888, in which he described the
painting [14,15]. The painting dimension are 73,3 x 93,3 cm,
the location is currently unknown, and the owner is private.
The second painting is an oil on wood panel of small size 30,5
cm x 45,8 cm, discovered in Paris in the 1990s, nicknamed
"The Ploughmen". The painting bore the signature "Vincent,"
characteristic of the artist's works. The authenticity of the
canvas was refuted by the Van Gogh Museum authority, but
the buyer conducted private expert evaluations, which
provided elements without significant guarantees. The work
attempted to be sold, but the auctions were cancelled due to
the uncertain nature of its attribution to Van Gogh [36-38].
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Materials and methods
2.1 Conversion from pictures to topographies

The use of surface topographies in fractal analysis would
require access to the artworks and digitizing them using
optical profilometers or other topography measurement
systems. While this is technically possible, this study does not
use topographical measurements of Van Gogh's works but
rather a conversion of very high-resolution images into
topographies. To achieve this, there is an algorithm for
converting images into surface topographies in the surface
analysis software MountainsMap® (Digital SurfTM,
Besangon, France). The principle of this conversion involves
several steps. The color image is converted to grayscale. Gray
level images represent each pixel with a single value known
as intensity or brightness. This intensity reflects the amount of
light an object emits or reflects, influenced by the material
properties of the object and the sensitivity of the camera
sensors. A grey level image can be represented by a function
of two variables, f(x, y), which gives a number z = f(x, y)
corresponding to a grey level at a point (x, y). The intensity
values of the grayscale represent the height values for the
conversion to topography. The heights do not have
metrological value in the sense that they do not represent
actual height values but represent the gradients of the
grayscale intensity [39,40]. Two types of topographies were
generated: the first consisting of the topography of the entire
artwork, and the second by extracting a detail of the artwork
(Appendix A). This allows an overview of the overall fractal
dimension of the artwork, or in other words, the general
complexity of the painting. However, from a statistical
standpoint, this calculation over a large area is less significant.
Van Gogh's expressive style with specific brushstrokes often
appears in certain areas of the artwork. For example, in
"Wheatfield with Crows,' the extracted area is in the wheat
(Figure A.l.a), which shows a pattern where individual
brushstrokes are distinguishable. Once the 3D topography is
generated, it is possible to calculate the fractal dimension

(Figure 1).
2.2 Fractal method of analysis

Each method for calculating fractal dimension has its
advantages and limitations, and the choice of method often
depends on the specific nature of the object under study and
the questions being addressed [32,41-43]. The use of the box-
counting method, also known as the Minkowski-Bouligand
dimension, to analyze the topography of an artistic painting is
justified by its ability to quantify fractal complexity and self-
affinity within the structure of the artwork. This approach
provides a mathematical perspective for exploring the patterns
and details that contribute to the visual richness of a painting.
The box-counting method involves subdividing the
topography into boxes of increasing sizes s and then

measuring the number of boxes N(s) needed to cover the
object at each scale. Using this mathematical method the box-
counting method brings an element of objectivity to the
analysis of artistic topography. The calculation of the fractal
dimension D is also referred as Sfd parameter in 1SO 25 178-
2 [44].

mm

Figure 1. Conversion of the painting image into 3D topography, (a)
image from a detail of a painting photograph, (b) conversion into
topography viewed from above using the grayscale (GL) scale, (c)
3D view of the surface topography.

The Minkowski-Bouligand dimension, employed in the box-
counting method, is based on such a formulation. This
dimension quantifies the complexity of a surface by describing
how the number of covering elements scales with their size.
For 3D surfaces, it is expressed mathematically as:

log N(s)] il

D= —lim log(s)

5-0

where:

®  N(s) is the number of cubic boxes of size s required
to cover the measured surface.

e s is the box size.

Formally, if N¢s) is analytically known, D can be
calculated directly using Eq.1 However, in the context of
experimental data or when Nfs) is a discretized function; we
obtain only a finite set of discrete points rather than a
continuous function. As such, it is no longer possible to
calculate D analytically since the limit s—0 cannot be
practically achieved. Instead, numerical evaluations of D rely
on certain assumptions. To numerically estimate D on this set,



Journal XX (XXXX) XXXXXX

Author et al

a critical assumption often made is that N(s)oec s, which
implies a power-law relationship between N(s) and s. This
hypothesis is essential because it indicates that the relationship
holds over a finite range of scales, not merely asymptotically.
If this scaling law is valid, the fractal dimension D can be
determined by examining the linearity of the relationship
between log(N(s)) and log(s) over this range.

However, it is important to recognize two assumptions

Scaling Range assumption: The observed linearity in
logarithmic coordinates over a finite range is a necessary but
not sufficient condition for D to be the true Minkowski-
Bouligand fractal dimension. If the power-law behavior is
verified, D derived from the slope of the log-log graph is a
reliable approximation of the true fractal dimension.
Otherwise, D may only represent an effective or apparent
fractal dimension, specific to the analyzed scale range.

The Practical Implications for Painting Topographies show
that for applying this method to topographic measurements of
paintings, the three following considerations are critical: The
topographic surface is represented by a finite grid of measured
points (x,y,z). This discretization introduces limitations in
both the smallest s (resolution) and the largest s (surface
dimensions). The linearity of log(N(s)) vs. log(s) over a finite
range must be carefully analyzed to ensure the validity of the
scaling law. Deviations from linearity suggest that the power-
law assumption may not hold, limiting the reliability of the
fractal dimension estimate. The wvalidity of the fractal
dimension D depends on the existence of a finite range of
scales over which the power-law relationship applies. This
range should ideally be broad enough to capture both small-
scale details and larger structural patterns.

In the context of analyzing the surface of a painting, we
propose a two-scale approach to calculating the fractal
dimension using the box-counting method. This method will
be applied at two distinct scale levels: a micro-scale to analyze
homogeneous areas of the surface (representing the
characteristics of the artist's brushstroke) and a macro-scale
covering the entire painting, aimed at identifying fractal trends
over heterogeneous entities that represent the artwork.

2.2.1 Micro-Scale: Characterizing the Artist’s
Brushstroke. At the micro-scale, we focus on
specific excerpts of the surface that are considered
homogeneous. These areas are interpreted as
characteristic of the artist's brushstroke, allowing us
to understand their biomechanical movement and the
uniqueness of their touch. This analysis helps
quantify technical aspects such as the pressure
applied, the direction of the brush, and the fluidity of
the strokes. By calculating the fractal dimension at
this scale, we aim to capture the fine and repetitive
structure of the paint application, which can be seen

as a personal and unique aspect of the artist’s
technique.

2.2.2 Macro-Scale: Analyzing Artwork as a Whole.
At the macro-scale, the analysis extends to the entire
surface of the painting, with the goal of studying the
fractal rclationship in the broader context of the
work. This analysis helps identify global trends in the
surface of the painting, revealing interactions
between individual brushstrokes and the larger, more
complex structures formed by the entire artwork. At
this scale, the fractal analysis allows us to describe
the relationships between different heterogeneous
entities that compose the painting, thereby
integrating all visual aspects of the work.

The goal of this two-scale approach is to understand
the continuity between the technical and sensory
aspects of the artwork. By comparing the results of
fractal analysis at both the micro and macro scales,
we seek to assess how well the fractal dimension
captures the smooth transition between the technical
details of the brushstroke and the overall artistic
expression of the painting. If the results from the
micro and macro analyses are consistent, this
suggests that the fractal analysis captures the
continuum of the artist’s interpretation, where each
technical gesture contributes to a broader artistic
meaning, forming a coherent interpretation of the
painting's technique and art.

Applying both analyses is essential for
understanding the artwork in its entirety, enabling a
deeper exploration of the interaction between the
technical aspects (such as brushstroke technique) and
the artistic aspects (sensory and visual effects of the
artwork). To aid in illustrating the box-counting
method, a simplified 2D version of the 3D approach
used to calculate the fractal dimension is presented
in Figure 2. This representation considers a 2D
profile, with the boxes also being in 2D.
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Calculating the fractal dimension D using the box counting
method involves several steps. Mapping the image to intensity
to topographical Map we Begin by discretizing the
topographical map of the painting into boxes of increasing
sizes. This can be done by subdividing this one into
progressively smaller squares:

- Counting Boxes: For each box size, one counts the number
of' boxes required to cover the object in the topographical Map.

- Construct a log-log graph where the x-axis represents the box
size (logarithmic scale), and the y-axis represents the
corresponding number of boxes (logarithmic scale). Each
point on the graph corresponds to the size of a box and the
number of boxes needed to cover the object (Figure 3).

- Linear Regression: Ideally, the relationship between box size
and the number of boxes follows a power law on the log-log
graph. One Applies linear regression to fit a line to these
points. The slope of this line is often referred to as the
Minkowski-Bouligand dimension or the fractal dimension.
Fractal Dimension Calculation is obtained by taking the
negative of the slope of the linear regression line.

However, calculating the fractal dimension over the entire
surface can present difficulties in interpreting the results. This
is why we compare the fractal dimension results obtained on
the entire surface as well as on a single isolated brushstroke.
Indeed, a single brushstroke allows capturing the fractal
dimension associated with a singular gesture of the painter.
This is why, for each painting, a brushstroke was isolated to
calculate its fractal dimension.
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Figure 2. 2D representation of the Box Counting method, (a) the picture of the painting Marguerite Gachet in the garden is converted into
height points using grey scale, a 3D topography representation of the painting is generated (b) the Box Counting method is here represented
applied on a 2D profile extracted from the 3D topography indicated by the horizontal line. Three different scales of squares are applied:
36.6mm* squares need 31 boxes to enclose the profile, 78 squares with a size of 18.9mm?” and 212 boxes with a size of 9.82mm?. Those
references are applied in a log log plot to compute the fractal dimension like in Figure 3
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Figure 3. Log-log graph of the scale of analysis on the number of
enclosing boxes, graph for the fractal dimension of “Wheatfield with
Partridge™ (a) on full scale with a fractal dimension of 2.75 (b) on
brushstroke scale with a fractal dimension of 2.76

Results

The results of the fractal dimension calculations are
presented in Table 1. Initially, these results pertain to works
that have already been authenticated to create a statistical
model and compare it with the data from the other two works,
the recently authenticated onc and the forgery. After
calculating the fractal dimensions of the topographies derived
from the paintings; it is now possible to create a statistical
model to verify if a work different from those created by Van
Gogh would not match the model. The qualitative descriptions
of the surfaces presented in Table 1 mostly depict a complex
surface. The surfaces presented in Appendix A indeed show
high fractal dimensions for all the authenticated Van Gogh
works. Although these surfaces are ultimately different from a
qualitative point of view, they are still close in terms of their
fractal dimension values except for “Marguerite Gachet in the
Garden”. One remark should be made about the painting
'Starry Night' as it has the highest fractal dimension. The
iconic painting 'Starry Night' possesses a rich surface texture
that visually represents the culmination of Van Gogh's
research work. It can be imagined that this visual complexity,
which stands out from his other works, is also reflected in the
complexity of the texture, hence the fractal dimension value
of 2.84. This analytical section presents the results of the
statistical tests conducted with the two datasets. Initially, it
focuses on the extracted areas, followed by the data on the
complete paintings.

We conducted a normality test on the fractal dimension
data of the study, excluding "Sunset at Montmajour"”, using the
Shapiro-Wilk test. This test assesses whether the data follow
a normal distribution. The mean of the fractal dimensions of
the artworks, without "Sunset at Montmajour", is 2.76 with a
standard deviation of 0.049. The test statistic W obtained is
approximately 0.99, with an associated p-value of
approximately 0.997. The chosen significance level is 0.05.
The principle of the Shapiro-Wilk test is to compare the
distribution of the data to a normal distribution. In this
analysis, the p-value (0.997) is greater than 0.05, indicating
that we do not reject the null hypothesis. Therefore, the data
of fractal dimensions of the artworks, excluding "Sunset at
Montmajour”, appear to be approximately normally
distributed. The fact that the fractal dimension data of Van
Gogh's artworks follow a Gaussian distribution suggests that
Van Gogh had a well-defined and consistent artistic style.
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3.2.1 Analysis of fractal dimension at the scale of extracted
arcas After comparing the fractal value of "Sunset at
Montmajour" to those of other Van Gogh's paintings, a test is
conducted to evaluate whether the fractal dimension of
"Sunset at Montmajour™" is like the other mentioned Van Gogh
artworks. By using the Z-score test, we compare the value of
"Sunsct at Montmajour” with the mean and standard deviation
of the other artworks to determine if it falls within the same
range of values. For a Z-score of 1.6, the corresponding
probability in a bilateral normal distribution can be calculated
using a Z-table or a statistical calculator. Consulting a Z-table,
the probability associated with a Z-score of 1.6 is
approximately 0.9452 for one tail of the distribution, meaning
there is about a 94.52% chance of obtaining a fractal
dimension value equal to or lower than 2.84 in a normal
distribution. This suggests that the fractal dimension value of
"Sunset at Montmajour" is relatively close to the average of
the other paintings, indicating that it shares similar
characteristics with them in terms of fractal dimension. Thus,
from a statistical perspective, the fractal dimension of "Sunset
at Montmajour" does not appear to be significantly different
from that of other Van Gogh's paintings (Figure 5). These
findings reinforce the authenticity and consistency of the
artwork within the context of the artist's body of work.
However, it is important to note that this analysis is based on
statistical criteria and does not consider other aesthetic or
historical aspects that may influence the interpretation of the
artwork. We will then calculate the probability of finding a
fractal dimension value equal to 2.54 or lower, if the other 8
follow a Gaussian distribution. We find that the probability of
obtaining a fractal dimension value equal to 2.54 or lower,
assuming a normal distribution for the other 8 paintings, is
extremely low. This probability is almost zero. The very low
probability indicates that the fractal dimension value of “The
Ploughmen™ (2.54) is statistically significantly different from
the other paintings. This suggests that “The Plonghmen” may
have been executed in a different style from that of Van Gogh
or that other factors may be at play.
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Marguerite Gachet in the Garden The Starry Night
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Figure 4. Graph of the fractal dimension calculations for authentic paintings. The log-log graphs represent the number of boxes
in relation to the scale. For every painting the values of fractal dimension for the extracted area and the whole painting are given.
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Sunset at Montmajour
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Figure 5. Graph of the fractal dimension calculation for the painting “The Ploughmen”. The values for fractal dimension of the
whole painting and the extracted area are given.
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Figure 6. Graph of the fractal dimension calculation for the painting “The Ploughmen™. The values for fractal dimension of the whole
painting and the extracted area are given.
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Painting Fractal Fractal Description
Dimension | Dimension
of the of extracted
painting areas
The Starry 2.85 2.84 Complex,
Night Harmonious
Wheatfields 2.76 2.80 Complex,
with Crows Irregular
Reaper 2.77 2.79 Dynamic,
Complex
The Bridge 2.66 2.74 Complex,
on Langlois Orderly
Two 2.70 2.73 Complex,
Women in Harmonious
the Moor
Wheatfield 2,75 2.76 Complex,
with Balanced
Partridge
Farmhouse 2.82 2.77 Complex,
in a Wheat Balanced
Field
Marguerite 2.68 2.67 Simple,
Gachet in Orderly
the Garden

Table 1. Summary of fractal dimension values for every surface from
extracted areas and qualitative description of the aspect of the texture.

3.2.2  Computation of fractal dimension at the
Whole Scale. This section conducts a normality test on
the fractal dimension data of the artworks, excluding
"Sunset at Montmajour," using the Shapiro-Wilk test. The
mean fractal dimension of the artworks, without "Sunset
at Montmajour," is approximately 2.73 with a standard
deviation of about 0.07. The test statistic W obtained is
around 0.99, with an associated p-value of approximately
0.94. The chosen significance level is 0.05. In this case,
the p-value (0.94) is greater than 0.05, indicating that the
normal hypothesis is not rejected. Therefore, it is
concluded that the fractal dimension data of the artworks,
excluding "Sunset at Montmajour," appear to be normally
distributed. For "The Ploughmen," the probability
corresponding to a Z-value of -2.336 is extremely low,
indicating that the fractal dimension of "The Ploughmen"
is significantly different from the average of the other
paintings. For "Sunset at Montmajour," the probability
corresponding to a Z-value of 1.64 is relatively high,
indicating that the fractal dimension of "Sunset at
Montmajour" is closer to the average of the other
paintings. These results suggest that "The Ploughmen"
exhibits distinct characteristics compared to the other Van
Gogh works, while "Sunset at Montmajour" appears to be
more consistent with the rest of the collection.
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Discussion

The results of analyses indicate the possibility of
performing stylometric analyses using the calculation of
fractal dimension as a determining variable. However, it is
necessary to determine the limitations of our method, which
in some cases may not be significant. The disadvantages can
be divided into three categories: firstly, the creative aspect and
the relationship between the artist and the surface topography;
secondly, the material aspect concerning the pictorial surface
itself; and finally, the computational aspect with uncertainties
induced by digital transformations that can influence the
calculations,

Van Gogh's painting technique is an important element to
consider. The painter was in constant aesthetic exploration, as
mentioned in bibliographical works. This iteration on his
technique naturally led to changes in terms of gestures and
types of execution in the creative process. Oscillating between
Post-Impressionism and Symbolism, Van Gogh's work had a
considerable influence on Expressionism. One can consider
that, in terms of calculating fractal dimension, a more
exhaustive study would show a significant difference between
the Dutch period (1880-1886) and the French period (1886-
1890), culminating in his iconic style as seen in “The Starry
Night”. It can be considered that this application of material,
creating the texture of the work, is essential for conducting a
relevant topographic study. Therefore, Van Gogh is well-
suited for this type of study on the topographic signature of
the painter. However, one of the limitations concerning
materiality arises with other techniques, such as the glazing
typical of the Renaissance. Glazing involves a very thin,
smooth, and transparent layer applied over an already dry
layer of oil paint. The inherent lack of texture in this technique
only affects the colours and light absorption, not the
materiality of the paint layer. It is easy to imagine that a study
of surface topographies would be difficult in such cases. In
addition to the painting technique, which can be described as
impasto, the materials used are also a key factor in surface
analysis. Berkmans et al. [28] present results from studies
conducted with different types of brushes, round and flat,
indicating an impact of the materials on surface morphology.
Van Gogh primarily used flat and filbert brushes. It is evident
that varying the types of materials used will have an impact on
surface morphology.

This last sentence indeed relates to the material aspect of
painting. The painting object is a material that evolves over
time, depending on various factors. The mechanical principles
of paint evolution over time will create stresses that typically
manifest visibly as cracks and sometimes as blisters [45,46].
These phenomena are not the result of the artist's work and can
alter the surface topography. By adding reliefs that did not
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originally exist i.e., by modifying the morphology due to
mechanical stresses, the evolution of the paint might not yield
an authentic fractal dimension value.

Finally, within the limits of our study, we can discuss how
image processing may influence the calculation of the fractal
dimension. Indeed, the transformation into topography is
based on the intensity of the grayscale levels to interpret height
points. The conditions under which the photograph was taken
can significantly affect this intensity, such as the type of
lighting, white balance, and file encoding. For example, the
type of lighting can influence the shadows, which may obscure
some texture details and lower the intensity of the grayscale
levels. Additionally and to quote the study of Abry et al. [23],
multifractal analysis should not be indiscriminately applied to
arbitrary sections of images or paintings, as these often
comprise a mix of different textures and various objects or
subjects. A meaningful analysis necessitates the careful
selection of areas with homogeneous textures. Here, the
expertise of art specialists becomes invaluable: they can
identify specific areas of interest based on the techniques used,
the condition of the colours, the uniqueness of a particular
section of the painting, and other relevant factors. This is why
a more in-depth study using actual surface topographies,
rather than those generated from photographs, is an interesting
future project. Surface topography has the potential to assist
art experts in making identifications.
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Figure 6. Variations of the fractal dimension depending on the
sampling scale.
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That said, it is also possible that the sampling rate
influences the fractal dimension. To investigate this, we also
computed the fractal dimension wvalues using different
sampling rates. The results presented in Figure 6 show that the
initial hypothesis, that the fractal dimension of “The
Plowmen” 1is significantly different from the fractal
dimensions of the other works regardless of the sampling rate,
holds true.

Regarding the details of the painting "The Ploughmen"
topographic differences compared to other works could be
observed in several aspects. For instance, the density of
brushstrokes and the texture of the paint might be less
complex, with less defined outlines and smoother transitions
between different colour areas. Details of landscape elements
such as trees, fields, or buildings could be less elaborate, with
fewer variations in tonality and subtleties in textures.
Additionally, the spatial composition of the painting,
including the arrangement of main elements and perspective,
could differ from other works, perhaps featuring a simplified
organization or a focus on more elementary patterns. These
differences in the painting's details could contribute to the
perception of a distinct aesthetic and the recognition of "The
Ploughmen" as a potentially unique piece within van Gogh's
artistic corpus. This is just an additional element of
authentication compared to the methods traditionally
employed. While the fractal dimension provides valuable
insight into the structural complexity of the painting, it's
essential to recognize that authentication in the art world is a
multifaceted process. Alongside technical analyses like fractal
dimension measurement, authentication typically involves in-
depth examinations of provenance, historical records, stylistic
characteristics, and expert opinions. Each piece of evidence
contributes to a more comprehensive understanding of the
artwork's origins and attribution.

Conclusion

In our analysis, we examined the fractal dimensions of
several Van Gogh artworks, including "Sunset at
Montmajour" and "The Ploughmen." The paintings of Van
Gogh, known for their expressive and tumultuous nature,
exhibit a relatively high fractal dimension of the topography,
typically ranging between 2.7 and 2.8 (following a Gaussian
curve. These statistical analyses provided insights into the
authenticity and stylistic consistency of the Van Gogh
paintings, suggesting potential differences in artistic
approach. The analysis rejects "The Ploughmen" as a Van
Gogh, but not "Sunset at Montmajour." The results support the
analyses of the Van Gogh Museum in Amsterdam. These
statistical analyses provided insights into the authenticity and
stylistic consistency of the Van Gogh paintings, suggesting
potential differences in artistic approach. It's essential to note
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that fractal dimension analysis is just one complementary
method among existing techniques for artwork authentication
and stylistic assessment.

In perspectives, the multifractal analysis serves as an
expansion of the box-counting method, a widely utilized
technique for assessing the complexity and structure of fractal
objects. Imagine fractal artwork as a landscape filled with
intricate patterns and shapes, each exhibiting varying levels of
complexity across different spatial scales. By applying
advanced mathematical concepts like Holder spectra, this
approach delves into the local variations of fractal dimension
at different spatial scales, akin to zooming in and out on a
digital image to explore its finer details. Consider a painting
by Vincent van Gogh: within the strokes of his brush lies a
rich tapestry of textures and forms, each contributing to the
overall composition. With multifractal analysis, experts can
dissect these nuances, uncovering subtle variations in fractal
dimensions that may signal unique characteristics of the
artwork.
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Wheatfield with Crows
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(ii) (iii)

(b)

Reaper
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(iii)

(©)

The bridge on Langlois

(iii)
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(d)

Two Women in the Moor

(i)

(iii)
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(e)

Wheatfield with Partridge

(M)
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)

Farmhouse in a wheat field

(@)

(ii) (iii)

(2)

Marguerite Gachet in the Garden
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(h)

The Sarry Night

(i)
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Figure A.1. Pictures of the painting from the authentic paintings catalogue from Van Gogh in (i) are the picture of the artworks (ii) the
conversion of the painting into surface topography and (iii) the details of the extracted areas.
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Sunset at Montmajour

(ii) (iii)

Figure A.2. Pictures of the painting “Sunset at Montmajour” in (i) are the picture of the artwork (ii) the conversion of the painting
into surface topography and (iii) the details of the extracted area.
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The Ploughmen

Figure A.3. Pictures of the painting of “the Ploughmen™ in (i) are the picture of the artwork (ii) the conversion of the painting into
surface topography and (iii) the details of the extracted area.

28



Chapter 5. Van Gogh and Fractal

5.7 Conclusion of the Chapter

This chapter has shown that the Sdr-Gaussian protocol calibrated in Chapter 4 can be
transferred, without changing the tooling, to pictorial surfaces: the selected impastos exhibit
scale-consistent topographic signatures, and Bootstrap confidence bands help separate
instrumental variability from what belongs to gesture and material. Correlated with simple
indicators (the multi-scale distribution of Sdr, local slopes, and, as a complement, a box-
counting window), the analysis brings out differences in structural complexity that resonate
with stylistic descriptors (turbulence, vibration, ridge continuity). In other words, the SAIS here
completes its arc “from words to measurement and back to meaning”: the precise terminology
(Chap. 1) and visual syntax (Chap. 2) find their quantitative fulfilment (Chaps. 3-4) in an
interpretable reading of art surfaces. This approach nevertheless depends on the quality of
image-to-topography conversion, on the heterogeneity of supports and media, and on corpus
size. With these guardrails in place, the chapter establishes the feasibility of a prudent multi-
scale diagnosis, neither purely stylistic nor purely metrological, paving the way for Chapter 6
(or the General Conclusion), where we discuss generalisation to other artists/materials,
integration into annotation databases, and standardisation avenues (multi-scale reporting and

uncertainty).
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General Conclusion

General Conclusion

This dissertation has demonstrated that the Surface-Information Acquisition Spectrum (SIAS)
can carry surface knowledge from language to visual syntax, through
visualisation/discretisation, into quantitative evaluation, and back to interpretation across
industrial and artistic contexts. The chapters collectively show that once the tiers of the SIAS
are made explicit, and each tier is given its own methods and quality controls, surfaces become
commensurable: we can name what we see, state how parts combine, control how images
become data, and report what the numbers mean with uncertainty before we act or interpret.
Rather than simply recapitulating results, this conclusion sets a path for consolidating the work

into an operational pipeline.

Chapter 1 (Language tier) established a phenomenon-centred OWL ontology that
reconciles scattered vocabularies and enables humans and machines to refer to the same objects
of discourse. The next step is to harden this layer for reuse: align classes and relations
systematically with ISO 25178-2 and ASME B46.1 through explicit SKOS mappings; provide
“competency questions” and a SPARQL cookbook so that queries become reproducible acts
rather than ad-hoc scripts; extend labels and definitions across languages and domains,
particularly toward heritage vocabularies where terms like toolmark or impasto ridge must be
anchored without ambiguity; and release citable versions with semantic versioning and DOIs.
A small web-based annotator that writes valid OWL individuals and enforces domain/range

constraints would make the ontology practical beyond this manuscript.

Chapter 2 (Visual-syntax tier) treated heraldry as a 2.5-D information surface governed
by a grammar whose complexity can be quantified. The immediate prospect is to generalise
beyond the present corpus by testing other traditions and periods so that any “complexity
window” observed is not a parochial artefact. This can be strengthened by linking text and
image through a rules-first blazon parser that outputs a canonical, machine-readable assembly
of each coat; complexity can then be measured directly from structure rather than from pictures
alone. A basic psychophysical programme, recognition accuracy as a function of viewing
distance for coats stratified by complexity, would test whether the distributional fits identified
here predict legibility in practice. Finally, a grammar-constrained generator for heraldic designs
would let us run controlled experiments and power analyses, turning qualitative claims into

testable models.
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Chapter 3 (Visualisation/Discretisation tier) used the Koch snowflake to expose how
sampling density, indentation geometry and mesh choices bias fractal estimates and to justify
Gaussian low-pass filtering within a documented safe-resolution envelope. The prospect here is
twofold: move from curves to surfaces and from idealised to instrument-realistic simulations.
Synthetic 3-D fractal surfaces and engineered textures can extend the rules-of-thumb to areal
data, while injecting point-spread functions and realistic noise will bring simulations closer to
interferometry and focus-variation reality. A systematic comparison of filter families—Gaussian,
robust Gaussian, morphological, should clarify when robustness trumps optimality in the
presence of outliers. Publishing closed-form guidance (or tables) relating curvature, node
density and target error would convert this chapter’s insights into quick reference for

practitioners.

Chapter 4 (Quantitative-evaluation tier) fused the previous insights into a multi-scale
Sdr descriptor with Gaussian prefiltering and residual-bootstrap uncertainty, validated against
alternative estimators and applied to grit-blasted and turned metals. To make this portable, the
method should be wrapped as an operational SOP: acquisition settings, filtering, multi-scale
Sdr computation, bootstrap configuration, and a standard reporting template with cut-offs and
confidence ribbons. Coupling the output to simple process-control dashboards and change-point
detection would carry the approach from analysis into decision-making on production lines. A
multi-lab round-robin with shared artefacts can then test inter-instrument reproducibility,
paving the way for a pre-standardisation note on multi-scale reporting with uncertainty. Hybrid
descriptors that combine Sdr with slope and feature counts could improve sensitivity to specific
process signatures, provided the accompanying uncertainty remains first-class output rather

than an appendix.

Chapter 5 (Artistic transfer) applied the same Sdr Gaussian Bootstrap pipeline to
impasto-rich paintings, revealing scale-consistent topographic signatures and cautious
correspondences with stylistic descriptors. The methodological priority now is to stabilise the
acquisition chain for artworks: non-invasive protocols for illumination, safety and registration;
mock-up canvases with known textures to calibrate the full image-to-topography conversion;
and expansion of the corpus beyond a single artist to include contemporaries, studio works,
copies and restorations, paired with material dossiers that control for binders and fillers. On the
interpretive side, Bayesian models that incorporate art-historical priors alongside topographic
evidence can separate questions of provenance from questions of style or process, keeping in

view that uncertainty is part of the result. FAIR data releases, with locational and acquisition
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metadata, would enable curators and conservators to reanalyse and cross-compare beyond this

thesis.

Taken together, these prospects outline a realistic trajectory for the next three years: a
first year focused on ontology hardening and public releases of analysis code; a second year
dedicated to round-robins, new heraldic corpora and 3-D discretisation studies; and a third year
in which at least one industrial line and one museum partner run the full SIAS pipeline on their
own data. If carried out, this will shift the contribution from a proof-of-concept across domains
to a shared practice: the same conceptual tiers, the same documented filters, the same
uncertainty conventions, serving both the factory floor and the gallery wall. In that sense, the
SIAS is not merely a map of ideas; it is a concrete path that others can walk, confident that
language, structure, sampling and measurement have been bound together in a way that makes

surfaces intelligible, comparable and meaningful.
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Appendix A. Corpus of Scientific Articles with Extracted Vocabulary for Surface Description

In this appendix, the author presents the scientific articles used for the corpus analysis in
Chapter 1. These articles were analysed manually due to the lack of terminological data on

the textual description of surfaces.
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N° Title of the article DOI Terms present in the article
1|Comparison of three multiscale methods for topographic analyses 10.1088/2051-672X/ab8348 NA
A multiscale topographical analysis based on morphological information: The HEVC
2| Multiscale decomposition https://doi.org/10.3390/mal3235582 NA
Ton excitation and etching effects on top-surface properties of sp2 T
3|nanocrystallited carbon films https://doi.org/10.1016/j.apsusc.2018.08.148  [NA
High-Performance Inverted Perovskite Solar Cells with Mesoporous
4|NiOx Hole Transport Layer by Electrochemical Deposition https://doi.org/10.1021/acsomega.8b02612 NA
Effect of surface modifications of additively manufactured Ti-6Al-4V alloys on apatite
5|formation ability for biomedical applications https://doi.org/10.1016/j.jallcom.2021.161445 |[NA
Determination of an Objective Criterion for the Assessment of the Feasibility of an
6|Instrumented Indentation Test on Rough Surfaces https://doi.org/10.3390/mal3071589 NA
How to Select 2D and 3D Roughness Parameters at Their Relevant Scales by the
7|Analysis of Covariance https://doi.org/10.3390/mal3071526 NA
8|Mechanical Integrity of 3D Rough Surfaces during Contact https://doi.org/10.3390/coatings10010015 NA
Analyses of tribological properties of castor oil with various carbonaceous micro- and
9|nano- friction modifiers hteps://doi.org/10.1115/1.4036379 NA
Development and characterization of glycerol coating on the PAN/PVDF composite
10| membranes 10.1088/1757-899X/458/1/012006 NA
Texturation de surface par LASER femtoseconde en régime ElastoHydro-
Dynamique et limite : application au contact Segment/Piston/Chemise d'un moteur
thermique &
11|combustion HAL index : tel-00688051 NA
https://pastel.archives-ouvertes.fr/pastel-
12|Analyse et optimisation des surfaces des chemises de moteurs thermiques 00002512 platea+013:087ux lisses et réguliers, stries de lubrification

Contacts ElastoHydroDynamiques micro-texturés

HAL Id: hal-03391280

cavités

Fretting fatigue and fretting wear

https://doi.org/10.1016/0301-679X(89)90081-
9

cracked surface

The effect of surface regular microtopography on fretting fatigue life

hutps://doi.org/10.1016/50043-1648(02)00148

s

NA

Surface texturing for adaptive surface solid lubrication

https://doi.org/10.1016/j.surfcoat.2008.07.033

grids, pores, dimples

Mechanisms of self-lubrication in patterned TiN coatings containing solid lubricant
microreservoirs

hreps://doi.org/10.1016/j.surfcoar.2010.01.012

pattern, wafer, scrarches, holes, reservoirs, islands,

Fabrication and tribological properties of composite coatings produced by lithographic

18|and microbeading methods hrtps://doi.org/10.1016/].surfcoat.2009.05.031 |[NA
19|Laser surface texturing for adaptive solid lubrication https://doi.org/10.1016/j.wear.2006.03.013 dimple
20|Review of engineered tribological interfaces for improved boundary lubtication https://doi.org/10.1016/j.triboint.2004.08.008 |dimple

21

Additional Tribological Effect of Laser Surface Texturing and Diamond-Like Carbon
Coating for medium carbon steel at near room temperature

https://doi.org/10.3390/coatings10100929

smooth, textured; coated, worn

22

Laser microstructuring of steel surfaces for tribological applications

https://doi.org/10.1007/5003390051073

micro-hole, 2D array, hole, sharp-edged craters

23

The effect of laser surface texturing on transitions in lubrication regimes during
unidirectional sliding contact

https://doi.org/10.1016/].triboint.2004.08.004

polished, ground, standard LST, higher dimple density, standard
unlapped, lower dimple density; dimples

2

'

Friction and Wear Propierties of Micro Textured DLC Coated Surfaces in Boundary
Lubricated Sliding

hrtps://doi.org/10.1023/B:TRIL.0000044504.7
6164.4¢

grooved oriented perpendicular to the sliding direction, squared
texture, grooved oriented surface along the direction of sliding,
un textured surface, grooved surface turned 45° from the sliding
direction

25

Tribological characterization of different geometries generated with laser surface
texturing for tooling applications

https://doi.org/10.1016/j.wear.2021.203856

micro cavities, microgrooves, lines, crosshatch, dimple, triangle,
circle, "S" groove, square, cross lines

26

The influence of the tool surface texture on friction and the surface layers properties
of formed component

DOI: 10.12913/22998624/85704

dimple-like depression, ellipsoid, circular groove, "S" groove ,
radial, tetragonal, hexagonal

27

Precise fabrication of microtextured stainless steel surfaces using metal injection
moulding

https://doi.org/10.1016/j.precisioneng.2019.11
012

round shaped micropillars, round shaped micropits, square
shaped micropillars with protective pillars, hexagonal
arrangements

28

Mechanical micro-texturing and charactirization on Ti6Al4V for the improvement of
surface properties

https://doi.org/10.1016/j.surfcoat.2019.12508
7

Micro dimple textured surfaces, micro dimples with extruded
center

29

Assessment of Super-Hydrophobic Textured Coatings on AA6082 Aluminium Alloy /
Appendix 1

https://doi.org/10.3390/coatings9060352

Low surface energy, hierarchical rough surface, homogeneous
structure, flower-like structure, flakes clusters, petal like flakes,
bimodal structure, coral network structure, pixel like structure

30

Precise control of surface texture on carbon film by ion etching through filter :
Optimizartion of texture size for improving tribological behavior

https://doi.org/10.1016/j.surfcoat.2019.01.095

holes ,pit-type array

31

Production and Tribolofical Characterization of Tailored Laser-Induced Surface 3D
Microtextures

d0i:10.3390/lubricants 7080067

Laser-induced periodic surface structures ( LIPSS), pinhole,
inhomogeneities, plateau

32

Surface texture Manufacturing techniques and tribological effect of surface texturing
on cutting tool performance : A review

https://doi.org/10.1080/10408436.2016.11865
97

sine wave texture , banded nano/micro textured ,cross patterned
, sine wave shaped , linear grooves , pit shaped , dot shaped,
banded grooves , pyramid shaped grooved

33

Effect of surface texturing on friction reduction berween ceramic and steel materials
under lubricated sliding contact

hrps://doi.org/10.1016/50043-1648(03)00004-

8

spherical morphology, angular dimples, micro dimples.

34

The lubrication effect of micro-pits on Parallel sliding faces of SiC in Water

https://doi.org/10.1080/10402000208982552

pits, micro pits , cavitation, square array

35

The effect of laser texturing of SiC surface on the critical load for the transition of
water lubrication mode from hydrodynamic to mixed

https://doi.org/10.1016/50301-679X(01)00063 |

9

pores

36

Dimples shape and distribution effect on characteristics of Stribeck curve

https://doi.org/10.1016/j.triboint. 2009.06.001

oil pocket, holes, dimples, pits, spherical holes, drop shape long
and short

37

The effet of surface texturing on seizure resistence of a steel-bronze assembly

https://doi.org/10.1016/j.triboint.2010.04.016

pockets, oil pockets, dimple, pit, micropits

38

Micro-Textures in Concentrated Conformal-Contact Lubrication: Effects Of Texture
Bottom Shape and Surface Relative Motion

htps://doi.org/10.1007/511249-008-9302-9

texture bottom shape, dimple, flat and arc bottom; the arrow
indicates the motion direction of textured surfaces , equilateral
triangle matrix, hollow cylinder,

39

Experimental study of the effect of microtexturing on oil lubricated ceramic / steel
friction pairs

https://doi.org/10.1016/j.wear.2008.12.108

NA

40

Friction-Reducing Surface-Texturing in Reciprocating Automotive Components

https://doi.org/10.1080,/10402000108982468

longitudinal pores column, pores distribution, micro-pores

41

Performance Improvement of Graphene/Silicon Solar Cells via Inverted
Pyramid Texturation Array

https://doi.org/10.1007/512633-022-01725-4

inverted pyamid arrays,

Enhanced efficiency of graphene-silicon schottky junction solar cell through pyramid
arrays texturation

10.1007/512633-021-01579-2

pyramid,

43

Study of femtosecond laser multi-scale textured steel surfaces on the wettability in
relation to aging

hrtps://doi.org/10.1007/510853-021-06574-x

ridges, trenches, protrusions, double scale hierarchical
structures, lotus leaves morphology, trenches, grid,

44

A correlation between tribological behaviour and crystal structure of cobalt-based
hardfacings

https://doi.org/10.1016/j. wear.2019.01.091

columnar grains with dendritic microstructures, dendritic
matrix, interdendritic carbids

45

Texturation and superhydrophobicity of polyethylene terephtalate thanks to plasma
technology

http://dx.doi.org/10.1016/j.apsusc.2013.12.05
1

+

textured, h es




46

Identification of local lubrication regimes on textured surfaces by 3D roughness
curvature radius

10.4028/www.scientific.net/AMR.966-967.120

cavities, plateau, flat surfaces, peaks, anisotropy

47

Durability of an As253 chalcogenide glass : Optical properties and dissolution kinetics

10.1016/j.jnoncrysol.2010.09.020

surface flaws (micro scaled cracks ), cup-like shapes,

48

Interface roughness effect on friction map under fretting contact conditions

10.1016/].triboint.2010.02.010

highly anisotropic textures, orthogonally oriented by the sliding
direction,

Processing and characterization of GaAs surface-barrier heterostructiires with

49| texturized interface 10.1109/ASDAM.1998.730169 dendrite, quasigrating type,
50| Plasma modification and synthesis of membrane materials—a mechanistic review 10.3390/membranes8030056 pores
https://doi.org/10.1016/j.scriptamat.2019.12.0
Enhanced thermoelectric properties of highly textured Bi20-xSe1+x with liquid-phase |03
51| mechanical exfoliation NA
Study of the electro-responsiveness and surface texturing of pedot : PSS for smart
52| mems interface applications 10.1109/TRANSDUCERS.2017.7994317 NA

53

Plasma induced physicochemical effects on a poly(amide) thin-film composite
membrane

https://doi.org/10.1016/j.desal.2016.06.009

smoothed, roughening, smoothed morphology, pore diameters

54

Double texturations for light trapping in Thin Film Crystalline Silicon Solar Cells

10.1109/PVSC.2014.6924999

2D DGs, with random texturation, patterned, nano holes, vertical
sidewalls

55

Influence of Laser Bean Polarization on Laser Micro-Machining of Molybdenum

DOI: 10.2961/jlmn.2013.03.0001

parallel lines, grave and conicity of groove, triangular shape,
nanostructures, ripples, lines,

56

Effect of surface texturing on rolling contact fatigue within mixed lubricated non-
conformal rolling/sliding contacts

https://doi.org/10.1016/]j.triboint.2010.02.002

micro-dents; triangular arrangements; square arrangements;
shallow dents

57

Effect of laser surface texturing (LST) on tribological behavior of double glow plasma
surface zirconizing coating on Ti6A14V allow

hreps://doi.org/10.1016/j.surfcoar.2019.04.038

dimple patterns,

58

Effect of Shape, density, and an Array of Dimples on the friction and wear
performance of laser textured bearing steel under dry sliding

https://doi.org/10.1007/511665-020-04816-8

dimples, dimples density, bi-triangular, circular dimples, micro-
pores

59

Surface texturing using pulsed air arc treatment

https://doi.org/10.1016/j.wear.2006.11.043

micro-reservoirs, micro-traps, hollow h

60

Surface texturing techniques to enhance tribological performance : A review

https://doi.org/10.1016/j.surfin.2021.101463

pas de mots c'est un review

61

Design and development of surface texture for tribological application

doi:10.4028/www.scientific.net/KEM.803.55

square, circular, triangular texture shapes, dimples

62

Effect of Low Depth Surface Texturing on Friction Reduction in Lubricated Sliding
Contact

https://doi.org/10.3390/lubricants6030062

grid-like pattern, dimples, line like

63

Tribological effects of laser surface texturing and residual stress

https://doi.org/10.1108/ILT-11-2016-0282

No texture , circular dimple, elliptical dimple, groove

64

The effect of laser surface texturing on the tribological performance of different Sialon
ceramic phases

http://dx.doi.org/10.1016/].pnsc.2016.08.003

dimple, dimple pitch

65

Dry sliding wear behavior of TC11 alloy at 500°C : Influence of laser surface texturing

hutp://dx.doi.org/10.1016/].triboint.2015.06.00
3

dimples,

66

Enhancement of substrate-coating adherence of boron-doped diamond electrodes by
nanosecond laser surface texturing pretreatment

https://doi.org/10.1016/j.surfcoat.2018.12.098

valley shape, cluster structure, concave structure, cracks,
irregular edge morphology, spherical particles, speroidization
cffect, spherical spatter and cracks

67

Study and analysis the Cu nanoparticle assested texturisation forming low reflective
silicon surface for solar cell application

hups://doi.org/10.1063/1.5109003

inverted shape almost similar to inverted pyramids or porous
surface, irregular surface, grooved surface, pyramidal and semi
pyramidal porous surface,

68

Novel laser textured surface designs for improved zirconia implants performance

https://doi.org/10.1016/j.msec.2019.110390

micro scale grooves, cavities, pillars

69

Design of "double layer” texture to obtain superhydrophobic and high wear-resistant
PTFE coatings on the surface of AL203/Ni layered ceramics

https://doi.org/10.1016/j.triboint.2019.04.004

micro-dimples, micro-grooves, and micro-meshes, micro-squares,

70

Short and Long-Term Wettability Evolution and Corossion Resistence of uncoated and
Polymer-Coated Laser-Textured Steel surface

http://dx.doi.org/10.3390/coatings9090592

0°/90° scanning strategy, x, y pchannel pattern, line separations,
consequence overlap channel

71

High friction and low wear propoerties of laser-textured ceramic surface under dry
friction

http://dx.doi.org/10.1016/].optlastec.2017.01.0

32

linear grooves, wavy grooves, wavy pattern

72

Comparison of the effect of typical patterns on friction and wear properties of
chromium alloy prepared by laser surface texturing

https://doi.org/10.1016/]j.optlastec.2018.04.02
4

micro dimples; micro-grooves; micro-grids

Penrose-like textures, Laser interference of polymide sheets,
pyramidal texturing, honeycomb-like patterns, micro coining of

73| A cril 1t of surface texturing for friction and wear improvement http://dx.doi.org/10.1016/j.wear.2016.11.020 [100Cr6 steel, regular arrays of V -shaped
polished, parallel oriented, elongated dimples, crossed
74|Friction control by surface engineering of ceramic sliding pairs in water doi:10.1016/j.wear.2006.11.024 microch 1

75

Effects of laser texturing on the wear and failure mechanism of grey cast iron
reciprocating against steel under starved lubrication conditions

htip://dx.doi.org/10.1016/].wear.2017.05.015

none

76

Moving textures : Simulation of a ring sliding on a textured liner.

hreps://doi.org/10.1016/j.triboint.2013.12.013

close packed arrays of circular pockets; pocketed surface,
ellipsoidal-bottomed dimple, square array of pockets,

77

Minimize friction of lubricated laser-microtextured-surfaces by tuning microholes
depth

https://doi.org/10.1016/j.triboint.2014.03.014

micro-holes, oil pocket,

78

The surface texture and its influence on the tribological characteristics of a friction
pair : metal-polymer

https://doi.org/10.1016/j.acme.2016.10.011

irregularities, i.e. valleys, holes, hills, their number and size,
scratched, dents, cracks, small cavities, horizontal trace

79

The effect of attributes of micro-shapes of laser surface texture on the wettability of
WC-CrCo metal ceramic coatings

https://doi.org/10.1016/].surfcoar.2017.12.001

grooves, dimples, grids,

Friction and wear on laser textured Ti6Al4V surface subjected to laser shock peening

https://doi.org/10.1016/j.optlastec.2017.12.04

80| with contacting foil 4 micro-dimples, micro cracks;
81 |Impact of Plateaued surfaces on tribological performance https://doi.org/10.1080/10402009608983538 |plateaued surface, non plateaued surface, plateau-honed surface
82|Laser texturing for low-flying-height media hrtp://dx.doi.org/10.1063/1.347908 crater shaped dimples

83

New methodology to evaluate the rolling contact fatigue performance of bearing stells
with surface dents : applicaton to 32CtMov13 (Nitrided) and M50 steels

https://doi.org/10.1115/1.1924462

NA

84

Effect of building directions on the surface roughness, microstructure, and tribological
properties of selective laser melted Inconel 625

https://doi.org/10.1016/j.jmatprotec.2020.116
878

stair steps, stair stepping effect, balling phenomenon

85

Surface design and texturing of strip steel using nanosecond pulsed lasers for
simulated roughness transfer and paint appearance

https://doi.org/10.1016/j.jmatprotec.2019.116
365

silngle crater morphology, micro-dimples, rectangular and
offset, crater overlapping,

86

Influence of Surface Morphology on Absoptivity of Light-Absorbing Materials

https://doi.org/10.1155/2019/1476217

V-type groove structure, Sinusoidal structure, random structure

87

Surface roughness evaluation in thin EN AW-6086-T6 Allow Plates after face milling
process with different strategies

https://doi.org/10.3390/mal4113036

rexture grooves,

88

Effect of shot peening on the surface integrity and fatigue proerty of gear steel
16Cr3NiWMoVNBE at room temperature

https://doi.org/10.1016/] djfatigue.2023.10766
8

parallel grinding tool marks with sharp bottoms

Changes in surface integrity of cemented tungsten carbide with shot peening

https://doi.org/10.1016/j.surfcoat.2021.12771

89| treatment. 0 none
Research status of the influence of machining processes and surfaces modification
90| technology on the surface integrity of bearing steel materials https://doi.org/10.1007/500170-023-10960-x  [NA

91

Residual oxygen content and powder recycling :Effects on surface roughness and
porosity of additively manufactured Ta-6Al-4V

https://doi.org/10.1016/j.addma.2021.102093

uniform topography, a texture in dependence on the scan
direction,

92

Roughness-dependant wetting and surface tension of molten lead on alumina

https://doi.org/10.1016,/51003-6326(21)65671

6

" the more concentrated the colors are, the rougher the surface
should be", rather smooth surface

93

Thermal-cycling, simulated brushing, and beverages induced color changes and
roughness of CAD / CAM poly (methyl methcrylate) denture resins

https://doi.org/10.1088,/2053-1591/ac406e

uniform surface, striations or groves following surface, uneven
coating of dislodged tea layer, deeper grooves




Appendix A. Corpus of Scientific Articles with Extracted Vocabulary for Surface Description

94

The effect of coffee and whitening systems on surface roughness and gloss of
CAD/CAM lithium disilicate glass ceramics

https://doi.org/10.1177/22808000211058866

brushing strikes, pitted surfaces, less deep and shallower
indentation and appeared to have a smoother surface

95

Influence of Semi-Random and Regular Shot Peening on Selected Surface Layer
Properties of Aluminium Alloy

hteps://doi.org/10.3390/
mal4247620

dimples, orderly sequence, " there is no "contact” between the
dimples”, the dimples uniformly cover the machined surface,
greater uniformity

96

Analysis of Surface Properties of Nickel Alloy Elements Exposed to impulse shot
peening with the use of Positron Annihilation

https://doi.org/10.3390/ma14237328

even distribution of micro-roughness with clearly visible
elevations and depressions resulting from the geometric-
kinematic mapping of the tool in the workpiece. The elevation
and depressions represent similar proportions in the total
surface profile. The surface topography should be classified as a
directed structure.

97

Surface texturing of fan-blade body by random-orbital polishing with in-line aqueous
mist

https://doi.org/10.1007/500170-021-07877-8

circumferential pattern, matte with anisotropic finish, shiny with
fine scratch marks in cross-hatched circular pattern, satin with
isotropic non-directional finish and homogeneous, sharp-peaked
scallop height features, surface valleys, uniform, shallow
furrows, sparse areas, deep furrows, localized areas, furrows,
distributed areas

9

R

Roughness influence on the optical properties and scratch behavior of acrylic coating
deposited on sandblasted glass

https://doi.org/10.1016/j.porgeoat.2016.09.01
4

cracks, asperities, radial cracks

A numerical and experimental investigation on the evolution of three-dimensional

99| surface topography of 12Cr2Ni4A steel in shot peening https://doi.org/10.1016/j.jmapro.2021.08.032 |dimples
Effect of ultrasonic shot peening on surface integrity and fatigue performance of single:|https://doi.org/10.1016/j.jmatprotec.2021.117
100|erystal superallow 209 NA
https://doi.org/10.1016/j.precisioneng.2016.06
101|Surface texture metrology for metal additive manufacturing: a review .001 hatching lines, sharp protrusion, open pores, closed pores

Table A.1 Corpus of the scientific with DOI and extracted terms

(NA = no terms founded to describe surface)
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Appendix B. Description of Heraldic vocabulary from Chapter 2

B.1 Tinctures (metals, colours, furs)

e argent: the metal silver; shown as white.

e or/ gold: the metal gold; shown as yellow.

e silver: synonym of argent.

e gules: red.

e azure: blue.

e sable: black.

e vert / sinople: green (modern French sinople = vert).

e purpure: purple/violet.

e tenné / tenne: tawny; orange-brown “stain” colour.

e sanguine: blood-red/brownish red “stain.”

e murrey: mulberry; dark reddish-purple “stain.”

e cendree: ash-grey (rare).

e ermine: white fur powdered with black ermine spots.

e counter-ermine: white field with white ermine spots outlined black (or full inversion
by tradition).

vair: fur of alternating bell-shaped blue and white pieces.
counter-vair: vair with columns reversed head-to-tail.

potent: fur of T-shaped “potents” alternating in two tinctures.
counter-potent: potent with columns reversed head-to-tail.
pean: black field powdered with gold ermine spots.

proper / au naturel: the charge in its natural (non-heraldic) colours.

B.2 Partitions (divisions of the field)

per pale: divided vertically.

per fess: divided horizontally.

per bend: divided diagonally from dexter chief to sinister base.
per bend sinister: diagonal the other way.

per chevron: divided in an inverted V.

per saltire: divided in an X.

per pile: divided by a wedge/triangle pointing to base.

per pall: divided in a Y (three parts meeting).

quarterly: divided into four quarters.

tierced: divided into three equal parts (direction must be stated).
gyronny: field of triangular gyrons radiating from centre (e.g., of 8).
bendy: field of parallel diagonal bands (multiple bends).

paly: field of multiple pales (vertical stripes).

barry: multiple horizontal bars/fesses of equal width.

chevronny: repeated chevrons across the field.

lozengy: field of alternating lozenges (diamonds).

fusilly: field of elongated lozenges (fusils).

compony / compony: a row of small rectangles (componés).
countercompony: two rows of alternated rectangles forming a chequer.
écartelé: French for quarterly.

parti: French for per pale.

coupé: French for per fess.

tranché: French for per bend.
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taillé: French for per bend sinister.

gironné: French for gyronny.

burelé: many narrow bars.

fascé: French for barry/fessy (stacked fesses).

palé: French for paly.

losangé: French for lozengy.

chaussé: wedges from the flanks meeting at base, leaving a triangular field at chief.
barry wavy: horizontal wavy bars alternating tinctures.

tierced in pairle: three parts arranged in a Y (syn. per pall).

B.3 Figures (charges)

B.3.1 Ordinaries (honourable charges)

chief: broad horizontal band at the top.

pale: broad vertical band down the centre.

bend: broad diagonal band (dexter chief to sinister base).
bend sinister: diagonal the other way.

fess: broad horizontal band across the middle.

bar: a narrower horizontal band (often in multiples).
chevron: inverted V-shape.

cross: a cross throughout unless limited.

saltire: X-shaped cross.

pile: triangle issuing from chief toward base.

pall: Y-shaped ordinary (pairle).

orle: inner border following the shield’s outline.

bordure: border around the edge.

escutcheon: a small shield placed on the field.

canton: small square, usually in dexter chief.
inescutcheon: an escutcheon used as an overall charge (often “overall” or “in
surtout”).

B.3.2 Roundels

roundel: a plain disc (colour unspecified).
bezant: gold roundel.

plate: silver/white roundel.

torteau: red roundel.

hurt: blue roundel.

pellet: black roundel.
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B.3.3 Animals & creatures

lion: heraldic lion (various attitudes).

leopard: (heraldry) lion passant guardant; in modern English also the spotted cat—
context rules.

eagle: often displayed (wings spread, affronty).
falcon / hawk: birds of prey (falcon/goshawk).
dove: dove.

raven: raven.

martlet / merlette: footless stylised bird.

griffin: lion’s body, eagle’s head and wings.
wyvern: two-legged dragon.

dragon: four-legged dragon.

unicorn: unicorn.

horse: horse.

ox / bull / cow: ox / bull / cow.

boar: wild boar.

bear: bear.

stag / hart: stag (male deer).

goat / ram / sheep: goat / ram / sheep.

cat / dog / wolf / fox: as named.

tiger / panther: tiger / (in heraldry, panther may be spotted/flaming).
serpent / snake: snake (often nowed = knotted).

B.4 Variants & Qualifiers

B.4.1 Animal postures (attitudes)

rampant: reared up on one hind leg (lions).

passant: walking, head in profile.

passant guardant: walking, head facing the viewer.
statant / statant guardant: standing still / facing viewer.
couchant: lying down, head raised.

courant: running.

salient: springing; forelegs raised together.

sejant / sejant erect: seated / seated upright.

displayed: (birds) wings and legs spread, affronty (classic eagle).
rising / volant: (birds) about to fly / in flight.

naiant / hauriant: (fish) swimming horizontally / upright.
addorsed: two charges back-to-back.

respectant: two charges face-to-face.

affronté / affronté(e): facing the viewer.

contourné / contourné(e): turned to sinister.

regardant: looking back over the shoulder.

dormant: sleeping.
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B.4.2 Qualifiers

guardant: head facing the viewer (on a profile beast).

armed: claws, beak, horns, etc., of a different tincture.

langued: tongue of a different tincture.

crowned / collared / gorged: wearing a crown / a collar / a collar (often of a coronet).
winged: winged.

queue fourchée: forked tail.

couped: cut off cleanly (e.g., a head couped).

caboshed: head affronty, no neck (stags, bulls, etc.).

noduled: knotted/with nodes (cf. nowed for snakes).

enfiled: threaded/pierced through by another charge (e.g., a crown enfiled by a
sword).

pierced: with a hole through it.

charged: bearing a smaller charge on it.

holding / supporting / seized: grasping / supporting / seizing an object.

B.4.3 Line shapes (edge treatments)

engrailed / invected: scallops with points outward / inward.
indented / dancetty: small serrations / deep zigzags.
embattled: battlemented like a wall.

raguly: rough, like lopped branches.

dovetailed: interlocking dovetails.

wavy: undulating.

nebuly: cloud-like bulges.

flory (fleury): edged with fleurs-de-lys.

potenty: edged with T-shaped potents.

masoned: with visible masonry joints.
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Résumé

Cette thése de doctorat propose un changement de paradigme méthodologique dans le domaine
de la métrologie des surfaces, en remettant en question le cadre binaire dominant qui se
concentre principalement sur l'influence des procédés de modification des surfaces ou sur
I'optimisation de certaines fonctionnalités de surface. Le cadre proposé, conceptualisé sous la
forme d’un Spectre d’Acquisition de UInformation de Surface, repositionne I'analyse des surfaces
dans une perspective épistémologique et interdisciplinaire plus large, dépassant le strict cadre
des applications industrielles. Chaque chapitre contribue a ’élaboration de ce cadre inédit : le
chapitre 1 établit un systeme terminologique standardisé pour la description des surfaces,
inspiré des conventions héraldiques ; le chapitre 2 quantifie la complexité graphique et textuelle
multi-échelle des systémes héraldiques a travers des modeles mathématiques ad hoc ; le
chapitre 3 aborde les artefacts de discrétisation numérique dans les géométries fractales en
prenant pour cas d’étude le flocon de Von Koch ; le chapitre 4 introduit une nouvelle méthode
de caractérisation fractale des surfaces sablées a 'aide du parameétre de rugosité Sdr et d’'un
filtre gaussien ; enfin, le chapitres 5 prolongent cette méthodologie a ’analyse topographique
d’objets d’art. En intégrant des champs conceptuels tels que la théorie du langage, la syntaxe
de I'image, la complexité fractale et '’évaluation des surfaces, cette recherche établit les
fondements d’une reconfiguration transdisciplinaire de la métrologie des surfaces et ouvre la
voie a '’émergence de nouveaux sous-domaines dans cette discipline.

Mots clés : Topographie de surface, rugosité, terminologie, ontologie, analyse multiéchelle,
patrimoine, héraldique, fractals, complexité, art, peinture

Streszczenie

Niniejsza rozprawa doktorska wprowadza alternatywny paradygmat metodologiczny w
obszarze metrologii powierzchni, podwazajac dominujaca, dwutorowa rame analityczng,
koncentrujaca sie gltéwnie albo na wplywie proceséw modyfikacji powierzchni, albo na
optymalizacji ~ okreslonych  funkcjonalnosci  powierzchni. = Proponowane  ujecie,
konceptualizowane jako Spektrum Pozyskiwania Informacji o Powierzchni, na nowo sytuuje
analize powierzchni w szerszym kontekscie epistemologicznym i interdyscyplinarnym,
wykraczajac poza ramy zastosowan przemystowych. Kazdy rozdziat tej pracy wspottworzy owo
nowe ujecie: Rozdziat 1 formuluje zestandaryzowany system terminologiczny opisu
powierzchni inspirowany konwencjami heraldycznymi; Rozdzial 2 ilosciowo okresla
wieloskalowa zlozono$¢ graficzng i tekstowg systeméw heraldycznych za pomoca
dedykowanych modeli matematycznych; Rozdziat 3 analizuje artefakty dyskretyzacji cyfrowej
w geometriach fraktalnych, wykorzystujac ptatek $niegu von Kocha jako punkt odniesienia;
Rozdziat 4 wprowadza nowa metode charakteryzacji fraktalnej powierzchni piaskowanych z
uzyciem parametru chropowatosci Sdr oraz filtrowania Gaussa; a Rozdziat 5 rozszerza te
metodyke na topograficzng analize obiektéw sztuki. Integrujagc domeny pojeciowe, takie jak
teoria jezyka, skladnia obrazu, zlozono$¢ fraktalna i ocena powierzchni, niniejsze badania
ustanawiajg podstawy transdyscyplinarnej rekonfiguracji metrologii powierzchni i wskazujg
$ciezki powstawania nowych subdyscyplin w jej obrebie.

Stowa kluczowe : Topografia powierzchni, chropowato$¢, terminologia, ontologia, analiza
wieloskalowa, dziedzictwo kulturowe, heraldyka, fraktale, ztozonos¢, sztuka, malarstwo
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Abstract

This doctoral dissertation introduces an alternative methodological paradigm within the
domain of surface metrology, challenging the dominant dual-axis framework which primarily
focuses on either the impact of surface modification processes or the optimization of specific
surface functionalities. The proposed framework, conceptualized as the Surface Information
Acquisition Spectrum, repositions surface analysis within a broader epistemological and
interdisciplinary context, extending beyond the confines of industrial applications. Each chapter
of this work contributes to the articulation of this new framework: Chapter 1 formulates a
standardized terminological system for surface description inspired by heraldic conventions;
Chapter 2 quantifies the multi-scale graphical and textual complexity of heraldic systems
through bespoke mathematical models; Chapter 3 addresses digital discretization artifacts in
fractal geometries, using the Von Koch snowflake as a benchmark; Chapter 4 introduces a novel
method for fractal characterization of sandblasted surfaces via the Sdr roughness parameter
and Gaussian filtering; and Chapter 5 extend this methodology to the topographic analysis of
art objects. By integrating conceptual domains such as language theory, image syntax, fractal
complexity, and surface evaluation, this research establishes the foundations for a
transdisciplinary reconfiguration of surface metrology and suggests pathways for the emergence
of new subfields within the discipline.

Key words: Surface topography, roughness, terminology, ontology, multiscale analysis, cultural
heritage, heraldry, fractals, complexity, art, painting



