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Abstract

Extreme multi-label classification (XMLC) is a learning task of assigning multiple
labels to instances from an extremely large pool of possible labels, reaching an
order of hundreds of thousands or even millions. Such scenarios are increasingly
prevalent in modern applications like document and media tagging, recommenda-
tion systems, and web advertising. However, XMLC faces significant challenges,
notably computational complexity and severe statistical issues arising from the
sparsity of labels, commonly referred to as the “long-tail” distribution problem.
This dissertation specifically focuses on the “long-tail” labels, which, despite their
infrequency, hold significant value in many real-world applications. However, the
current XMLC metrics, such as precision@k, inadequately capture performance on
these rare labels, allowing classifiers to ignore them without impacting the metric
values, motivating the need for an alternative way of evaluating performance
on the “long tail”. Consequently, this thesis proposes the use of macro-averaged
metrics, which average binary metrics calculated for each label, making them
all equally important. The common settings in XMLC often require predicting
exactly k labels. This constraint, combined with macro-averaged metrics, cre-
ates a unique optimization challenge that was not considered before. The core
hypothesis examined in this dissertation asserts the existence of consistent in-
ference algorithms for optimizing these macro-averaged metrics budgeted at k.
The main contributions include deriving Bayes-optimal classifiers for both classic
instance-wise and macro-averaged metrics. The latter is being analyzed under
two distinct statistical frameworks – expected test utility (ETU) and population
utility (PU). In all cases, regret bounds that establish consistency under realistic
conditions are provided, and computationally efficient inference algorithms are
proposed. Empirical evaluations validate theoretical results, demonstrating that
introduced methods significantly improve results on macro-averaged metrics. At
the same time, they can maintain good performance on classical metrics and are
computationally efficient, making them suitable for the XMLC problems.
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Notation

General conventions of the notation and nomenclature

Before starting the main content of this dissertation, we introduce some conventions
that we use throughout the text. We use:

• italic lowercase symbols to denote scalars, e.g., a, italic bold lowercase
symbols to denote vectors, e.g., a, and upright bold uppercase symbols to
denote matrices, e.g., A,

• ai to denote the i-th element of vector a, ai to denote i-th row vector of
matrix A, a:,j to denote j-th column vector of matrix A, and ai,j to denote
a single element of matrix A (i-th row and j-th column),

• calligraphic symbols to denote sets, e.g., A,

• r¨s to define a vector, e.g., a “ ra1, . . . , ans, a vector of vectors is sometimes
used to define a matrix, e.g., A “ ra1, . . . ,ans where a1, . . . ,an are rows,
and A “ ra1, . . . ,ans⊺ where a1, . . . ,an are columns of A,

• t¨u to define a set, e.g., A “ ta1, . . . , anu,
• p¨q to define a tuple (collection of elements of different types), e.g., pa, bq,
• ris :“ t1, 2, . . . , iu to denote a set of first i natural numbers.

• } ¨ }p to denote Lp-norm of a vector or matrix, and | ¨ | the size (number of
elements) of a vector, matrix, set, or list,

• 1 r¨s to denote an indicator function, e.g., 1 ra ą 0s “ 1 if a ą 0 else 0,

• a ¨ b to denote dot product of vectors a and b and A ¨ B to denote a matrix
dot product of A and B,

• adb “ ra1b1, a2b2, . . . , anbns to denote the element-wise (Hadamard) product
(multiplication) of vectors a and b of size n,

• blue and orange colors are sometimes used to highlight some parts of equa-
tions to make them easier to read.



6 Notation

Below we present a list of the most commonly used symbols with a short explanation.
All the presented symbols are also reintroduced in the body of the dissertation for
the reader’s convenience.

Instances and labels

n Number of samples

d Number of features

X Instance space

x Single instance x P X

X Matrix of instances X :“ rx1, ¨ ¨ ¨ ,xns
m Number of labels

Y Space of labels vectors, Y :“ t0, 1um

y Single binary label, y P t0, 1u, y “ 1 means the label is relevant (positive),
and y “ 0 means the label is irrelevant (negative)

y Labels vector, y P Y, y :“ ry1, ¨ ¨ ¨ , yms
Y Matrix of labels, where each row is labels vector, Y :“ ry1, ¨ ¨ ¨ ,yns
L Set of relevant labels, L Ď rms
D Dataset, a list of tuples with instances and labels, D :“ rpxi,yiqsni“1
πj Prior probability of a single label j being relevant, πj :“ Ppyj “ 1q
π Vector of prior probabilities of labels, π :“ rπ1, ¨ ¨ ¨ , πms
ηjpxq Marginal conditional probability of a single label j being relevant for

instance x, ηjpxq :“ Ppyj “ 1 |xq
ηpxq Vector of marginal conditional probabilities of labels, ηpxq :“ rη1pxq, ¨ ¨ ¨ , ηmpxqs
Classifiers and predictions

H Classifier hypothesis space

h Classifier

py Single binary predicted label, py P t0, 1u
py Vector of predicted labels, py P Y, py :“ rpy1, ¨ ¨ ¨ , pyms
pY Matrix of predicted labels, pY :“ rpy1, ¨ ¨ ¨ , pyns
pηjpxq Estimate of ηjpxq coming from Label Probability Estimator (LPE)

pηpxq Estimate of ηpxq, pηpxq :“ rpη1pxq, ¨ ¨ ¨ , pηmpxqs
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h@k Classifier budgeted at k

Y@k Space of prediction vectors with exactly k positives Y@k :“ t0, 1um ,
py@k Vector of predicted labels with k positives py@k P Y@k

pY@k Matrix of predicted labels with k positives for each row

θ Sampling probability of a label j in a randomized classifier

θ Vector of sampling probabilities

hrnd@k Randomized classifier budgeted at k

∆@k Sampling probability space

S@k Set of all sampling estimation functions

Confusion matrices and utilities

C Space of binary confusion matrices

Cm Space of multi-label confusion matrices

Cm,@k Space of multi-label confusion matrices calculated for prediction budgeted
at k

pc Single entry of a confusion matrix

pc Binary confusion matrix (vector of true negatives, false positives, false
negatives, true positives)

pC Multi-label confusion matrix

c Expected value of confusion matrix entry

c Expected binary confusion matrix (vector)

C Expected multi-label confusion matrix

Ψ Multi-label Utility

ψ Binary utility

Φphq Expected utility/Risk of the classifier h

Regphq Regret of the classifier h

Missing labels setting

qy Single observed binary label

qy Observed labels vector

qY Observed matrix of labels

p Propensity of a label to be observed as positive



8 Notation

P Matrix of propensities

qπj Observed prior probability of a single label

qπ Observed vector of label priors

qηjpxq Observed marginal probability of a single label

qηpxq Vector of observed marginal probabilities of labels

qC Observed confusion matrix

Probabilistic label trees

T Label tree

V Set of tree nodes in T

v Single node v P V

vroot Root node

papvq Node that is a parent of node v in T

Chpvq Set of nodes that are children of node v in T

lbpvq Label assigned to node v

vpjq Node that is assigned to label j

Labelspvq Set of labels assigned to nodes in a subtree of node v

Pathpvq Set of nodes on the path from root node vroot to node v

ηTv pxq Marginal conditional probability of a node v to contain a relevant label

ηTv pxq Estimate of marginal conditional probability of a node v to contain a
relevant label

Q First-in-first-out queue

QP Priority queue



1
Introduction

1.1 Machine learning and extreme multi-label classification

Machine learning is currently a broad and fast-growing sub-field of artificial intelli-
gence that sits between domains of computer science, mathematical optimization,
information theory, statistics, and even neuroscience. The fundamental idea be-
hind machine learning is to enable computers to discover algorithms for solving
specific tasks that would be too difficult or too costly to be solved by human
programmers. Instead of being provided with explicit instructions, a computer is
presented with data related to the problem (e.g., examples of correctly performed
tasks) and “learns” how to solve it based on that data. Recent advancements in
the development of machine learning have led to its being successfully applied to
a growing number of applications, which leads to the emergence of new research
directions. On a high level, machine learning approaches are traditionally divided
into three categories, which correspond to learning paradigms, depending on the
nature of the data available to the learning system:

• Supervised learning: A computer is presented with example inputs and
their desired outputs (labels), given by a “teacher”. We call the set of such
examples a training set. The goal is to learn from these a general function
that maps inputs to outputs.

• Unsupervised learning: No labels are given to the learning algorithm, leaving
it on its own to find hidden structure in its inputs.

• Reinforcement learning: A computer program (usually called an agent in
this context) interacts with a dynamic environment in which it must achieve
a certain goal. As it performs different actions, the environment provides
feedback that is analogous to rewards. The goal is to learn a strategy that
maximizes the sum of the rewards.

This categorization is rather a simplistic attempt at pigeonholing numerous machine



10 1 Introduction

learning settings and algorithms.
Nevertheless, in this thesis, we will focus directly on the sub-class of supervised

learning called classification. Classification involves assigning a discrete label, or a
number of them, to an input instance based on its features as correctly as possible
(e.g., give names of objects visible in the image, diagnose a disease based on patient
results, assign relevant categories and tags to the article, and predict products
that have a chance to be bought by a specific customer.) Classification is one
of the most widely studied and applied machine learning tasks across numerous
domains.

Simple classification tasks typically involve assigning a single label to each
instance (multi-class classification) or determining the presence or absence of a
single characteristic (binary classification). However, many real-world problems
require assigning multiple labels to a single instance simultaneously. This type of
classification problem, known as multi-label classification, introduces additional
complexity compared to binary or multi-class classification. For example, a news
article might belong to multiple categories such as "politics," "economy," and
"international affairs"; an image might contain multiple objects like "person,"
"car," and "building"; a customer might buy many products from the store; or a
patient might have multiple medical conditions simultaneously.

Extreme multi-label classification (XMLC) extends the multi-label classification
paradigm to settings with extraordinarily large numbers of potential labels, ranging
from thousands to millions, with only a small subset of a few being relevant for
each input instance. This scenario is increasingly common in modern applications
such as:

1. Documents and media tagging for search: Identifying relevant topics, cat-
egories, or keywords in documents and media (text, image, sound, video)
from a vocabulary of millions of possible tags [Dekel and Shamir, 2010, Deng
et al., 2011, Agrawal et al., 2013].

2. Recommendation: Suggesting a small subset of relevant items from a huge
inventory to customers or matching them with other items [Weston et al.,
2013, Zhuo et al., 2020, Song et al., 2020], or search queries [Medini et al.,
2019, Chang et al., 2020].

3. Web advertising: Matching ads to search queries or web pages from a large
collection of advertisements [Prabhu and Varma, 2014, Jain et al., 2019].

The scale of these problems makes XMLC different from standard multi-label
classification, requiring different techniques and algorithms. In XMLC, both the
feature space and labels are high-dimensional, posing several key challenges:

1. Computational efficiency: multi-label classification methods often have linear
complexity with the number of labels or higher to account for complex
dependencies between labels. Applying these methods becomes impractical
when dealing with a large number of labels. Efficient algorithms that can
train and predict in sublinear time are essential in this setting.

2. Statistical challenges: with a large number of potential labels, most of them
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Figure 1.1: Label frequency in XMLC datasets. The x-axis shows
the label rank when sorted by the frequency of positive instances
and the y-axis gives the number of the positive instances. The first
plot uses a log scale for both the x- and y-axis; the second uses a
linear scale but crops the y-axis at 100.

appear in only a tiny fraction of instances, leading to severe data sparsity
and imbalance issues. A large pool of labels also makes labeling prone to the
nose, especially labels going missing, as it is nearly impossible for annotators
to carefully evaluate the whole set of labels when it is so large.

1.2 Long-tailed label distribution

While in this thesis, we touch on the aspect of efficient algorithms, we especially
focus on the issue of high label imbalance and sparsity. Given the large number of
labels in XMLC datasets reaching hundreds of thousands or even millions, and
their adherence to Zipf’s law [Adamic and Huberman, 2002], it is not surprising
that many labels are very sparse, and therefore the label distribution is strongly
“long-tailed” [Bhatia et al., 2015, Babbar and Schölkopf, 2017]. In Figure 1.1, we
plot the distribution of label frequencies of nine popular benchmark datasets1

from the XMLC repository [Bhatia et al., 2016], clearly showing that only a small
fraction of labels are well represented in the whole set, while the rest form a long
tail with very few examples each.

Paradoxically, in many applications, these rare labels are considered to be
more important, as being more informative or more satisfying when predicted
correctly, e.g., very general tags are rarely useful for finding information, the user
feels better when a good recommendation of an item that was unknown to them
instead of most popular one. Posing the critical research question, what is the
best way to accommodate these tail labels.

1We will use the same set of nine datasets throughout this thesis.
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1.3 Performance metrics in XMLC

When training a classifier, one usually aims to achieve the highest quality of
predictions, expressed in the form of a metric that scores the classifier’s output
in comparison to the expected output. To evaluate the classifier’s generalization
capabilities, the additional (test) set, which was not seen by the classifier before,
is used. The test set, like the training set, needs to contain both the input and the
expected output pairs. The simplest metric in classification is zero-one accuracy,
which assigns a score of 1 if the classifier’s prediction exactly matches the expected
output for a given input and 0 otherwise. The scores are then averaged over all
instances in the test set.

Due to the specificity of a setting, the XMLC area adopted its own set of
standard metrics for evaluating classifiers. In traditional multi-label classification,
the classifier’s decision is evaluated either for each label or on the level of the whole
positive and negative label sets. Due to the nature of XMLC applications, like
search and recommendation, one usually does not care about the precise decision
for each label, but rather obtaining a set of labels, often of specific size, that
will maximize the evaluation metric. The size of the prediction set can often be
indicated by a graphical interface having a specific number of slots for presenting
search results, recommendations, or ads [Cremonesi et al., 2010, Chang et al., 2021].
To reflect that, it is popular to evaluate using the so-called “at k” (@k) metrics,
for which the classifier returns precisely k labels for an instance (sometimes also
with specified order). The most popular metric is precision@k, which counts how
many of the k predicted labels were in the set of true labels, followed by metrics
like recall@k, or (n)DCG@k.

It has been noticed that, under high label imbalance, competitive performance
on these metrics can be achieved by correctly predicting the most popular la-
bels [Jain et al., 2016, Wei and Li, 2020]. Therefore, the community has started
to develop new metrics that prefer “rewarding” [Ye et al., 2020], “diverse” [Babbar
and Schölkopf, 2019], and “rare and informative” [Prabhu et al., 2018a] labels over
the frequently occurring head labels.

Jain et al. [2016] addressed this problem as the first ones by introducing propen-
sity-scored performance metrics, which quickly gained popularity and became
a standard in the XMLC community. These metrics are weighted variants of
standard metrics like precision@k, that give increased weight to tail labels, but
these weights have been derived from the perspective of missing labels, and the
interpretation of the results on these metrics is not straightforward.

1.4 Motivation

We have noticed that even the popular propensity-scored precision only slightly
better distinguishes classifiers that are good at predicting tail labels from the ones
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that are not. This observation motivates the search for alternative metrics better
suited to evaluating performance in long-tail scenarios.

In multi-label classification, one can consider a wide spectrum of measures that
are usually divided into three categories based on the averaging scheme, namely
instance-wise, micro-, and macro-averaging. Instance-wise measures are defined,
as the name suggests, on the level of a single instance. Typical examples are
already mentioned precision@k, recall@k, (n)DCG@k, Hamming loss, and the
instance-wise Fβ-measure. Micro-averages are defined on a single confusion matrix
that accumulates true positives, false positives, false negatives, and true negatives
from all the labels. Macro-averages require a binary metric to be applied to each
label separately and then averaged over the labels. In general, any binary metric
can be applied in any of the above averaging schemes. Not surprisingly, some of
the metrics, for example, Hamming loss, lead to the same form of the final metric
regardless of the scheme used. One can also consider the wider class of measures
that are defined as general aggregation functions of label-wise confusion matrices.

The macro-averaged metric seems to be very attractive in the context of
evaluating long-tail performance in XMLC, as they treat all the labels equally
important, preventing the labels with a small number of positive examples from
being overshadowed. Because of that, we take a closer look at these metrics with
a prediction budget of k, which naturally fits the XMLC setting. The budget
requires the prediction algorithm to choose labels “wisely,” often leading to the
presence of long-tail labels in the set of predicted labels. It is also natural in
typical applications of XMLC, like recommendation systems, in which the number
of slots is dictated by the user interface.

To illustrate the emphasis that macro-averaged put on tail-labels, in Table 1.1,
we compare two classifiers,2 The first was trained on all labels, and the second was
trained only on 20% of the head labels, with the rest being discarded as they would
not exist. Then, both models are evaluated using a complete set of labels. The
standard metrics are only slightly perturbed by reducing the label space to the head
labels. The propensity-scored precision decreases more significantly, sometimes
even to 35%, but this drop in performance does not fully reflect the inability of a
classifier to predict 80% of labels. In contrast, macro-averaged metrics (precision,
recall, and F1-measure) with a budget at k, as well as coverage@k, a popular
auxiliary measure in XMLC [Jain et al., 2016, Babbar and Schölkopf, 2019, Wei
and Li, 2020, Schultheis et al., 2022], decrease much more drastically, even over
70%, much better reflecting the classifier’s inability to predict the remaining 80%
of labels. These results show that budgeted-at-k macro measures might be very
attractive in the context of long tails.

2We use an ensemble of probabilistic label trees [Jasinska-Kobus et al., 2020], the same method
we use later in Chapter 9 for other experiments.
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Table 1.1: Results (%) of a classifier trained on the full set of labels and a
classifier trained with only 20% of head labels (most frequent labels) on different
metrics budgeted at k (@k). The difference smaller than 5% is colored green,
smaller than 30% orange, and bigger using red.

Metric With all labels With top 20% labels
@1 @3 @5 @1 (diff.) @3 (diff.) @5 (diff.)

RCV1x-2K

Precision 89.99 72.18 51.67 89.96 (-0.03%) 72.08 (-0.14%) 51.57 (-0.21%)
Propensity-scored Prec. 96.94 78.69 56.92 96.84 (-0.11%) 78.36 (-0.42%) 56.52 (-0.72%)
Recall 40.31 74.60 81.17 40.29 (-0.06%) 74.49 (-0.14%) 81.02 (-0.19%)
nDCG 89.99 75.87 60.65 89.96 (-0.03%) 75.79 (-0.11%) 60.56 (-0.15%)

Macro-Precision 10.04 13.79 13.37 8.93 (-11.05%) 9.26 (-32.81%) 7.37 (-44.86%)
Macro-Recall 1.24 4.65 7.61 1.16 (-6.32%) 3.81 (-18.16%) 5.66 (-25.68%)
Macro-F1 1.74 5.44 7.62 1.61 (-7.45%) 4.28 (-21.38%) 5.34 (-29.89%)
Coverage 12.42 26.14 35.91 11.24 (-9.51%) 17.18 (-34.27%) 18.89 (-47.39%)

EURLex-4.3K

Precision 91.40 81.21 68.50 90.55 (-0.93%) 79.30 (-2.35%) 65.88 (-3.83%)
Propensity-scored Prec. 151.59 139.26 120.68 144.54 (-4.65%) 127.92 (-8.14%) 107.07 (-11.28%)
Recall 20.81 53.30 71.61 20.59 (-1.07%) 51.88 (-2.66%) 68.68 (-4.09%)
nDCG 91.40 83.62 74.24 90.55 (-0.93%) 81.95 (-2.00%) 72.01 (-3.01%)

Macro-Precision 14.39 22.55 25.36 11.84 (-17.70%) 13.83 (-38.69%) 12.22 (-51.83%)
Macro-Recall 4.45 14.15 22.57 3.26 (-26.71%) 9.04 (-36.10%) 12.97 (-42.53%)
Macro-F1 6.16 16.41 22.73 4.69 (-23.99%) 10.40 (-36.61%) 12.20 (-46.33%)
Coverage 15.62 27.09 34.54 13.18 (-15.59%) 18.31 (-32.41%) 19.46 (-43.66%)

AmazonCat-14K

Precision 89.28 69.10 54.63 89.25 (-0.03%) 68.77 (-0.47%) 52.99 (-3.00%)
Propensity-scored Prec. 95.23 77.83 64.44 94.32 (-0.96%) 75.77 (-2.65%) 59.86 (-7.10%)
Recall 39.40 69.11 83.63 39.40 (-0.01%) 68.84 (-0.39%) 81.73 (-2.26%)
nDCG 89.28 73.43 62.34 89.25 (-0.03%) 73.18 (-0.34%) 61.14 (-1.91%)

Macro-Precision 25.19 39.74 41.82 12.81 (-49.15%) 13.41 (-66.26%) 10.94 (-73.83%)
Macro-Recall 2.74 15.50 36.67 1.32 (-51.87%) 6.83 (-55.91%) 12.73 (-65.27%)
Macro-F1 4.53 20.09 36.57 2.18 (-51.97%) 8.29 (-58.75%) 11.39 (-68.87%)
Coverage 30.25 54.89 69.59 15.57 (-48.52%) 18.91 (-65.56%) 19.87 (-71.45%)

WikiLSHTC-325K

Precision 63.44 41.94 31.14 59.32 (-6.49%) 37.75 (-9.98%) 27.57 (-11.45%)
Propensity-scored Prec. 163.80 118.44 90.78 133.40 (-18.56%) 89.06 (-24.80%) 66.02 (-27.27%)
Recall 28.11 47.00 54.58 25.39 (-9.68%) 40.54 (-13.74%) 46.18 (-15.40%)
nDCG 63.44 46.72 37.94 59.32 (-6.49%) 42.51 (-9.00%) 34.16 (-9.95%)

Macro-Precision 12.83 18.61 18.73 7.10 (-44.64%) 7.25 (-61.06%) 6.03 (-67.82%)
Macro-Recall 6.53 15.71 20.72 3.57 (-45.42%) 7.38 (-53.00%) 9.17 (-55.75%)
Macro-F1 7.78 15.19 17.30 4.16 (-46.61%) 6.33 (-58.34%) 6.31 (-63.54%)
Coverage 16.61 29.71 35.53 10.80 (-34.97%) 15.64 (-47.38%) 17.10 (-51.87%)

WikipediaLarge-500K

Precision 66.83 47.79 37.41 60.88 (-8.91%) 42.00 (-12.11%) 32.46 (-13.22%)
Propensity-scored Prec. 187.95 142.69 113.72 139.25 (-25.91%) 98.25 (-31.15%) 76.40 (-32.82%)
Recall 21.86 39.77 48.07 18.75 (-14.20%) 32.43 (-18.45%) 38.55 (-19.81%)
nDCG 66.83 52.07 43.72 60.88 (-8.91%) 46.20 (-11.26%) 38.45 (-12.05%)

Macro-Precision 13.09 19.92 21.04 5.98 (-54.31%) 6.39 (-67.93%) 5.74 (-72.71%)
Macro-Recall 6.64 16.16 21.83 2.77 (-58.36%) 5.81 (-64.08%) 7.47 (-65.80%)
Macro-F1 7.84 15.94 18.99 3.23 (-58.76%) 5.15 (-67.67%) 5.51 (-70.99%)
Coverage 16.58 30.83 37.87 9.31 (-43.89%) 13.92 (-54.85%) 15.66 (-58.64%)

Amazon-670K

Precision 44.97 40.20 36.71 41.01 (-8.80%) 34.38 (-14.48%) 28.95 (-21.13%)
Propensity-scored Prec. 288.28 273.84 259.09 229.95 (-20.23%) 197.65 (-27.82%) 167.45 (-35.37%)
Recall 9.35 23.31 34.39 8.00 (-14.47%) 19.05 (-18.27%) 26.19 (-23.83%)
nDCG 44.97 41.29 38.58 41.01 (-8.80%) 35.91 (-13.03%) 31.75 (-17.70%)

Macro-Precision 4.78 10.46 14.21 3.38 (-29.24%) 5.31 (-49.20%) 5.43 (-61.77%)
Macro-Recall 3.08 9.04 14.41 2.04 (-33.75%) 5.20 (-42.51%) 7.23 (-49.82%)
Macro-F1 3.42 9.01 13.39 2.26 (-33.74%) 4.70 (-47.82%) 5.59 (-58.23%)
Coverage 5.82 13.78 19.79 4.64 (-20.33%) 9.02 (-34.51%) 11.01 (-44.37%)
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In this thesis, we examine the long-tail label problem through the lens of
evaluation metrics. We propose the usage of macro-averaged metrics budgeted at k
as an alternative, focusing on “tail-labels” performance and being easy to interpret
and investigate the problem of optimizing them. Interestingly, optimization of the
macro-averaged metrics can be considered under two distinct statistical frameworks
– expected test utility (ETU) (also known in the literature as the decision theoretic
approach (DTA) and population utility (PU) (also known as empirical utility
maximization (EUM) [Ye et al., 2012, Dembczyński et al., 2017]. Under the ETU
framework, the goal is to optimize the expected value of a metric on a given test
set. While PU aims to optimize a metric value calculated on the expected value
of a confusion matrix over the population. While the macro-averaged metrics, as
well as a more general class of metrics defined on the label-wise confusion matrices,
have been well-studied in multi-label classification under both frameworks, the
budgeted @k variants have not, to the best of our knowledge. Furthermore, the
previously introduced optimization frameworks cannot be directly applied in the
budgeted setup. Since the optimization problems for different labels are tightly
coupled with each other through the budget of k predictions, the final problem is
much more difficult.

One of the first results of this work is an observation that there exists a
class of label-wise metrics budgeted at k, that can be linearly decomposed over
labels into binary utilities, which includes both standard instance-wise weighted
metrics, like precision@k, and macro-averaged metrics, possibly allowing to obtain
general results under a unified framework. Because of that, we are interested in
investigating whether consistent inference algorithms exist to optimize label-wise
metrics budgeted at k and if they are compatible with existing classifiers for XMLC.
Due to extremely large label space, almost all existing XMLC methods aim to
provide top k candidates with scores assigned to individual labels. Preferably,
these scores reflect (or can be calibrated to reflect) estimates of the label marginal
conditional probabilities. To be practical, an algorithm for optimizing label-wise
metrics budgeted at k should operate over the marginal conditional probabilities
of labels, allowing it to work on top of existing and future methods by being
agnostic to their architecture. Additionally, we would like such an algorithm to be
consistent, meaning that with the growing size of the training set, the regret of
the classifier decreases to zero.

1.5 Aim and scope

Given the motivations presented above, the hypothesis of this dissertation is
formulated as follows:

There exist consistent inference algorithms for optimizing label-
wise metrics budgeted at k that are defined on marginal conditional
probabilities of labels.
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The following points describe our main contributions.

1.5.1 Bayes (optimal) classifiers
We derive the form of the Bayes (optimal) classifier for the family of weighted
instance-wise metrics that include precision@k or Hamming score@k, and their
weighted variants, such as their propensity-scored versions. Following the literature,
we include the results for recall@k [Menon et al., 2019] and (n)DCG [Jasinska
and Dembczyński, 2018]. We do the same for label-wise metrics, including macro-
averaged metrics under expected test utility (ETU) and population utility (PU)
frameworks. Our findings demonstrate that across all considered metrics, the
Bayes classifier can be defined based on marginal conditional probabilities of
labels, allowing for the optimization of all these metrics using plug-in inference
algorithms on top of existing label probability estimators. Considering that XMLC
requires efficient algorithms, if necessary, we construct computationally efficient
approximations that work in linear time with respect to the number of labels. For
instance-wise metrics, an optimal decision rule boils down to simple reweighting of
labels’ probabilities and selection of top-k labels. However, for label-wise metrics,
the inference procedure becomes more complex. Because of that, we propose an
inference procedure based on the block coordinate ascend (BCA) algorithm for
the ETU setting, and the algorithm based on the Frank Wolfe (FW) [Frank and
Wolfe, 1956] method for finding the optimal classifier under the PU setting.

1.5.2 Regret bounds
We formally quantify the influence of the estimation error of the labels’ marginal
conditional probabilities on the suboptimality of the resulting classifier for all
proposed inference algorithms. These results are expressed in the form of regret
bounds [Bartlett et al., 2006, Narasimhan et al., 2015, Kotłowski and Dembczyński,
2017, Dembczyński et al., 2017]. The notion of consistency varies slightly across
different statistical frameworks. A consistent classifier in the standard expected
instance-wise utility (EIU) setting optimizes the expected utility on a single sample
as the size of the training set increases. Under the ETU framework, the consistent
classifier is the one that optimizes the expected prediction utility over a given
test set. The PU framework focuses on estimation, in the sense that a consistent
PU classifier is one that converges to the population optimal utility as the size
of the training set increases. We show that for most metrics considered in this
thesis, small estimation errors in label probabilities result in correspondingly
small performance degradation, confirming the practical viability of our methods.
Furthermore, under the assumption that the underlying method of estimating
labels’ marginal conditional probabilities is consistent (i.e., the estimation error
decreases with increasing training data), our inference methods are also consistent,
ensuring theoretical guarantees.
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1.5.3 Efficient inference methods
The introduced inference methods have linear complexity in the number of labels,
which is considered to be costly in the XMLC setting. Because of that, we
demonstrate that by leveraging the sparsity of labels, we can reduce this complexity
by orders of magnitude at a small cost of regret. We then examine probabilistic
label trees (PLTs) [Jasinska et al., 2016], a popular family of XMLC classifiers
that organize labels into a tree structure and factorize label probabilities over tree
nodes. Although we also contribute consistency proofs for PLTs and propose their
usage as the output layer of a neural network, our primary focus is to introduce
PLT-based inference methods for finding exactly the top-k labels with reweighted
probabilities characterized by sublinear complexity. We achieve this by applying
the BF‹(best-first-star) [Pearl, 1984] search algorithm as the PLT tree search
procedure during inference.

1.5.4 Empirical evaluation
Finally, we confirm our theoretical findings with extensive empirical experiments
on several popular XMLC benchmark datasets for the XMLC repository [Bhatia
et al., 2016]. We first simulate the setting of perfect knowledge of the conditional
marginal probabilities of labels, eliminating the main source of regret of all the
methods and confirming their optimality We then conduct experiments using
original labels to reflect the realistic scenario of imperfect probability estimates
and the high data sparsity. Additionally, we demonstrate that the introduced
methods can be used to optimize label-wise utilities that combine an instance-wise
metric, favoring head labels, and a macro-averaged metric. This leads to a classifier
that significantly improves tail-label performance with only a tiny sacrifice of head-
label performance. Furthermore, this trade-off can be precisely controlled. Finally,
we investigate the computational efficiency of a PLT inference method based on
BF‹-search, showing that it can be computationally less expensive compared to
the simpler two-step strategy in which the prediction of marginal probabilities is
followed by reweighting.

1.6 Related work

1.6.1 Optimization complex performance metrics
The problem of optimizing complex performance metrics is well-known, with many
articles published for a variety of metrics and different classification problems.
It has been considered for binary [Ye et al., 2012, Koyejo et al., 2014, Busa-
Fekete et al., 2015, Dembczyński et al., 2017], multi-class [Narasimhan et al., 2015,
2022], multi-label [Waegeman et al., 2014, Koyejo et al., 2015, Kotłowski and
Dembczyński, 2017], and multi-output [Wang et al., 2019b] classification.
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Initially, the main focus was on designing algorithms, without a conscious
emphasis on the statistical consequences of choosing models and their asymp-
totic behavior. Notable examples of such contributions are the SVMperf algo-
rithm [Joachims, 2005], approaches suited to different types of the F-measure [Dem-
bczyński et al., 2011, Natarajan et al., 2016b, Jasinska et al., 2016], or precision
at the top [Kar et al., 2015]. The wide use of such complex metrics has caused
an increasing interest in investigating their theoretical properties, which can then
serve as a guide to design practical algorithms.

The consistency of learning algorithms is a well-established problem. The
seminal work of Bartlett et al. [2006] studied this problem for binary classification
under the misclassification error. Since then a wide spectrum of learning problems
and performance metrics has been analyzed in terms of consistency. These results
concern ranking [Duchi et al., 2010, Ravikumar et al., 2011, Calauzenes et al.,
2012, Yang and Koyejo, 2020], multi-class classification [Zhang, 2004, Tewari
and Bartlett, 2007], multi-label classification [Koyejo et al., 2015, Kotłowski and
Dembczyński, 2017] classification with abstention [Yuan and Wegkamp, 2010,
Ramaswamy et al., 2018], or constrained classification problems [Agarwal et al.,
2018, Kearns et al., 2018].

Our contribution is close to [Koyejo et al., 2015] and [Kotłowski and Dem-
bczyński, 2017]. These articles analyze theoretically complex performance measures
known from binary classification in the context of macro- and micro-averages in
multi-label classification. However, they do not consider the predictions “at k”.

Narasimhan et al. [2015] consider optimization of complex performance mea-
sures in multi-class setting and PU framework. In the follow-up article [Narasimhan
et al., 2022], they extend the analysis to constraints defined by arbitrary functions
of the confusion matrix. These constraints are, however, again different than
the budgeted predictions in our case. We suspect that their approach can be
generalized to our setting. And our Frank Wolfe algorithm was inspired by theirs.

On the other end of the spectrum are the budgeted at k instance-wise and
micro-averaged metrics, such as precision@k or recall@k. The optimal classifiers
for these metrics boil down to solving independent binary or multi-class problems
via reduction like one-vs-all, pick-all-labels, pick-one-labels [Menon et al., 2019].

1.6.2 Efficient XMLC methods
In this thesis, we address not only the problem of making optimal predictions at k
but also ensuring computational efficiency in the XMLC setting. Specifically, the
inference methods we discuss can integrate efficiently with any label probability
estimator capable of rapidly identifying a subset of top k1, where k1 ą k, labels
based on predicted marginal conditional probabilities of labels or scores that can
be calibrated to probabilities. To provide context for our work, we present a brief
overview of relevant methodologies in this domain. Please note that we provide
here merely one simplified categorization among many possible perspectives on
XMLC methods.

The past decade has witnessed the emergence of many diverse methods, which
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aim to reduce computational costs and enhance scalability in XMLC problems.
These include 1-vs-all-based approaches that leverage label sparsity [Yen et al.,
2017, Babbar and Schölkopf, 2017], sophisticated label filtering methods [Vijaya-
narasimhan et al., 2014, Shrivastava and Li, 2015, Niculescu-Mizil and Abbasnejad,
2017], decision tree-based algorithms [Prabhu and Varma, 2014, Choromanska
and Langford, 2015], and coding-based reduction strategies [Jasinska and Karam-
patziakis, 2016, Evron et al., 2018, Medini et al., 2019]. Recently, two families of
methods have come to dominate the XMLC landscape: label tree methods and
label embedding-based methods.

The label tree methods organize labels into a hierarchical tree structure, with
individual labels placed at the leaves of this tree. Modern variants typically
construct this tree via hierarchical clustering of labels, continuing until each cluster
contains fewer than a few hundred labels. The tree structure over final label
clusters is often called a router as additional classifiers in the inner nodes of the
tree are tasked with guiding the inference into relevant clusters of labels. Classically,
label tree approaches relied on sparse TF-IDF features [Leskovec et al., 2014] and
trained separate linear classifiers at each tree node [Jasinska et al., 2016, Prabhu
et al., 2018b, Khandagale et al., 2020, Jasinska-Kobus et al., 2020, Yu et al., 2022].
Over time, these models have evolved to incorporate more expressive architectures:
starting with word and feature embeddings combined with a tree with linear models
serving as both output and loss layer [Wydmuch et al., 2018], followed by LSTM-
based models [Hochreiter and Schmidhuber, 1997] combined with an attention
mechanism [Lin et al., 2017] in each tree node [You et al., 2019b]. Most recently,
encoder-only transformer architectures [Vaswani et al., 2017, Devlin et al., 2019]
have been used to generate contextual representations of input instances [Chang
et al., 2020, Ye et al., 2020, Zhang et al., 2021, Kharbanda et al., 2022a]. Notably,
label tree methods operate under a standard classification framework and do not
require any additional metadata or features for the labels beyond the training set
of instance-labels samples. In this work, we discuss and extend probabilistic label
trees [Jasinska et al., 2016], which are a special kind of label trees that estimate
marginal conditional probabilities of labels by decomposing them on the paths
from root to leaf in the tree.

A parallel line of research to label trees is focusing on label embedding-based
methods. These approaches assume that the dimensionality of the label space has
an implicit low-rank structureand seek to embed the feature space and label space
into a joint low-dimensional space. Initial embedding-based approaches utilized
simple linear projections [Mineiro and Karampatziakis, 2015, Yu et al., 2014, Bhatia
et al., 2015]. Recognizing their limited expressiveness, subsequent approaches
incorporated non-linear transformations [Tagami, 2017b], and naturally started
leveraging deep learning architectures [Yeh et al., 2017, Zhang et al., 2018, Wang
et al., 2019a, Guo et al., 2019a] utilizing autoencoders [Vincent et al., 2010] and dual
encoders [Gillick et al., 2018]. For the inference, these deep learning-based methods
rely on approximate nearest neighbor search algorithms [Malkov and Yashunin,
2018, Jayaram Subramanya et al., 2019]. The recent methods started taking
advantage of the fact that labels often come with additional features like natural
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language name or description, incorporating them through architectures like graph
neural networks [Kipf and Welling, 2016] and encoder-only transformers [Zong
and Sun, 2020, Saini et al., 2021]. To further enhance the predictive performance
of embedding-based methods, they are often combined with additional per-label
classifiers [Dahiya et al., 2021, Mittal et al., 2021, Saini et al., 2021, Dahiya et al.,
2023a,b, Gupta et al., 2023].

The inference algorithms we introduce in this work are directly applicable
to most of these XMLC methods. They work as plug-in approaches, relying on
the estimates of the marginal conditional probabilities of labels. Most of the
methods listed above either directly estimate these probabilities or predict a per-
label score that can be calibrated. Furthermore, our approach can be combined
with algorithmic approaches for dealing with missing labels [Saito et al., 2020,
Qaraei et al., 2021] as well as with recently proposed methods that try to improve
predictive performance on the tail labels by, e.g., leveraging label features to
estimate label correlations [Mittal et al., 2021, Saini et al., 2021, Dahiya et al.,
2021, Zhang et al., 2022] or to do data augmentation and generate new training
points for tail labels [Wei et al., 2021, Kharbanda et al., 2022b, Chien et al., 2023].

1.7 Outline

This dissertation is organized into the following chapters:

• In Chapter 2, we formally introduce the setting of multi-label classification
from the point of view of statistical decision theory. We then introduce the
concept of performance metrics based on confusion matrices and introduce
two frameworks under which they can be optimized: expected test utility
(ETU) and Population Utility (PU). Then, we discuss the specific character-
istics of XMLC, including long-tailed label distributions, prediction with the
“at k” budget constraint, and the problem of missing labels.

• In Chapter 3, we analyze popular instance-wise metrics used in XMLC,
including precision@k, recall@k, and DCG@k, as well as their weighted
variants. For each metric, we derive the form of the optimal classifier and
provide regret bounds in terms of the probability estimation errors.

• In Chapter 4, we extend the analysis of instance-wise metrics to the setting
with missing (noisy) labels. We then critically examine the popular propensity
model of Jain et al. [2016] (a model that estimates the probabilities that
labels are missing). We also discuss the relationship between metrics using
propensity models (so-called propensity-scored metrics) to estimate true
performance on noisy data and tail label performance, motivating the need
for developing and popularizing new metrics focusing on the performance of
rare labels.

• In Chapter 5, we introduce label-wise utilities, and especially macro-averaged
metrics, that belong to a family of performance metrics based on confusion
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matrices and can serve as a good alternative for evaluating tail-label per-
formance. We demonstrate that optimization of label-wise utilities under
prediction constrained at k is a non-trivial optimization problem.

• In Chapter 6, we analyze the problem of optimization of label-wise metrics
with budget @k under the ETU framework and show the form of the optimal
classifier. We then propose an efficient approximate inference procedure
based on the block coordinate ascent (BCA) algorithm and provide regret
bounds.

• In Chapter 7, analogously to the previous chapter, we analyze the problem
of optimization of label-wise metrics under the PU framework. We show the
form of the optimal classifier, propose an algorithm for finding the optimal
classifier using the Frank-Wolfe (FW) method, and provide regret bounds.

• In Chapter 8, we discuss efficient implementation strategies. First, we present
a general method that leverages the sparsity of the label space to reduce the
computational complexity of the introduced methods. Then, we introduce
the probabilistic label tree (PLT), a popular classifier in XMLC, and show
how to use its hierarchical structure for efficient inference for the discussed
methods.

• In Chapter 9, we present empirical experiments that validate our theoretical
findings and compare all algorithms introduced under the unified protocol.

• In Chapter 10, we conclude this dissertation with a brief summary.

• In Appendix A, we present the full derivation of the proofs that we found to
be too long to present in the main body of this thesis.

• In Appendix B, we discuss additional technical details regarding empirical
experiments and additional results.





2
Problem setting

In this chapter, we formally define the setting of this dissertation, starting from
the notation of multi-label classification problems. We focus on the statistical
decision theory point of view and define the risk of a classifier, the Bayes optimal
classifier, and the regret of a classifier for instance-wise performance metrics and
the general family of performance metrics defined on the confusion matrix. For the
latter, we introduce two frameworks: population utility (PU) and expected test
utility (ETU), under which we will analyze these metrics in the following chapters.
Finally, we introduce the setting of extreme multi-label classification, with its
specific properties, which include: long-tailed label distribution, classifiers bud-
geted at k position, and missing labels that we characterize using the propensity
model.

2.1 Multi-label classification

The goal of standard multi-label classification is to find a function mapping between
instances x P X (usually represented as a real numbers vector of size d, then
X :“ Rd) and a finite set of m non-mutually-exclusive labels. This means that
any x is associated with a subset Lpxq Ď rms of the labels called the relevant
or positive labels, with the complement, rmszLpxq, of the irrelevant or negative
labels. The set of positive labels might be empty. We identify the relevant labels
with a binary vector y “ ry1, y2, . . . , yms P Y in which yj “ 1 rj P Lpxqs,where
Y :“ t0, 1um is called the label vector space. We assume that observations px,yq
are generated independently and identically (i.i.d.) according to a (unknown) joint
probability distribution of samples P rx,ys on X ˆ Y. We also sometimes refer
to that distribution as population distribution. Notice that the above definition
concerns not only multi-label classification but also multi-class (when }y}1 “ 1 for
all x) and binary classification (when m “ 1) as special cases.

Generally, we want to find a classifier h : X ÝÑ Y, which is a function that
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returns prediction vector py :“ hpxq for each instance x, that achieves the best
possible expected value of a given metric of performance. To construct such a
classifier, one is usually given a collection of i.i.d. samples (tuples of corresponding
x and y) Dtrain :“ rpxi,yiqsntrain

i“1 of size ntrain, we refer to this collection as a
training set1.

In this work, we consider many different performance metrics. We use the term
task utility to refer to a metric that we want to maximize and the term task loss
to refer to a metric that we want to minimize. Any loss function can be converted
to a utility function by taking its negative or subtracting it from its max/min
value, and vice versa. For the consistency of the analysis, throughout this work,
we mostly talk about maximizing the task utilities, even if the given performance
metric is more popular in its loss variant.

Depending on the form of the task utility, we consider different frameworks
to formally characterize the problem. Let us start with the most common one,
that is used for popular family of instance-wise utilities (e.g., precision@k, and
recall@k). Utilities of this type can be decomposed into the average of individual
and independent evaluations for each instance. For these utilities we define the
expected instance-wise utility (EIU) of a classifier as:

ΦEIUphq :“ Ex,y„Prx,ys rΨpy,hpxqqs , (2.1)

where Ψpy,hpxqq is an instance-wise task utility function of a true labels vector y
and classifier’s prediction hpxq2. Notice that the expected utility corresponds to
the popular concepts of risk or generalization error, which are defined using loss
functions instead of utilities. The optimal (Bayes) classifier h‹EIU is defined as:

h‹EIU P argmax
hPH

ΦEIUphq . (2.2)

Please note that we use here the “P” sign instead of “:“” with argmax as it is
possible that more than one optimal classifier exists. For example, if we consider
some budget-constrained metrics like precision@k and recall@k, which are the
main focus of this work, then different predictions py can be optimal. We denote
the prediction of such optimal classifier as y‹ :“ h‹pxq.

Using the expected utility of the classifier ΦEIU and the corresponding optimal
classifier h‹EIU, we define the regret of a classifier h as:

RegEIUphq :“ ΦEIUph‹EIUq ´ ΦEIUphq . (2.3)

It measures the susceptibility of h with respect to Ψ. From the definition, we have
that Regphq ě 0 for every classifier h, and Regphq “ 0 if and only if h is optimal.
If the regret of a classifier h converges to zero with the training sample size tending
to infinity ntrain Ñ 8, we call such an algorithm (statistically) consistent. We can

1Despite the “set” naming convention, D is formally defined as vector, as it may contain the
same tuple of px, yq more than once and some algorithms may take into account the order of
samples in D.

2In this work, we generally use Ψ to denote utility as a function of true labels and predictions
of a classifier, and Φ to denote different expected values of utility functions.
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now formally define the goal of multi-label classification. It is to find a classifier h
with the smallest possible regret Regphq under a given framework and task utility.

Empirically, the utility of the classifier h is estimated using a given collection
of instances D :“ rpxi,yiqsni“1 of a given size n, that is assumed to be sampled
i.i.d. from P rx,ys, we refer to it as a test set. A test set can also be seen as
a tuple pX,Yq, where X “ rx1,x2, . . . ,xns is an nˆ d matrix of instances, and
Y “ ry1,y2, . . . ,yns is an nˆm matrix of labels. We will use this matrix notation
more often due to its simplicity. Following this convention, we use xi to denote
i-th row of X, yi to denote i-th row of Y (a vector of all labels for a single instance
i), y:,j to denote j-th column of Y (a vector single label j for all instance), and
yi,j to denote a single label j for a single instance i. To complement this notation,
we will use a classifier on X to denote its prediction for all instances xi in X:
pY :“ hpXnˆdq “ rhpxiqsni“1, and the prediction of optimal classifier Y‹ :“ h‹pXq.

2.2 Generalized performance metrics

In this work, we analyze not only the instance-wise performance metrics but
also generalized performance metric for multi-label classification that can be non-
decomposable over instances, meaning they cannot be evaluated for each instance
independently and then averaged. This property has led to two distinct frameworks
for characterizing and analyzing the problem of optimizing such metrics. In this
section, we introduce the notation of the confusion matrix, which is used to define
a wide family of generalized performance metrics. Then we define these two
frameworks, which are commonly known as population utility (PU) [Koyejo et al.,
2014, Narasimhan et al., 2014] and expected test utility (ETU) [Dembczyński
et al., 2012, Waegeman et al., 2014, Natarajan et al., 2016a].

2.2.1 Multi-label confusion matrix
We start with the definition of a confusion matrix for multi-label classification.
Given vectors of true labels y P t0, 1un and predicted labels py P t0, 1un, let us
define the entries of binary confusion matrix, named as true positives ptpq, true
negatives (tn), false positives (fp), false negatives (fn) ratios:

tnpy, pyq :“ 1

n

nÿ

i“1

p1 ´ yiqp1 ´ pyiq , fppy, pyq :“ 1

n

nÿ

i“1

p1 ´ yiqpyiq ,

fnpy, pyq :“ 1

n

nÿ

i“1

yip1 ´ pyiq , tppy, pyq :“ 1

n

nÿ

i“1

yipyi . (2.4)

The binary confusion matrix is then a vector composed from these entries pcpy, pyq “
rtnpy, pyq, fppy, pyq, fnpy, pyq, tppy, pyqs3. Notice that in the presented definition, all

3For confusion matrices, instead of addressing specific elements with the index, we use instead
tn, fp, fn, and tp for clarity to which element we refer. We use pc as we reserve c for expected
value of confusion matrix, which we will use in the later chapters
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entries of the binary confusion matrix are normalized to the range r0, 1s and sum
up to 1. We define a set of binary confusion matrices C “ ␣

pc P r0, 1s4 : }pc}1 “ 1
(
.

The binary confusion matrix can be computed either for all multi-label predictions
for a given single instance pyi, pyiq or binary predictions for label j obtained on a
set of different instances py:,j , py:,jq. In the following, we focus on the latter, and
we define multi-label confusion matrix as pCpY, pYq P Cm:

pCpY, pYq :“
„
pcpy:,1, py:,1q, pcpy:,2, py:,2q, . . . , pcpy:,m, py:,mq

ȷ

“

»
———————–

tnpy:,1, py:,1q fppy:,1, py:,1q fnpy:,1, py:,1q tppy:,1, py:,1q
tnpy:,2, py:,2q fppy:,2, py:,2q fnpy:,2, py:,2q tppy:,2, py:,2q

...
...

...
...

tnpy:,m, py:,mq fppy:,m, py:,mq fnpy:,m, py:,mq tppy:,m, py:,mq

fi
ffiffiffiffiffiffiffifl
. (2.5)

The confusion matrix can be computed for a single sample. In such situation, we
will use notation pCpy, pyq :“ pCprys, rpysq. Later in the thesis, we often omit the
arguments of the confusion matrix or its entities for readability reasons. We say
that the performance metric is defined on a confusion matrix if it can be expressed
as a function of a confusion matrix:

ΨpY, pYq “ ΨppCpY, pYqq “ Ψppc:,tn,pc:,fp,pc:,fn,pc:,tpq . (2.6)

Since the entries of the confusion matrix are linearly dependent, it suffices to
use three independent combinations of its entries, such as:

tppy, pyq :“ 1

n

nÿ

i“1

yipyi ,

pppy, pyq :“ fppy, pyq ` tppy, pyq “ 1

n

nÿ

i“1

pyi ,

cppy, pyq :“ fnpy, pyq ` tppy, pyq “ 1

n

nÿ

i“1

yi , (2.7)

where tp is the same ratio of true positives, pp is the ratio of predicted positives,
and cp is the ratio of (conditionally) positive labels. Notice that pp if fact depends
only on py, while the cp only on y. We will use this alternative parameterization
of the confusion matrix when it is more convenient for the analysis:

ΨppCpY, pYqq “ Ψppc:,tp,pc:,pp,pc:,cpq . (2.8)

The above form of confusion matrix is not the only one possible. Another
popular form for multi-label classification is defined over all possible vectors in
Y with entries pCy,py being equal to the ratio of samples with label vector y and
prediction py. This is however not practical in the XMLC setting, as the number
of entries in such matrix is 22m.
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On the other hand, the introduced confusion matrix is more compact and the
binary confusion matrix available for each label naturally allows to define utility
functions that balance the contributions of different labels to the final metric.

2.2.2 Two frameworks for generalised performance metrics
In this work, we will consider two frameworks for characterizing the perfor-
mance metrics, commonly known as population utility (PU) [Koyejo et al., 2014,
Narasimhan et al., 2014] and expected test utility (ETU) [Dembczyński et al.,
2012, Waegeman et al., 2014, Natarajan et al., 2016a]. Here we introduce both of
them before getting into the further discussion on the performance metrics and
optimal classifiers in Chapters 3 and 5.

2.2.3 Expected test utility (ETU)
In the expected test utility (ETU) framework (also known in the literature as
decision theoretic analysis (DTA) [Ye et al., 2012]) the goal is to find a classifier
with the best expected utility on a given test set of instances X. In the ETU
framework, the expected utility of classifier ΦETUphq is defined as:

ΦETUphq :“ EY„PrY |Xs

”
ΨppCpY,hpXqq

ı
, (2.9)

and optimal (Bayes) classifier h‹ETU is defined as:

h‹ETU P argmax
hPH

ΦETUphq , (2.10)

and regret of a classifier h as:

RegETUphq :“ ΦETUph‹ETUq ´ ΦETUphq . (2.11)

We can interpret this setting as optimizing the expected metric over an infinite
set of realizations of the test set, with the same instances X but different labels
Y drawn from distribution PrY |Xs. Here the classifier h predicts for the whole
set of instances X (set-wise). Notice that the i.i.d. assumption implies that the
labels yi corresponding to xi do not depend on any other instance: PrY |Xs “śn

i“1Pryi |xis.
Framing a problem like that can be helpful in real life when, ahead of time, the

prediction system is given a specific batch of instances for which it has to compute
the predictions all at once, e.g., a recommendation system that, during the night,
predicts recommendations for all the users that will be displayed for the next day.

Note that the ETU framework does not require a utility to be defined on the
confusion matrix but only on the labels and predictions. However, to make the
difference with the PU framework clearer, and overall notation more consistent,
we define it here using the utilities defined on a confusion matrix.
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2.2.4 Population utility (PU)
In the population utility (PU) framework (also known as empirical utility maxi-
mization (EUM) [Ye et al., 2012]), the goal is to optimize a performance metric
calculated on expected value of a confusion matrix over the population distribution
P rx,ys. In this framework, utility of classifier Ψphq is defined as:

ΦPUphq :“ Ψ
´
Ex,y„Prx,ys

”
pCpy,hpxqq

ı¯
, (2.12)

with optimal (Bayes) classifier h‹PU is defined as:

h‹PU P argmax
hPH

ΦPUphq , (2.13)

and regret of a classifier h as:

RegPUphq :“ ΦPUph‹PUq ´ ΦPUphq . (2.14)

In other words, we can understand this setting as optimizing the utility over
a single infinitely large test set, where classifier h predicts for each instance x

independently (point-wise).
The PU setting is clearly practical when the prediction system is designed to

provide predictions for a continuous stream of instances without being able to
change its previous predictions or even have any memory of them.

2.2.5 Relationship between ETU and PU frameworks
The ETU and PU frameworks are equivalent for some performance metrics in the
sense that the optimal classifiers for both frameworks produce the same set of
optimal predictions. This is true for utilities that are linear w.r.t. to the confusion
matrix (e.g., instance-wise metrics)4:

Ψ
´
EpC

”
pC
ı¯

“ G ¨ EpC

”
pC
ı

“ EpC

”
G ¨ pC

ı
“ EpC

”
Ψ
´
pC
¯ı

. (2.15)

Because of the i.i.d. assumption, it’s clear that for such utilities, the optimal
classifier has the same form that independently predicts for each instance.

h‹PUpxq “ h‹ETUpxq (2.16)

While the class of simple instance-wise performance metrics is definitely the
most popular in machine learning, the aim of this work is to take a closer look
at macro-averaged performance metrics, which usually are non-decomposable
w.r.t. instances, i.e., non-linear w.r.t. to the confusion matrix, and therefore the
optimal classifiers for ETU and PU frameworks are different, forcing us to analyze
the problem from both perspectives, as they clearly have their advantages and
disadvantages in modeling different problems.

4We use a ¨ b “ řn
i“1 aibi to denote a dot product of vectors a and b of size n, and

A ¨ B “ řn
i“1

řm
j“1 ai,jbi,j to denote a matrix dot product of A and B of size n ˆ m.
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It is also worth noting that, under the i.i.d. assumption and for some utility
functions Ψ, ΦETUphq converge to ΦPUphq when the size n of the test set X,Y

is going to infinity, meaning they are asymptotically equivalent. Under the i.i.d.
assumption pCpY,hpXqq converges to E

”
pCpy,hpxqq

ı
, as n Ñ 8. Let us denote

the confusion matrix calculated on X,Y of size n as pCn. If Ψ is bounded, as all the
utilities we consider in this work, we can exchange the limit with the expectation:

lim
nÑ8

E
”
ΨppCnq

ı
“ E

”
lim
nÑ8

ΨppCnq
ı

“ Ψ
´
E
”
pC
ı¯

(2.17)

The more detailed proofs of this asymptotic equivalence that additionally derive
the convergence rate can be found in Ye et al. [2012], Dembczyński et al. [2017].

2.3 Specificity of extreme multi-label classification setting

Extreme multi-label classification (XMLC) differs from classic multi-label classifi-
cation. In this section, we will focus on specific properties of XMLC that change
classical multi-label classification settings.

2.3.1 Long-tailed label distribution
The defining characteristic of extreme classification datasets is the very large
number of labels m reaching up to hundreds of thousands or even millions (we
usually call the problem extreme when m ě 104). The number of relevant labels
for sample, }y}1, is usually much smaller than m (}y}1 ! m). This causes both
computational and statistical challenges. The obvious computational challenge is
that with such a large number of labels learning and prediction demand a lot of
computational resources. Because of that, XMLC requires specialized algorithms
that work in sublinear time w.r.t. the number of labels m. The statistical challenge,
that is directly connected to the high dimensionality of the problem and the small
number of relevant labels per sample, is the label distribution being usually highly
imbalanced.

In the case of binary classification, the amount of imbalance is completely
determined by the imbalance ratio Pry“0s

Pry“1s . In this sense, almost every binary
problem corresponding to predicting the relevance of a single label is highly
imbalanced in XMLC, i.e., only a small fraction of training instances will be
associated with that label.

However, in XMLC, the data are also imbalanced when comparing different
labels. And because of that, we can also define an inter-label imbalance ratio
(ILIR). Let us denote the prior probability of label j as πj :“ Pryi “ 1s, then
ILIR :“ maxtπi:iPrmsu

mintPrπj :jPrmsu
. This factor is also usually very high, as some labels have

a large number of positives, while most of the labels have only very few. This
described type of label distribution that we encounter in XMLC problems is said
to be long-tailed [Bhatia et al., 2015, Babbar and Schölkopf, 2017]. And so, we
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refer to these less frequent labels as tail labels and to the more frequent ones as
head labels.

Under the long-tailed label distribution, we assume that predicting tail labels is
more rewarding than predicting head ones, which is reflected by aiming to optimize
the performance metrics that emphasize the correct prediction of tail labels. In
Chapters 5 to 7, we will discuss such metrics and ways to optimize them.

2.3.2 Classifier budgeted at k position
Another distinguishing characteristic of XMLC compared to standard multi-label
classification (as defined in Section 2.1) is that applications of the former usually
limit the number of labels that can be predicted for each instance. For example, in
recommendation and information retrieval systems, we are limited to presenting
only k results to a user due to user interface design and limitation. In this context,
it is preferable in XMLC to evaluate the classifier’s ability to retrieve the top k
relevant labels, where k is a predefined budget or cutoff point.

Therefore, we consider a subset of label vectors with exactly k (k ď m) relevant
labels Y@k “ ty P Y : }y}1 “ ku, and a class of classifiers budgeted at k position
H@k “ th P H : hjpxq P Y@k, @x P X u, that is, classifiers that always predict
exactly k labels. We denote a single such classifier as h@k.

In this work, we will focus on the performance metrics that are defined on
predictions of classifiers budgeted at k position (py@k P Y@k). The most popular
metric of this type is (instance-wise) precision@k followed by recall@k. However,
we are more interested in variants of macro-averaged measures that are budgeted
at k position, such as macro-precision@k, macro-recall@k, macro-Fβ-measure@k,
or coverage@k.

To be able to precisely predict k labels, we consider classifiers h@k that are
constructed in a two-step process. First, we are interested in building a label
probability estimator (LPE) that estimates marginal conditional probabilities of
labels ηpxq “ rη1pxq, η2pxq, . . . , ηmpxqs where

ηjpxq “ Pryj “ 1 |xs “
ÿ

yPY
Pry |xsyj . (2.18)

We want to estimate them as accurately as possible, that is, with possibly a small
L1 estimation error

|ηjpxq ´ pηjpxq| , (2.19)

or alternatively L2 error
pηjpxq ´ pηjpxqq2 , (2.20)

where pηjpxq is an estimate of ηjpxq coming from LPE. The LPE is usually obtained
by learning an estimator on a whole or part of a training set by minimizing
proper composite losses [Reid and Williamson, 2010, Agarwal, 2014, Kotłowski
and Dembczyński, 2017]. We discuss one of such algorithms in more detail in
Section 8.2. We sometimes use notation ηpXnˆdq “ rηpxiqsni“1s to denote matrix
of conditional probabilities for all instance xi in X.
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In the second step, we use estimates pηpxq to construct a vector of predicted
labels py@k. It can be a simple rule, like predicting as relevant top-k labels with
the highest estimated probabilities ηjpxq, or a much more complex algorithm that
we will discuss later in this work. This statement of the problem is justified by
the fact that the optimal classifier for most of discussed metrics in this thesis can
be written as a function of conditional probabilities of labels ηpxq, as we prove it
later in Chapters 3, 6 and 7.

Usually, classifier h@k is restricted to Y@k. However, some task losses (DCG@k

and nDCG@k) discussed in this work correspond to a slightly different task of
ranking, and require the classifier to explicitly order the predicted k labels in
terms of relevance. From now on, we will often skip the “budgeted at k” part
when referring to h@k P H@k and py@k P Y@k, since we mostly focus on this type
of classifiers and related metrics. We will distinguish between constrained and
unconstrained classifiers if needed or if it will benefit clarity.

2.3.3 Missing labels
In real-world applications, the observed data might not follow the distribution
we want to learn about. In the extreme classification literature, it is a popular
assumption that the observed labels are only a subset of the truly relevant labels.
This is a reasonable assumption since the number of labels is large; it is often
infeasible for a human to annotate all the relevant labels for a given instance.

An illustrative example might be a Wikipedia dataset. The content of a
Wikipedia article should be matched with a set of categories the article belongs
to. There are currently over 2 million categories on Wikipedia, and so it is clear
that the original authors and moderators have never checked every single category
for each article.5 On the other hand, each category that has been assigned to an
article has been verified by a human to be relevant.

As another example, let us consider the case of recommendation systems, where
a human annotator (usually a user of the system) is most likely to select a few
relevant labels from the ones proposed by the system or the one that the annotator
can think of. And again, the annotator is unlikely to mark a label as relevant for
them when it is, in reality, not. Therefore, the labeling error can be assumed to be
strongly one-sided: There may be many missing labels, but spurious labels should
be uncommon.

To introduce this modification of the problem setting, we contrast ground-truth
labels y with those actually observed. We use a check symbol to denote the noisy
observed labels qy. Then, generally, this setting can be defined as:

P rqy ĺ y |xs “ 1 , P rqy ł y |xs “ 0 , (2.21)

where qy ĺ y means that qyj ď yj for all j P rms, and qy ł y means that there is at
least one label for which qyj ą yj . Notice that the above equations also cover the
noise-free case, as we may have P rqy “ y |xs “ 1.

5If it took a human one second to check a category for an article, then annotating a single
article fully would take almost 6 days.
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Let ηypxq :“ P ry “ y |xs and qηypxq :“ P rqy “ y |xs. We have then

qηqypxq “
ÿ

yPY
pqypy,xqηypxq , (2.22)

where pqypy,xq :“ Prqy “ qy |y “ y,xs is a propensity of observing qy for ground-
truth labels y and instance x. Notice that from (2.21) we have pqypy,xq “ 0

for qy ł y. Furthermore, let ηYpxq and qηYpxq be vectors of ηypxq and qηypxq,
respectively, for all y P Y given in some predefined order π. Let P be a matrix
containing all propensities pqypy,xq, with rows and columns corresponding to qy
and y, respectively, and organized according to π. Then, we get:

qηYpxq “ PηYpxq , (2.23)

and, finally:
ηYpxq “ P´1qηYpxq , (2.24)

where we need to assume that P is invertible. Therefore, the observed samples can
be viewed as generated in a two-step process: first the sample px,yq is generated
from the true distribution P rx,ys on X ˆ Y and then the observed label vector is
drawn according to P rqy |y,xs, resulting in the observed sample px, qyq.

However, reconstruction of the ground truth distribution from the observed
one, in the general case, is not a trivial task from a statistical and computational
perspective, as it requires an exponential number of parameters (2m for a single
instance x), which is additionally problematic in the extreme classification set-
ting. Because of this practical reason, much simpler, label-wise propensities are
commonly used that are defined for each label separately:

pjpxq :“ P rqyj “ 1 | yj “ 1,xs . (2.25)

Let qηjpxq :“ P rqyj “ 1 |xs and ηjpxq :“ P ryj “ 1 |xs. We have the:

qηjpxq “ pjpxqηjpxq , ηjpxq “ qηjpxq{pjpxq . (2.26)

Even simpler variants of this model that are commonly encountered in the
literature are label or class-conditional random noise model [Natarajan et al.,
2013, Jain et al., 2016, Van Rooyen and Williamson, 2017], where the propensities
depends on y but not on the instance x:

pj :“ P rqyj “ 1 | yj “ 1s . (2.27)

If propensities are known, then they can be used to construct unbiased utilities
or losses qΨ[Van Rooyen and Williamson, 2017] in the sense that

@h : ΦPrx,ysphq “ qΦPrx,qysphq , (2.28)

meaning that for every classifier h, its expected utility on true data distribution
and using original utility function Ψ is equal to its expected utility on observed
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distribution and using unbiased utility qΨ. We intentionally present (2.28) in this
general form, as expected utilities of classifier Φ are defined in different ways in
EIU, ETU, and PU frameworks.

The construction of the unbiased counterpart depends on the form of propensi-
ties, e.g., the label-wise propensities (2.25) are sufficient for utilities decomposable
over labels [Natarajan et al., 2017] (and what we also show in Section 4.1), but
might not be for more complex utilities without additional assumptions [Schultheis
and Babbar, 2021]. The unbiased utilities can be used in training procedures for
the estimator of η [Jain et al., 2016, Qaraei et al., 2021] or for estimating the
performance of classifiers. We will discuss this topic in more detail in Chapter 4.

Generally, we assume that the task under the missing label assumption is to
find the best classifier h for a given utility defined on the true distribution of
instances, using the observed (noisy) training set qDtrain “ rpxi, qyiqsntrain

i“1 .

2.4 Summary of the chapter

.
In this chapter, we have formally defined the problem setting of extreme multi-

label classification (XMLC), starting from the fundamental notation of multi-label
classification from the perspective of statistical decision theory. We have defined
expected utility (corresponding to the classifier’s risk), Bayes optimality, and
regret, covering both instance-wise performance metrics and generalized metrics
defined via confusion matrices. Two primary frameworks for analyzing these
generalized metrics, namely Population Utility (PU) and Expected Test Utility
(ETU), have been detailed. Further, we have discussed specific characteristics of
XMLC problems, including the long-tailed distribution of labels, constraints on
classifiers budgeted at position k, and missing labels. Finally, we have formally
defined a propensity-based model for addressing label incompleteness.





3
Optimization of instance-wise

metrics at k

In this chapter, we focus on the instance-wise metrics budgeted at k, that are
commonly used in extreme multi-label classification. The results presented in this
chapter include both the contributions of this dissertation and the complementary
results from the literature. We start with the most popular measure, namely
(weighted) precision@k, and present the form of the corresponding optimal classi-
fier [Wydmuch et al., 2018, 2021]. We then generalize this result to the class of
instance-wise weighted utilities that include other popular metrics like (weighted)
Hamming loss. We present the same for recall@k [Menon et al., 2019] (whose work
was partially inspired by [Wydmuch et al., 2018]), and (n)DCG@k [Jasinska and
Dembczyński, 2018], which are other popular instance-wise metrics in XMLC.

3.1 Precision@k

Unquestionably, the most popular metric used in the field of extreme multi-label
classification is precision@k, which is defined as a fraction of the number of correct
predictions among the k predicted labels:

P@kpy, py@kq :“ 1

k

mÿ

j“1

yjpyj . (3.1)

It is also common to use a weighted variant of precision@k, where each correctly
predicted label j is associated with a weight gj (gain). The weighted precision@k

is then defined as:

wP@kpy, py@kq :“ 1

k

mÿ

j“1

gjyjpyj . (3.2)

Obviously, the standard variant of precision is a special case of weighted precision,
where gj “ 1 for all j.

Let us analyze the expected value of weighted precision@k conditioned on
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instance x (under expected instance-wise utility (EIU) framework):

ΦwP@kph@k |xq “ Ey„Pry |xs

”
wP@kpy,h@kpxqq

ı

“
ÿ

yPY
Pry |xs1

k

mÿ

j“1

gjyjpyj

“ 1

k

mÿ

j“1

gjpyj
ÿ

yPY
Pry |xsyj

“ 1

k

mÿ

j“1

gjpyjηjpxq . (3.3)

From the above result, it is easy to notice that the optimal classifier h‹wP@k for
weighted precision@k predicts k labels with the highest marginal probabilities
ηjpxq multiplied by weight gj with ties solved in any way [Wydmuch et al., 2018,
2021]:

h‹P@kpxq :“ ry‹1, y‹2, . . . , y‹ms , (3.4)

where

y‹j pxq :“ 1

«
j P arg top-k

j1Prms
gj1ηj1pxq

ff
, (3.5)

and arg top-k is a set of k arguments given with the highest values of some
function (with ties broken arbitrarily).

Because we often use similar definitions of the optimal classifier throughout
this work, we also define a helper function select-top-k : Rm ÝÑ Y@k that returns
a k-hot encoded vector with ones on positions corresponding to the highest values
in the input vector. Using this vector, we can write the optimal classifier for
precision@k as:1

h‹P@kpxq :“ select-top-kpg d ηpxqq . (3.6)

The weighted precision@k allows assigning different gains to different labels, for
example, higher weights can be assigned to less frequent labels to increase their im-
portance. A popular variant of such a metric is propensity-scored precision@k [Jain
et al., 2016], where the gains gj correspond to inverse propensities estimated using
a data-dependent model proposed by the authors. We take a closer look at these
metrics in Chapter 4.

3.2 General instance-wise weighted utilities@k

Hamming score (and its counterpart Hamming loss) is a very popular measure
in classical multi-label classification. It counts the number of correct predictions,
both positive and negative (or incorrect predictions in case of the loss variant)
for all labels. It is less frequently used in XMLC, because of a large imbalance

1We use a d b “ ra1b1, a2b2, . . . , anbns to denote the element-wise (Hadamard) product of
vectors a and b of size n.
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in the number of positive and negative examples per instance, a naive classifier
predicting all labels as negatives gets a high score (close to 1). The “at k” variant
of Hamming score is defined as follows:

HS@kpy, py@kq :“ 1

m

mÿ

j“1

pyjpyj ` p1 ´ yjqp1 ´ pyjqq . (3.7)

Similarly to precision@k, we can consider a weighted variant of Hamming
score@k, with weights for the correct prediction of each positive and negative:

wHS@kpy, py@kq :“ 1

m

mÿ

j“1

pgj,tpyjpyj ` gj,tnp1 ´ yjqp1 ´ pyjqq . (3.8)

Both precision@k, Hamming score@k, and their weighted variants are part of
a more general family of instance-wise weighted utility that simply assigns utility
(or cost) to each correct and wrong prediction for each label:

U@kpy, py@kq “
mÿ

j“1

gj,tnp1´yjqp1´pyjq`gj,fpp1´yjqpyj `gj,fnyjp1´pyjq`gj,tpyjpyj .

(3.9)
which is defined using a gain matrix G :“ rg1, g2, . . . , gms, where each gj “
rgtn, gfp, gfn, gtps to express the utility of true negative, false positive, false negative,
and true positive predictions respectively, for all labels j P rms. Note that gj can be
different for each label. This gives precision@k for gj,tp “ 1

k , gj,tn “ gj,fp “ gj,fn “ 0

for all j P rms, and its weighted variant with gj,tp “ wj

k . And Hamming score is
given by gj,tp “ gj,tn “ 1

m , gj,fp “ gj,fn “ 0 for all j P rms.
For any G, the optimal classifier has an appealing simple form of returning k

labels with the highest values of the affine function of marginals ηpxq, as we can
suspect from our previous analysis of precision@k:

Theorem 3.2.1 (Optimal classifier of instance-wise weighted utilities). The
optimal classifier h‹U@k P argmax hPH@k ΦU@kphq for Upy,h@kpxqq and any G is
given by:

h‹U@kpxq :“ select-top-kpa d ηpxq ` bq , (3.10)

where:
a “ g:,tn ` g:,tp ´ g:,fp ´ g:,fn , b “ g:,fp ´ g:,tn . (3.11)
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Proof. We follow a similar analysis we did for precision@k:

ΦU@kph@k |xq “ Ey„Pry |xs

”
Upy,h@kpxq,Gq

ı

“
ÿ

yPY
Pry |xs

mÿ

j“1

gj,tnp1 ´ yjqp1 ´ pyjq

` gj,fpp1 ´ yjqpyj ` gj,fnyjp1 ´ pyjq ` gj,tpyjpyj

“
mÿ

j“1

pgj,tnp1 ´ pyjq ` gj,fppyjq
˜ÿ

yPY
Pry |xsp1 ´ yjq

¸

` pgj,fnp1 ´ pyj ` gj,tppyjq
˜ÿ

yPY
Pry |xsyj

¸

“
mÿ

j“1

gj,tnp1 ´ pyjqp1 ´ ηjpxqq ` gj,fppyjp1 ´ ηjpxqq

` gj,fnp1 ´ pyjqηjpxq ` gj,tppyjηjpxq

“
mÿ

j“1

pajηjpxq ` bjq pyj ` rj , (3.12)

where aj , bj are elements of the vectors calculated as in (3.11), and rj “ gj,tnp1 ´
ηjpxqq ` gj,fn. Since rj does not depend on the prediction of the classifier, for each
x P X , the objective can be maximized by the choice of h@kpxq that selects k
labels with the highest values of aj d ηjpxq ` bj as defined in (3.10).

Interestingly, this results in precision@k and Hamming score@k having the
same form of the optimal classifier. As for precision@k and its weighted variant,
we get the same optimal classifier as the one we derived before in (3.6), while for
Hamming score aj “ 2

m , bj “ ´ 1
m for all j P rms and thus for any x P X , the

optimal prediction h‹HSpxq also returns k labels with the largest marginals ηjpxq.
In practice, ηpxq are not available, and to apply the optimal inference procedure

we need to substitute them with the estimates pηpxq coming from label probability
estimator (LPE). Because of that, we are interested in quantifying the regret that
the classifier suffers in this case. The conditional regret for general instance-wise
weighted utilities is:

RegU@kph@k |xq “ ΦU@kph@k,‹ |xq ´ ΦU@kph@k |xq

“
mÿ

j“1

`pajηjpxq ` bjq y‹j ` rj
˘ ´

mÿ

j“1

ppajηjpxq ` bjq pyj ` rjq .

(3.13)

The conditional regret with respect to general instance-wise weighted utilities can
be upper-bounded by the L1-estimation errors as stated by the following theorem.
This theorem is a generalization of the result published in [Wydmuch et al., 2018]
for precision@k.
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Theorem 3.2.2. For any distribution Pry |xs, instance-wise weighted utility
defined using gain matrix G, estimates pηpxq, and a classifier H@k Q h@k “
select-top-kpa d pηpxq ` bq, the following holds:

RegU@kph@k |xq ď 2k max
jPrms

aj |ηjpxq ´ pηjpxq| , (3.14)

where a “ g:,tn ` g:,tp ´ g:,fp ´ g:,fn, b “ g:,fn ´ g:,tn.

Proof. To prove that, let us add and subtract the following two terms:

mÿ

j“1

`pajpηjpxq ` bjq y‹j ` rj
˘
,

mÿ

j“1

ppajpηjpxq ` bjq pyj ` rjq , (3.15)

from the regret and reorganize the expression in the following way:

RegU@kph@k |xq “
mÿ

j“1

`pajηjpxq ` bjq y‹j ` rj
˘´

mÿ

j“1

`pajpηjpxq ` bjq y‹j ` rj
˘

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon
ď
řm

j“1 aj |ηjpxq´pηjpxq|y‹
j

`
mÿ

j“1

ppajpηjpxq ` bjq pyj ` rjq ´
mÿ

j“1

ppajηjpxq ` bjq pyj ` rjq
looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

ď
řm

j“1 aj |ηjpxq´pηjpxq|pyj

`
mÿ

j“1

`pajpηjpxq ` bjq y‹j ` rj
˘´

mÿ

j“1

ppajpηjpxq ` bjq pyj ` rjq
looooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooon

ď0

ď
mÿ

j“1

aj |ηjpxq ´ pηjpxq| y‹j `
mÿ

j“1

aj |ηjpxq ´ pηjpxq| pyj . (3.16)

Next, we bound each L1 error, aj |ηjpxq ´ pηjpxq| by maxjPrms aj |ηjpxq ´ pηjpxq|.
There are at most }y@k,‹ _ py@k}1 ď 2k such terms that stay positive. Therefore:

RegU@kph@k |xq ď 2k max
jPrms

aj |ηjpxq ´ pηjpxq| . (3.17)

We can see that the bound does not depend on m. However, if k “ m, then
only one prediction vector is possible, resulting in y@k,‹ “ py@k and RegU@k “ 0.
If m ă 2k, then }py@k,‹ _ py@k}1 ď m, as some of the positive labels from y@k,‹

have to be positive also in py@k, so the bound can be tighter in this specific case.
However, we do not further consider it, as in extreme classification k ! m. For
standard precision@k, aj “ 1

k that cancels k in the bound, making it independent
of k and resulting in the bound original obtained by Wydmuch et al. [2018].
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3.3 Recall@k

Another very popular instance-wise metric is recall@k, which measures the fraction
of correct predictions among all positive labels. It is defined as follows:

R@kpy, py@kq “ 1

}y}1
mÿ

j“1

yjpyj . (3.18)

While it seems to be similar to precision@k, it does not belong to the general
family of general instance-wise weighted utilities, and the optimal classifier for
recall@k is different. To show that, let us analyze the expected value of recall@k
in a similar way as we did before:

ΦR@kph@k |xq “ Ey„Pry |xs

”
R@kpy,h@kpxqq

ı

“
ÿ

yPY
Pry |xs 1

}y}1
mÿ

j“1

yjpyj

“
mÿ

j“1

pyj
ÿ

yPY
Pry |xs yj

}y}1

“
mÿ

j“1

pyjη1jpxq , (3.19)

where
η1jpxq :“

ÿ

yPY

yj
}y}1Pry |xs , j P y . (3.20)

The optimal classifier h‹R@k for recall@k predicts k labels with the highest values
of η1jpxq with ties solved in any way [Menon et al., 2019]:

h‹R@kpxq :“ select-top-kpη1pxqq . (3.21)

Unfortunately, in the general case the classifier h‹R@k is not optimal for
precision@k and vice versa [Wydmuch et al., 2018, Menon et al., 2019], as η1jpxq
differ from marginal conditional probabilities ηjpxq. The situation changes when
the labels are conditionally independent, that is, if for each y P Y:

Pry |xs “
mź

j“1

Pryj |xs . (3.22)

Theorem 3.3.1. Given conditionally independent labels, ηjpxq and η1jpxq, j P rms
induce the same order of labels.

Proof (sketch, full proof in Appendix A.1.1). It is enough to show that, in the case
of conditionally independent labels, sorting according to η1pxq is equivalent to
sorting according to ηpxq. Let labels i and j be so that ηipxq ě ηjpxq. Then,
when summing over y P Y : yj “ 1 in (3.20), we are interested in four different
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subsets of Y , Su,w
i,j “ ty P Y : yi “ u^ yj “ wu, where u,w P t0, 1u. Remark that

during mapping none of y P S0,0
i,j plays any role, and for each y P S1,1

i,j , the value
of ytPry |xsřm

t1“1
yt1
, for t P ti, ju, is the same for both yi and yj . Now, let y1 P S1,0

i,j and

y2 P S0,1
i,j be the same on all elements except the i-th and the j-th one. Then,

because of the label independence and the assumption that ηipxq ě ηjpxq, we have
Pry1 |xs ě Pry2 |xs. Therefore, after mapping (3.20) we obtain η1ipxq ě η1jpxq.

As in the case of general instance-wise weighted utilities at k, we can provide
a regret bound of an optimal classifier that uses estimates of η1pxq coming from a
label probability estimator (LPE):

Theorem 3.3.2. For any distribution Ppy |xq and the classifier H@k Q h@k “
select-top-kppη1pxqq, the following holds:

RegR@kph@k |xq ď 2k max
jPrms

ˇ̌
η1jpxq ´ pη1jpxqˇ̌ . (3.23)

The proof follows exactly the same line of reasoning as the proof of The-
orem 3.2.2 using the form of ΦR@kph@k |xq derived in (3.19). We present it
in Appendix A.1.2.

Pick-one-label heuristic and other reductions
Interestingly, the η1pxq values can be estimated using the pick-one-label heuris-
tic, which is sometimes used to transform a multi-label classification problem
to a multi-class classification problem [Joulin et al., 2017, Jernite et al., 2017].
This heuristic randomly (using the uniform distribution) picks one of the
positive labels from a given training observation as the only one positive. The
resulting observation is then treated as a multi-class observation. Since the
probability of picking a positive label j is equal to yj{}y}1, the pick-one-label
heuristic maps the multi-label distribution to a multi-class distribution in the
following way:

η1jpxq :“ P1ryj “ 1 |xs “
ÿ

yPY

yj
}y}1Pry |xs , j P y . (3.24)

The resulting η1jpxq forms a multi-class distribution as the probabilities sum
up to 1.There also exist other transformations of the multi-label problem that
result in the estimation of η1jpxq. Moreover, Menon et al. [2019] shows that a
whole family of related reductions—most notably the normalized one-versus-all
(OVA-N) and normalized pick-all-labels (PAL-N) methods implicitly target the
exact same transformed marginals η1jpxq (3.24), being consistent for recall@k,
while unnormalized one-versus-all (OVA) and pick-all-labels (PAL) reductions
are consistent with respect to precision@k.
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3.4 DCG@k and nDCG@k

The last metrics we discuss in this section are discounted cumulative gain at k
(DCG@k) and its normalized variant (nDCG@k). These metrics, adapted from
Information Retrieval [Järvelin and Kekäläinen, 2002] similarly to precision@k

and recall@k, accumulate the number of correctly predicted labels among the k
predicted labels, however, they differ from the other performance metrics we have
considered so far, as they take not only k predicted labels into account, but also
the order among them. The DCG@k and nDCG@k additionally assign different
discounts to the correctly predicted labels, depending on their order, that needs
to be additionally specified by the classifier. The motivation behind it is that in
many applications, the predictions are displayed in a specific order to the user, and
predicting relevant labels in the first position is more rewarding than predicting
them in the latter position, as they will be noticed first. The DCG@k is defined
as follows:

DCG@kpy,h@kpxqq :“
mÿ

j“1

yjpyjdrankpjq , (3.25)

where rankpjq is a position of the label j in the order predicted by classifier h@k,
notice that it is enough to define it for top k predicted labels. Based on the
position rankpjq, a different discount factor drankpjq is assigned to the label j. The
d P Rm denotes all the discount factors for all possible positions. For DCG@k,
we assume that its elements di should be non-increasing with i. If all elements
of d are equal to 1, DCG@k reduces to precision@k. The most popular form of
discount factors is:

di :“ 1

log2pi` 1q , (3.26)

Because the DCG@k is a function with a counter-domain that may not fit
into the r0, 1s range, it is common to use its normalized variant nDCG@k, that
normalizes the DCG@k by the ideal (highest possible value) DCG@k for a given
label vector y, denoted as iDCG@k. It is defined as follows:

iDCG@k :“
kÿ

i“1

di , (3.27)

resulting in the following definition of nDCG@k:

nDCG@kpy,h@kpxqq :“ DCG@kpy,h@kpxqq
iDCG@k

. (3.28)

Similarly to precision@k and Hamming Score, we can also consider weighted
variants of DCG@k and nDCG@k, that assign additional weight gj (gain) that
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depends on label j:

wDCG@kpy,h@kpxqq :“
mÿ

j“1

gjyjpyjdrankpjq ,

wnDCG@kpy,h@kpxqq :“ wDCG@kpy,h@kpxqq
iDCG@k

. (3.29)

As in the case of precision, popular weighted variants of these metrics are propen-
sity-scored DCG@k and propensity-scored nDCG@k [Jain et al., 2016]. As in
the case of propensity-scored precision@k, the weights gj correspond to inverse
propensities.

Once again we start, we analyze the expected value of wDCG@k given an
instance x:

ΦwDCG@kph@k |xq “ Ey„Pry |xs rwDCG@kpy,hpxqqs

“
ÿ

yPY
Pry |xs

mÿ

j“1

gjyjpyjdrankpjq

“
mÿ

j“1

drankpjqgjpyj
ÿ

yPY
Pry |xsyj

“
mÿ

j“1

drankpjqgjpyjηjpxq , (3.30)

from the above result, we can easily notice that the optimal classifier h‹wDCG@k

for wDCG@k is to select k labels with the highest values of drankpjqgjηjpxq. Since
drankpjq depends on the predicted rank of the label j and d is decreasing with the
rank, we conclude that the prediction should be k labels with the highest values
of gjηjpxq, same as in the case of weighted precision@k, but additionally sorted
in descending order of gjηjpxq:

h‹wDCG@kpxq :“ select-top-kpg d ηpxqq ,
rank‹wDCG@kpjq :“ argsortÓpg d ηpxqqj , (3.31)

where argsortÓ : Rm ÝÑ Nm returns a vector of indices that would sort the input
vector according to descending order. Since iDCG@k is a constant factor, the
optimal classifier for wnDCG@k is the same as for wDCG@k.

Again, we can also provide a regret bound of an optimal classifier that uses
estimates of ηpxq coming from a label probability estimator (LPE):

Theorem 3.4.1. For any distribution Ppy |xq, vector of label gains g, vector of
discount factors d, and the classifier H@k Q h@k “ select-top-kpg d pηpxqq, the
following holds:

RegwDCG@kph@k |xq ď 2
kÿ

i

di max
jPrms

gj |ηjpxq ´ pηjpxq| ,

RegwnDCG@kph@k |xq ď 2 max
jPrms

gj |ηjpxq ´ pηjpxq| . (3.32)
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Proof (sketch, as it similar to the previous proofs, full proof in Appendix A.1.3).
Following a similar line of reasoning as the proof of Theorem 3.2.2, we show that:

RegwDCG@kph@k |xq ď
mÿ

j“1

drankpηpxq,jqgj |ηjpxq ´ pηjpxq|y‹j

`
mÿ

j“1

drankppηpxq,jqgj |ηjpxq ´ pηjpxq|pyj . (3.33)

Once again, we can bound gj |ηjpxq ´ pηjpxq| by maxjPrms gj |ηjpxq ´ pηjpxq|. Notice
that both y@k,‹ and py@k contain exactly k positive labels and each label appears
at only one, unique rank. Therefore

řm
j“1 drankpηpxq,jqy

‹
j “ řm

j“1 drankppηpxq,jqpyj “řk
i“1 di and we end up with the final bound for DCG@k:

RegwDCG@kph@k |xq ď 2
kÿ

i

di max
jPrms

gj |ηjpxq ´ pηjpxq| . (3.34)

nDCG@k is DCG@k divided by constant iDCG@k (3.27) that cancels
řk

i di term
resulting in the final bound:

RegwnDCG@kph@k |xq ď 2 max
jPrms

gj |ηjpxq ´ pηjpxq| . (3.35)

Interestingly, the bound for weighted nDCG@k is the same as for weighted
precision@k.

Alternative formulation of nDCG
In the literature, we can find an alternative formulation of nDCG@k with
less naive normalization, that takes into account that for a given sample, the
number of positive labels might be lower than k (i.e., }y}1 ă k). It then
defines iDCG@k differently:

iDCG@k1pyq “
minpk,||y||1qÿ

i“1

gi . (3.36)

While this seems to be a minor change, it has a significant impact on the
optimal classifier for nDCG@k. The expected value of nDCG@k given an
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instance x is then:

ΦnDCG@k1ph@k |xq “ Ey„Pry |xs

“
nDCG@k1py,hpxqq‰

“
ÿ

yPY
Pry |xs

řm
j“1 yjpyjdrankpjq
iDCG@k1pyq

“
mÿ

j“1

drankpjqpyj
ÿ

yPY

Pry |xsyj
iDCG@k1pyq . (3.37)

Now with iDCG@k depending on y, we cannot easily express the optimal
classifier for nDCG@k as a function of marginal conditional probabilities ηjpxq
as we did before. Only for k “ 1, when iDCG@k is equal to g1 or 0, the
optimal classifier for nDCG@k is to predict the label with the highest value of
ηjpxq. For k ą 1, in general, the optimal classifiers for nDCG@k and DCG@k

are different, except in the case when the labels are conditionally independent
as in (3.22).

Theorem 3.4.2. Given conditionally independent labels, ηjpxq andř
yPY

Pry |xsyj
iDCG@k1pyq , j P rms, induce the same order of labels.

The proof and further discussion on that formulation of nDCG@k can be
found in [Jasinska and Dembczyński, 2018].

3.5 Summary of the chapter

In this chapter, we have shown the form of the optimal (Bayes) classifier for
popular instance-wise metrics used in extreme classification, that is, for:

1. the family of instance-wise weighted utilities, which includes precision@k,
Hamming score@k, and their weighted variants such as the popular propensity-
scored precision@k,

2. recall@k,

3. DCG@k and nDCG@k, as well as their weighted variants that include
propensity-scored DCG@k and nDCG@k.

All the Bayes classifiers, except the one for recall@k, are determined by the
marginal conditional probabilities of labels, ηjpxq “ Pryj “ 1 |xs. This implies
that estimating the conditional probability of labels and then predicting the labels
according to the form of the optimal classifier is a consistent strategy for predicting
under these metrics. We have additionally presented regret bounds for those
strategies when using estimates of ηjpxq coming from a label probability estimator
(LPE), which suffer L1 estimation error.





4
Instance-wise metrics at k under the

missing labels setting

In this chapter, we discuss the instance-wise metrics under the missing labels setting
that we introduced in Section 2.3.3 and their connection to long-tail performance.
We first derived unbiased variants of these metrics, whose special cases are called
propensity-scored metrics and were initially proposed by Jain et al. [2016]. This
work has been highly influential, and the propensity-scored metrics have become
default performance metrics for problems with tail labels [You et al., 2019a, Guo
et al., 2019b, Babbar and Schölkopf, 2019]. We follow with the investigation of the
rationale for the usage of those metrics for the evaluation of long-tail performance,
based on the analysis conducted in [Schultheis et al., 2022].

4.1 Unbiased general instance-wise weighted metrics at k

We start by deriving a general form of unbiased utilities in multi-label classification
under the assumption of missing labels for the expected instance-wise utility (EIU)
framework. Let us recall the idea behind the unbiased utilities introduced in (2.28):

@h : ΦPrx,ysphq “ qΦPrx,qysphq .

Under the EIU framework, we get the following definition:

Definition 4.1.1 (Unbiased utility under EIU framework). For every classifier h,
true Prx,ys and observed distribution Prx, qys related by assumption of missing
labels, a utility qΦ is said to be unbiased estimate of Φ if

ΦPrx,ysphq “ Ex,y„Prx,ysrΨpy,hpxqqs
“ Ex,qy„Prx,qysrqΨpqy,hpxqqs “ qΦPrx,qysphq . (4.1)

By assuming a label-wise model of missing labels with propensities defined as
pjpxq :“ P rqyj “ 1 | yj “ 1,xs (as defined in (2.25)), meaning that labels are going
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missing independently of each other, depending only on an instance x, we can
derive an unbiased utility for a family of general instance-wise weighted metrics
introduced in the previous chapter (3.9):

U@kpy, py@kq “
mÿ

j“1

gj,tnp1´yjqp1´pyjq`gj,fpp1´yjqpyj `gj,fnyjp1´pyjq`gj,tpyjpyj .

Theorem 4.1.2 (Unbiased general instance-wise weighted utility under EIU
framework). Under Definition 4.1.1 and missing labels model

qU@kpx, qy, py@kq “
mÿ

j“1

gj,tn

ˆ
1 ´ qyj

pjpxq
˙

p1 ´ pyjq ` gj,fp

ˆ
1 ´ qyj

pjpxq
˙
pyj

` gj,fn
qyj

pjpxqp1 ´ pyjq ` gj,tp
qyj

pjpxqpyj , (4.2)

is an unbiased estimate of general instance-wise weighted utility (3.9).

Proof. Let us consider a general family of instance-wise utilities that additionally
decompose over labels:

Upy, pyq “
mÿ

j“1

ujpyj , pyjq (4.3)

where ujpyj , pyjq is a label-wise part of the utility. This covers general instance-wise
weighted utilities (3.9). Let S be t0, 1um´1 and sj “ ry1, . . . , yj´1, yj`1, . . . , yms P
S be a label vector without label j. Then, we have:

ΦPry |xsph|xq “ Ey„Pry |xs rU py,hpxqqs “
ÿ

yPY
Pry |xs

mÿ

j“1

ujpyj , pyjq

“
mÿ

j“1

ÿ

yPY
Prsj | yj ,xsPryj |xsujpyj , pyjq

“
mÿ

j“1

ÿ

yjPt0,1u

Pryj |xsujpyj , pyjq
ÿ

sjPS
Prsj | yj ,xs

“
mÿ

j“1

ÿ

yjPt0,1u

Pryj |xsujpyj , pyjq (4.4)

If the label-wise part of the metric ujpyj , pyjq can be characterized by its positive
uj,p1qppyjq and negative part uj,p0qppyjq, then we have:

ujpyj , pyjq “ yju
j,p1qppyjq ` p1 ´ yjquj,p0qppyjq

“ yj

´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq . (4.5)

This also applies to general instance-wise weighted utilities. Combining it with
assumption Prqyj “ 1|yj “ 0,xs “ 0 under the missing-labels setting, we can
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additionally simplify the result of (4.4) to

ΦPry |xsph|xq “
mÿ

j“1

ÿ

qyjPt0,1u
Pryj |xsujpqyj , pyjq

“
mÿ

j“1

Pryj “ 1 |xs
´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq

“
mÿ

j“1

ηjpxq
´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq (4.6)

Now let us recall from Section 2.3.3 that qηjpxq :“ P rqyj “ 1 |xs and ηjpxq “
qηjpxq{pjpxq (2.26), by applying it we get:

ΦPry |xsph|xq “
mÿ

j“1

qηjpxq
pjpxq

´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq

“
mÿ

j“1

Prqyj “ 1|xs
pjpxq

´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq

“ Eqy„Prqy |xs

«
mÿ

j“1

qyj
pjpxq

´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq

ff

“ Eqy„Prqy |xs
”
qU px, qy,hpxqq

ı
“ qΦPrqy |xsph|xq . (4.7)

Resulting in the unbiased utility of the form:

qU px, qy, pyq “
mÿ

j“1

qyj
pjpxq

´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq

“
mÿ

j“1

qyj
pjpxqu

j,p1qppyjq `
ˆ
1 ´ qyj

pjpxq
˙
uj,p0qppyjq . (4.8)

Now, by applying the positive and negative parts of the general instance-wise
weighted utility, i.e.,

uj,p0qppyjq “ gj,tnp1 ´ pyjq ` gj,fppyj ,
uj,p1qppyjq “ gj,fnp1 ´ pyjq ` gj,tppyj , (4.9)

to (4.8), we get (4.2) which concludes the proof.

Since precision@k is the variant of general instance-wise weighted metrics with
gj,tp “ 1

k and gj,tn “ gj,fp “ gj,fn “ 0, its unbiased variant is given by:

qP@kpx, qy, py@kq :“ 1

k

mÿ

j“1

qyjpyj
pjpxq . (4.10)

Applying similar steps as in the proof of Theorem 4.1.2, one can derive an unbiased



50 4 Instance-wise metrics at k under the missing labels setting

version of (n)DCG@k (we present the proof in Appendix A.2.1):

~DCG@kpx, qy,h@kpxqq :“
mÿ

j“1

qyjpyjdrankpjq
pjpxq ,

­nDCG@kpx, qy,h@kpxqq :“
~DCG@kpx, qy,h@kpxqq

iDCG@k
. (4.11)

By assuming an even simpler propensity model, where propensity depends
only on a label, pj :“ P rqyj “ 1 | yj “ 1s (as defined in (2.27)), we get the so-called
propensity-scored precision@k:

PSP@kpqy, py@kq :“ 1

k

mÿ

j“1

qyjpyj
pj

, (4.12)

and propensity-scored (n)DCG@k:

­PSDCG@kpqy,h@kpxqq :“ 1

k

mÿ

j“1

qyjpyjdrankpjq
pj

. (4.13)

Some more examples of metrics using this simple propensity model can be found
in [Jain et al., 2016, Table 1]. However, only the two above are commonly used, as
the others cannot be fully expressed by label-wise propensities only [Bhatia et al.,
2016].

Notice that both unbiased and propensity-scored versions of precision@k and
(n)DCG@k are also special cases of the general weighted variants of these metrics
considered in Chapter 3, where the per label weights are equal to the inverse of
label propensity. This means that the optimal classifier for these metrics under
missing labels remains the same:

h‹PSP@kpxq “ h‹PSpnqDCG@kpxq :“ select-top-kpg d ηpxqq , (4.14)

where g “
”

1
p1pxq

, . . . , 1
pmpxq

ı
.

Unbiased surrogate losses
It is worth noticing that the above proof of Theorem 4.1.2 can also be applied
to many popular surrogate losses, as they are naturally instance-wise and
decompose into positive and negative parts. This way, one can obtain, for
example, an unbiased variant of logistic loss [Saito et al., 2020, Qaraei et al.,
2021]:

qℓlogpx, qyj , pyjq “ ´ qyj
pjpxq logppyjq ´

ˆ
1 ´ qyj

pjpxq
˙
logp1 ´ pyjq . (4.15)

By minimizing the above loss on observed labels, one can obtain an estimator
of true marginal conditional probabilities ηjpxq.
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Of course, to use one of such unbiased utilities (or surrogate losses), one
needs to know a propensity in advance, either pjpxq or their simpler variant pj .
Unfortunately, this might be difficult in practice.

In some cases, it might be possible to collect labels under controlled bias, which
allows for easy calculation of propensities, e.g., by verifying a label of an instance
selected randomly using a uniform distribution. This is a standard approach
used in recommendation systems [Saito et al., 2020, Yang et al., 2018] and search
engines [Joachims et al., 2018]. Sometimes, one may also understand the process
behind missing labels and be able to estimate propensities directly, e.g., in online
advertising, true labels are received after a long delay, allowing one to train the
propensity estimator from historical data [Ktena et al., 2019, Yasui et al., 2020].

However, the above-mentioned methods are usually unavailable. Therefore, it
would be useful if propensities could be estimated directly from a biased training
set. Unfortunately, this is an ill-defined problem because the absence of a label can
be explained by either a small conditional probability of the label, a low propensity,
or a combination of both. The additional assumptions needed for the propensity
to be identifiable have been studied before in the areas of learning from positive
and unlabeled data [Elkan and Noto, 2008], and novelty detection [Blanchard
et al., 2010]. The comprehensive overview of the possible assumptions is given
by Bekker and Davis [2020], where the weakest of the assumptions requires that
the true distribution of negative samples for a given label cannot contain the
positive distribution [Blanchard et al., 2010]. In these areas and under compatible
assumptions, many methods for estimating the error ratio or label priors, both
directly related to propensity estimates, were proposed [Bekker and Davis, 2020].
These include methods for estimating the unbiased conditional label probabilities
and propensities jointly on the biased training set [Zhu et al., 2020, Teisseyre
et al., 2020]. However, these methods often prove impractical for extreme multi-
label classification (XMLC) scenarios, where most labels have very few training
examples. As such, the details of these methods fall outside the scope of this work.

4.2 Empirical propensity model of Jain et al. [2016] and its
relation with long tail

In this section, we will focus on a particular empirical propensity model introduced
by Jain et al. [2016], which became a standard used in the evaluation of XMLC
algorithms. Jain et al. [2016] proposed to model the propensities of labels as a
function of their frequencies, with each label having a constant propensity value.
This approach reflects an observation that less common labels are more likely to
be missing, as annotators are more likely to not know or forget about uncommon
labels. For example, users on a social network may not tag content with relevant
but unfamiliar tags, and shoppers may overlook less popular products even when
they match their needs.

Let ϕ denote a propensity model. The model defined in [Jain et al., 2016],



52 4 Instance-wise metrics at k under the missing labels setting

100 101 102 103

qnj

0.00

0.25

0.50

0.75

1.00

φ
J
P

V
pq n
j
;n
,a
,b
q

n “ 1813391, a “ 0.5, b “ 0.4

n “ 490449, a “ 0.6, b “ 2.6

Figure 4.1: Plots of propensities calculated according to ϕJPV
using parameters for Wikipedia-500K and Amazon-670K datasets.

which we denote as ϕJPV,1, for each label j can be expressed via qnj the number of
training samples that are observed with label j being positive:

pj “ ϕJPVpqnj ;n, a, bq :“ 1

1 ` plog n´ 1qpb` 1qae´a logpqnj`bq
, (4.16)

where n is the total number of training samples, and a and b are dataset-dependent
parameters. We demonstrate the behavior of this propensity model for two datasets
and sets of parameters on Figure 4.1.

In order to arrive at this model and determine values for a and b, Jain et al.
[2016] investigated two data sources that were used to derive some of the benchmark
datasets in the popular XMLC Repository [Bhatia et al., 2016]. They used auxiliary
information available in these data sources to identify at least some missing labels.

The first one was a collection of Wikipedia articles and their categories, that
was used to create a few benchmark datasets. In these datasets, the task is to
assign a set of categories based on article content. The Wikipedia categories are
organized into a hierarchy that was used to estimate a and b parameters of the
propensity model. Jain et al. [2016] assumed that if a label (category) is relevant
to an article, then all its ancestors in the hierarchy should also be relevant. If
not present, they are counted as missing. This allows for the calculation of the
fraction of instances in which the label is missing over the number of instances in
which it appears. We recreated this estimation procedure and obtained a plot that
we present on Figure 4.2. This indeed seems to follow a sigmoidal shape produced
by the ϕJPV model. The parameters a and b were then determined by fitting the
model against the estimated values. Only labels with more than 4 descendants
were used to improve robustness. The values obtained by Jain et al. [2016] this
way are a “ 0.5, b “ 0.4.

The second source comprised Amazon’s traffic, product, and sales data, which
were used to create a few benchmark datasets, including item-to-item recommen-
dation tasks. In this case, missing labels were approximated using “also viewed”
and “also bought“ information. Following the approach of McAuley et al. [2015],

1From the first letters of the authors’ surnames
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Figure 4.2: Reproduced estimates of propensities for Wikipedia-
500K dataset using labels hierarchy and propensity function ϕJPV
with a “ 0.5 and b “ 0.4 as estimated by Jain et al. [2016] for this
dataset.

it was assumed that a label j (an item) is relevant to all the items viewed along
with items that were also bought with the label j. Through this analysis, Jain
et al. [2016] obtained values a “ 0.6 and b “ 2.6. Unfortunately, we find that the
description provided in [Jain et al., 2016] lacks sufficient detail to allow a reliable
replication of their estimation process.

For other datasets in XMLC Repository, if there is no other possibility of
estimating parameters a and b, the authors proposed to use averages of the values
obtained for Wikipedia and Amazon datasets (which are a “ 0.55 and b “ 1.5).

The propensity model of Jain et al. [2016], particularly when combined with
propensity-scored precision as an evaluation metric, has become a standard in the
field. This widespread adoption has persisted across numerous publications, often
without questioning its rationality.

4.2.1 Shortcomings of propensity model of Jain et al. [2016]
Following the analysis presented in [Schultheis et al., 2022], in this section, we
examine the validity of the Jain et al. [2016] propensity model.

Missing-labels assumption

In order to derive unbiased utilities or losses, one needs to impose precise assump-
tions on the process of how labels go missing, as initially discussed in Section 2.3.3.
The model of Jain et al. [2016] calculates the propensities of labels based on their
frequencies, resulting in a single constant propensity value per label. However,
Prqyj “ 1 | yj “ 1s “ pj does not imply Prqyj “ 1 | yj “ 1,xs “ pj . To prove the
unbiasedness of the general weighted instance-wise metric under ϕJPV propensity
model, one needs to assume that propensities are independent of instance features.
Moreover, for more complex functions, such as recall@k, this assumption may
take the form of Prqyj “ 1 | yj “ 1,y␣j ,xs “ pj (additional independence of other
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labels), where y␣j represents ground-truth labels without label j (as it was shown
in [Schultheis and Babbar, 2021]).

In general, we cannot expect the independence of missing labels from the
instance features to hold. Consider, for example, cases where the feature and label
space are of a similar origin [Dahiya et al., 2021], such as matching Wikipedia
articles to categories. It seems unlikely that a label such as “Poland” would be
missing for articles containing the word “Poland” in the subject, but it might
be overlooked in articles related to Poland that do not explicitly mention the
country’s name.

Similarly, the assumption that the propensities do not depend on other labels
going missing does not need to be held in practice, either. For example, a user
who tagged the article for “Poland” with “Member states of the European Union”
might be primed to think of more examples of organizations in which Poland is a
member, and thus, e.g., “Current member states of the United Nations” might be
less likely to be forgotten than if the EU membership had already been overlooked.
However, as we already demonstrated in Section 4.1, the unbiased estimate may
not actually require this dependence, if the loss function can be written as a sum
over contributions from each label individually.

The assumption of ϕJPV model that propensities are constant for each label
simplifies the model significantly, leading to much simpler computational pro-
cedures. Unfortunately, if this assumption is not satisfied, then one may get
implausible results.

Scaling behavior

Let us observe that (4.16) does not preserve propensity estimates if the number of
samples is changed without changing their characteristics, e.g., by sub- or over-
sampling the dataset. In particular, if one increases the amount of available data
by making multiple copies of the dataset, which should not change the estimates
of label priors qπj given by qnj{n the JPV model will estimate propensities to be
equal 1, i.e., no missing labels, as the amount of data goes to infinity:

lim
nÑ8

ϕJPVpqnj ;n, a, bq “ 1

1 ` pb` 1qa limnÑ8plog n´ 1qe´a logpqnj`bq

“ 1

1 ` pb` 1qa limnÑ8plog nqqn´aj

“ 1. (4.17)

This means that we cannot interpret a and b as parameters of some underlying
(unknown) process that describes the labeling process, as we cannot even fix a and
b when the data comes from the same process.

Parameters estimation process and dependence on frequencies

Setting aside structural concerns about (4.16), the choice of a model and estimation
of the parameters a and b still remains an issue. The authors’ approach of using
additional information to identify missing labels can only establish an upper
bound on propensities, as labels might be missing through other mechanisms. For
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Table 4.1: Normalized and unnormalized propensity-scored precision of Pfas-
treXML [Jain et al., 2016], when using the JPV model, with a “ 0.5, b “ 0.4 for
WikiLSHTC-325K and a “ 0.6, b “ 2.6 for Amazon-670K.

WikiLSHTC-325K Amazon-670K

PSP(%) @1 @3 @5 @1 @3 @5

Normalized 31.16 31.80 33.35 29.93 31.26 32.80
Unnormalized 196.96 118.54 85.28 326.47 282.28 250.57

example, in the case of Wikipedia data, only about 40000 out of 500000 labels
met the criteria for having sufficient descendants, while approximately 300000
labels had no descendants at all, making it impossible to evaluate them under this
protocol.

Even if we ignore labels that cannot be used and assume that the upper bound
is roughly close to the true propensity, the choice of the model remains a question
of its own. Although there is clearly a trend that labels within a given frequency
range have, on average, a certain propensity, for each individual label, the actual
propensity can fluctuate widely around this mean, as shown on Figure 4.2.

Finally, the selection of a and b parameters remains problematic, Jain et al.
[2016] did not describe details of fitting parameters a and b to estimate per-label
propensities, as such, we do not know the objective function of the fitting process,
and whether the fitting was performed on propensities or their inverse 1

pj
- an

important distinction given their typical appearance in unbiased utility and loss
formulations.

Implausible results and normalization

While we cannot directly verify the assumptions and validity of the JPV model
without clean ground truth data, we can demonstrate that the approach of Jain
et al. [2016] produces theoretically inconsistent results. For example, propensity-
scored precision@k, as an unbiased estimate of precision@k on the ground-truth
data, should be bounded between zero and one. However, empirical calculations
for actual classifiers often yield values substantially outside this range. Of course,
for an individual instance or a small subset of them, the unbiased estimate does
not need to fall into that range, but a large deviation from the true value becomes
exceedingly unlikely when averaging over the entire dataset.

To circumvent this issue, Jain et al. [2016] suggest to report a normalized
version of propensity-scored precision@k, also calling this measure “propensity-
scored precision”. The normalization is realized by dividing the metrics’ value by
the largest possible value that any prediction could have achieved on that data:

Normalized PSP@k “
řn

i“1 PSP@kpyi, pyiqřn
i“1maxz PSP@kpyi, zq . (4.18)

Table Table 4.1 reports the values of both variants of propensity-scored precision@k,
showing how severe this issue is.

The normalization introduces a factor that is constant over the entire dataset,
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and thus does not influence model selection. However, it removes the interpretation
of the received value as an unbiased estimate of the metric on clean data, and
it hides the model misspecification. Unfortunately, in subsequent literature, the
distinction between the unbiased metrics and the normalized versions are not
always preserved, e.g., Bhatia et al. [2016] present unbiased formulas but lists
normalized values.

4.2.2 Relation to long tails
The form of (4.16) assigns lower propensities to tail labels. Consequently, under
an unbiased metric using ϕJPV, correct predictions of tail labels receive higher
weights than head labels. In particular, the resulting weightings resemble other
weightings schemes used for long-tailed or unbalanced learning tasks, leading the
authors to conclude:

“Such weights arise naturally as inverse propensities in the unbiased losses
developed in this paper. [...] This not only provides a sound theoretical
justification of label weighting heuristics for recommending rare items but
also leads to a more principled setting of the weights.”

As a result, propensity-scored variants ended up being viewed as metrics in
their own right and are currently used for both counteracting missing labels (as
unbiased estimates) and to weigh tail labels (as independent metrics), becoming
established performance metrics commonly used in XMLC. We list several examples
of references to propensity-scored losses:

• “We examined the performance on tail labels by PSP@k” [You et al., 2019a];

• “We achieve high precision and propensity scores, thus demonstrating the
effectiveness of our method even on infrequent tail labels.” [Guo et al., 2019b];

• “capture prediction accuracy of a learning algorithm at top-k slots of pre-
diction, and also the diversity of prediction by giving a higher score for
predicting rarely occurring tail-labels” [Babbar and Schölkopf, 2019];

• “propensity scored precision@k, which has recently been shown to be an
unbiased, and more suitable, metric” [Jain et al., 2019];

• “which leads to better performance on tail labels.” [Yen et al., 2017];

• “propensity scored variant, which is unbiased and assigns higher rewards for
accurate tail label predictions”,

• “evaluate prediction performance on tail labels using propensity scored
variants” [Khandagale et al., 2020];

• “replacing the nDCG loss with its propensity scored variant and using
additional classifiers designed for tail labels” [Tagami, 2017a].

We argue that this usage conflates two distinct issues: correcting metrics under
missing labels and promoting tail labels. In the missing-labels context, propensity
adjustment represents the correct method for calculating the true performance of
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a classifier, not an alternative metric. Only in the tail-performance interpretation,
it does make sense to speak of a trade-off in performance between vanilla and
propensity-scored metrics, with one focusing on the head and another on tail
labels. However, then the weights lose their original interpretation and are reduced
to arbitrary tail-label adjustment, making it similar to other simple propensity
models that have been introduced in other domains [Saito et al., 2020, Yang et al.,
2018, Joachims et al., 2018]. For example, a propensity model used frequently in
recommendation systems is given by the following power-law formulation:

pj “ ϕpqπj ;α, βq :“ pαqπjq´β , (4.19)

where qπj :“ Prqy “ 1s is observed prior probability of label j and α being often set
to maxj qnj{n [Yang et al., 2018, Saito et al., 2020]. This model, similar to JPV,
assigns higher weights to less frequent labels.

For the use case of measuring tail-label performance, it would be preferable
to have a metric that treats tail labels in a principled way. Of course, in XMLC,
both interpretations can be combined, i.e., one would like to have a task utility
that is adapted to tail labels, but calculate it in a way that takes missing labels
into account.

4.3 Summary of the chapter

In this chapter, we’ve first derived unbiased variants of general instance-wise
metrics at k under missing label settings. However, the usage of these unbiased
estimates requires knowledge of propensities, and accurate estimation of these
values remains a challenging problem. Next, we’ve discussed the propensity model
and accompanying propensity-scored metrics introduced by Jain et al. [2016] that
have emerged as a standard approach for evaluating XMLC algorithms. Our closer
examination revealed several theoretical and practical limitations of this model.
Moreover, the current usage of propensity-scored metrics in the field reveals a
concerning conflation of two distinct challenges: missing labels and tail labels.

The work of Jain et al. [2016] represented an important step forward in XMLC
evaluation. The model’s widespread adoption, despite its issues and limitations,
indicates a need for better solutions to handle both missing and long-tail labels
in XMLC tasks. Looking forward, we believe the field would benefit from a
clearer separation between methods for handling missing labels and approaches
for addressing tail labels. The feature work could focus on developing more robust
propensity models and estimation methods. However, we believe the development
of dedicated metrics for tail label performance that do not rely on propensity
scoring could help disentangle these distinct challenges in XMLC evaluation.
Because of that, in the following chapters, we explore a family of metrics that may
provide an alternative for evaluating tail-label performance.





5
Label-wise metrics at k

Following the instance-wise measures, in this chapter, we introduce a more general
family of complex metrics defined on the confusion matrix, which are linearly
decomposable over labels, and as such, we call them label-wise utilities. This
family includes macro-averaged utilities, but also the general instance-wise weighted
utilities discussed in the previous chapter.

5.1 Metrics linearly decomposable over labels

We start with a definition of the general class of utilities, linearly decomposable
over labels, that are expressed using a multi-label confusion matrix:

ΨppCpY, pY@kqq “
mÿ

j“1

ψjppcpy:,j , py:,jqq

“
mÿ

j“1

ψjppcj,tn,pcj,fp,pcj,fn,pcj,tpq , (5.1)

where ψj is binary utility function that is defined on entries of the binary confusion
matrix for a single label j, and might be non-linear in itself. We allow this function
to be different for each label j. Below, we demonstrate how this class of utilities
covers a subset of instance-wise weighted utilities and macro-averaged utilities.
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5.2 Instance-wise weighted utility functions as metrics lin-
early decomposable over labels

The instance-wise weighted utility functions that we introduced in (3.9) can be seen
as a special case of (5.1). To calculate the corresponding task utility for a given
Y and pY, the instance-wise utility is averaged over all samples. By interchanging
the order of summation, we can see that it is of the form (5.1):

ΨinstancepY, pY@kq “ 1

n

nÿ

i“1

Upyj , py@k
j q

“ 1

m

mÿ

i“j

gj ¨ pcpy:,j , py:,jq

“ 1

m

mÿ

i“j

gj,tnpcj,tn ` gj,fppcj,fp ` gj,fnpcj,fn ` gj,tppcj,tp

“ 1

m

mÿ

j“1

ψjppcpy:,j , py@k
:,j qq . (5.2)

Thus, we see that instance-wise weighted utilities can be seen as linear confusion
matrix-based metrics, because of that, we will refer to them as linear utilities in
this chapter.

Since 1
m

řm
i“1 gj ¨ pcpy:,j , py:,jq “ 1

mG ¨ pCpy, pyq, the instance-wise weighted
utilities are clearly linear w.r.t. the confusion matrix and form of optimal classifier
for utilities of this type is the same in EIU, ETU, and PU frameworks and its of
the form presented in Theorem 3.2.1.

5.3 Macro-average of non-decomposable utilities

In the following chapters, we are more interested in optimizing performance metrics
that do not decompose into individual instances, but are general functions of the
confusion matrix of classifier h that are linearly decomposable over labels as
macro-averaged multi-label metrics. The macro-averaged utilities report the value
of a binary classification utility ψ, averaged over all labels. This corresponds to
setting ψj “ 1

mψ for all labels j in (5.1), yielding:

ΨmacroppCpY, pY@kqq “ 1

m

mÿ

j“1

ψppcpy:,j , py@k
:,j qq . (5.3)

This, in turn, can be used to, for example, define macro-precision@k, macro-recall@k,
macro-Fβ-measure@k, and coverage@k1, that we already mentioned in Chapter 1.

1To shorten utility names, we often refer to macro-averaged variants of specific metrics by
adding just the “macro-” prefix.
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Table 5.1: Examples of macro-averaged performance metrics, with their form as
ψptn, fp, fn, tpq and ψptp,pp, cpq.

Metric ψptn, fp, fn, tpq ψptp, pp, cpq

Hamming score tp ` tn 1 ` 2tp ´ pp ´ cp

Balanced accuracy tp
2ptp`fnq ` tn

2ptn`fpq
tp
2cp ` 1`tp´pp´cp

2p1´cpq

Precision tp
tp`fp

tp
pp

Recall tp
tp`fn

tp
cp

Fβ-measure p1`β2qtp
p1`β2qtp`β2fn`fp

p1`β2qtp
β2cp`pp

Jaccard similarity tp
tp`fp`fn

cp`pp´2tp
cp`pp´tp

Coverage 1 rtp ą 0s 1 rtp ą 0s

We show the form of ψ for these and other popular measures in Table 5.1 for
both presented parametrizations of the confusion matrix in Section 2.2.1 (using
true negatives, false negatives, false positives, and true positives as well as the
alternative using true positives, predicted positives, and positive labels ratios).
Because of the averaging of ψ over labels, the resulting utilities emphasize the
balance between labels, independently of their frequencies and potentially alleviate
the problems with evaluating “long-tail” performance. On Figure 5.1 we present the
comparison of instance-wise and macro-averaged precision@k for a small example.

Micro-averaged metrics defined on multi-label confusion matrix

Using the same notation of multi-label confusion matrix (2.5), we can also
define another class of metrics called micro-averaged:

ΨmicroppCpY, pYqq “ ψ

˜
1

m

mÿ

j“1

pcj,tn,
1

m

mÿ

j“1

pcj,fp,
1

m

mÿ

j“1

pcj,fn,
1

m

mÿ

j“1

pcj,tp
¸
.

(5.4)

Since the micro-averaged utilities do not balance the contribution of labels
to the final value, they are rarely used in XMLC and are of less interest in
the context of this thesis. We very briefly discuss the optimization of micro-
metrics without budget constraint at the end of this chapter. When it comes
to micro-averaged metrics with budget @k, methods presented in this thesis
can also be applied for their optimization.
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Figure 5.1: An example of calculating instance- and macro-
precision@3 for given true label matrix Y and predicted labels
pY with n “ 5 and m “ 6.

5.4 Difficulty of optimization under budget at k

Even though the objective (5.1) decomposes onto m binary problems, these are
still coupled by the budget constraint, }hpxq}1 “ k for all x P X , and cannot be
optimized independently. To demonstrate this coupling effect, we present a simple
illustrative example. We consider two performance measures: the Hamming score
and the macro-Jaccard similarity, as defined in Table 5.1 without or with budget
k “ 2. Additionally, we introduce two simple distributions, b, each consisting of
two distinct instances, each with an equal probability of 50% and three possible
labels. We can treat this example as a problem of optimization for the population
as in the PU setting or for a given test set with these two instances as in the ETU
setting. In both interpretations, the results and conclusions remain the same.

The example is presented in Figure 5.2. Notice that the only difference between
the two distributions is the marginal conditional probability of the third label for
the second instance x2 (i.e., η3px2q). First, we examine the Hamming score and
macro-Jaccard similarity without budget k. The lack of budget constraints makes
the problem for each label and instance independent, and indeed, the optimal
prediction for both metrics differs only for the label, with different probabilities
between distributions A and B. Next, we consider the Hamming score with budget
k “ 2. This time, the difference between optimal prediction varies not only on



5.4 Difficulty of optimization under budget at k 63

Distribution A:

Prxs η1pxq η2pxq η3pxq
x1 0.5 0.4 0.2 0.6
x2 0.5 0.8 0.4 0.3

Distribution B:

Prxs η1pxq η2pxq η3pxq
x1 0.5 0.4 0.2 0.6
x2 0.5 0.8 0.4 0.8

Optimization of macro Hamming score without budget k:

Optimal h‹A for distribution A:

py1 py2 py3
x1 0 0 1
x2 1 0 0

ΨHammingppCph‹A, Aqq « 68.333%

Optimal h‹B for distribution B:

py1 py2 py3
x1 0 0 1
x2 1 0 1

ΨHammingppCph‹B, Bqq « 70.000%

Optimization of macro Jaccard similarity without budget k:

Optimal h‹A for distribution A:

py1 py2 py3
x1 1 0 1
x2 1 1 0

ΨMacro-JaccardppCph‹A, Aqq « 46.496%

Optimal h‹B for distribution B:

py1 py2 py3
x1 1 0 1
x2 1 1 1

ΨMacro-JaccardppCph‹B, Bqq « 54.444%

Optimization of Hamming score with budget k “ 2:

Optimal h‹A for distribution A:

py1 py2 py3
x1 0 1 1
x2 1 1 0

ΨHamming@2ppCph‹A, Aqq « 61.667%

Optimal h‹B for distribution B:

py1 py2 py3
x1 0 1 1
x2 1 0 1

ΨHamming@2ppCph‹B, Bqq « 66.667%

Optimization of macro Jaccard similarity with budget k “ 2:

Optimal h‹A for distribution A:

py1 py2 py3
x1 1 0 1
x2 1 1 0

ΨMacro-Jaccard@2ppCph‹A, Aqq « 46.496%

Optimal h‹B for distribution B:

py1 py2 py3
x1 0 1 1
x2 1 0 1

ΨMacro-Jaccard@2ppCph‹B, Bqq « 47.143%

Figure 5.2: An example demonstrating the coupling effect of pre-
dictions budgeted at k for utilities non-decomposable over instances.
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the label with different probabilities, but the budget constraint forces us to also
change the other label for the same instance. However, because of the linearity
of the Hamming score, prediction for the other instances is not affected. Finally,
for macro-Jaccard similarity with budget k, we observe that despite the difference
in one marginal conditional probability, the optimal solution is different also on
the other instance for the two other labels, which highlights the coupling effect of
budget k combined with non-linear matrices. If it were possible to find a solution
for each label separately, the change in the distribution on one label would not
affect the other labels in other instances.

5.5 Summary of the chapter

In this chapter, we have introduced a general class of label-wise metrics that
are linearly decomposable over labels. We show that this class covers instance-
wise weighted utilities introduced in the previous Chapter 3 (e.g., precision@k,
Hamming score@k and their weighted variants) and macro-averaged utilities that
are attractive in the context of long tail distributions of labels, as they emphasize
the equal importance between labels, independently of their frequencies. We
also demonstrated that this class of utilities under the constraint of predictions
budgeted at k cannot be optimized by decomposing the problem into separate
binary problems as in unconstrained cases, which have already been well studied
in the literature. In Chapters 6 and 7, we will focus on optimization of this general
class of metrics in the ETU and PU framework, respectively, under the budget at k.

Optimization of measures without a limited budget at k

When optimizing macro-average without budget at k constraint, the problem
decomposes into independent problems of optimizing the binary utility for each
label separately [Koyejo et al., 2015, Kotłowski and Dembczyński, 2017]. This
problem is well studied in the literature. Interestingly, in both frameworks,
the optimal solution is based on thresholding marginal conditional label
probabilities [Dembczyński et al., 2017], but the resulting thresholds are
different with the discrepancy diminishing with the size of the test set. The
threshold tuning for PU is usually performed on a validation set [Yang, 2001,
Lin and Lin, 2023], while the exact optimization for ETU is performed on a test
set. It requires cubic time in a general case and quadratic time in some special
cases [Ye et al., 2012, Natarajan et al., 2016a]. Approximate solutions can be
obtained in linear time [Lewis, 1995, Dembczyński et al., 2017]. The situation
is similar in the case of micro-averaged metrics, with the key difference being
that the optimal threshold is determined by a single value, same for all the
labels [Koyejo et al., 2015, Kotłowski and Dembczyński, 2017].
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Optimization of label-wise metrics at k
under expected test utility framework

In this chapter, we analyze the problem of optimizing label-wise metrics at k under
the expected test utility (ETU) framework, and propose an efficient algorithm
for this task. This chapter mostly summarizes the results published in Schultheis
et al. [2023].

6.1 Order-invariant utilities are confusion matrix utilities

Let us first recall that in the ETU framework we are interested in the expected
utility of a classifier on a provided test set (2.9) (see Section 2.2.3 for the definition
of the problem):

ΦETUphq :“ EY„PrY |Xs

”
ΨppCpY,hpXqq

ı
“ EY„PrY |Xs

”
ΨppCpY, pYq

ı
, (6.1)

Notice that ETU does not strictly require a utility to be defined on the confusion
matrix. Because of that, in this section, we often just write ΨpY, pYq instead of
ΨppCpY, pYqq. It is worth noting here that any utility function of the form:

ΨpY, pYq “
mÿ

j“1

ψjpy:,j , py:,jq , (6.2)

which is invariant under instance reordering (i.e., its value does not change if rows
of both matrices are re-ordered using the same permutation), can be defined in
terms of the multi-label confusion matrix (2.5). We present a formal proof in
Appendix A.3.1 for a more general form:

ΨpY, pYq “ fpψ1py:,1, py:,1q, ψ2py:,2, py:,2q, . . . , ψmpy:,m, py:,mqq , (6.3)

where f is any aggregation function, not only a sum as in (6.2).
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6.2 Sufficiency of label probability estimates

Let us observe that label probabilities η are sufficient to make optimal predictions
according to (2.10). With the assumption that labels of the specific instance are
independent of other instances, PpY|Xq “ śn

i“1P rx,ys pyi|xiq, we obtain:

ΦETUphq “ EY„PrY |Xs rΨpY,hpXqqs “ EY„PrY |Xs

”
ΨpY, pYq

ı

“
mÿ

j“1

EY„PrY |Xs

“
ψjpy:,j , py:,jq

‰

“
mÿ

j“1

ÿ

y1Pt0,1un

Pry:,j “ y1 |Xsψjpy1, py:,jq

“
mÿ

j“1

ÿ

y1Pt0,1un

˜
nź

i“1

Pryi,j “ y1i |xis
¸
ψjpy1, py:,jq

“
mÿ

j“1

ÿ

y1Pt0,1un

˜
nź

i“1

ηjpxiqy1i ` p1 ´ ηjpxiqqp1 ´ y1iq
¸
ψjpy1, py:,jq (6.4)

This equation lays out a daunting optimization task, which requires summing
over 2n many summands y1. In the case of binary classification, there exist methods
to solve the problem exactly in Opn3q, or in Opn2q in some special cases [Natarajan
et al., 2016a]. By using semi-empirical quantities (defined below), one can design
approximate algorithms that run in Opnq [Lewis, 1995, Dembczyński et al., 2017].
Following this approach, we introduce a semi-empirical ETU approximation for
label-wise metrics.

If this approximation results in a linear function of test instances, the problem
decomposes and can be solved easily. Otherwise, we propose to use an algorithm
that leads to locally optimal predictions.

6.3 Semi-empirical ETU approximation

For the following sections in this chapter, to make notation more compact, we
switch to the alternative parametrization of the confusion matrix by the ratios
of true positives (tp), predicted positives (pp) and conditional positives (cp), as
introduced in (2.7).

As we showed in (6.4), in order to compute ΦETU, one needs to take into
account every possible combination of confusion-matrix values, and calculate the
corresponding value of Ψ, which is then averaged according to the respective
probabilities. A computationally easier approach is to average the predictions first,
to get a single value for the confusion matrix, and calculate Ψ for it, leading to
semi-empirical quantities of true positives, predicted positives, and conditional
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positives, that we denote using a tilde symbol:

c̃:,tp :“ EY„PrY |Xsrpc:,tps “ 1

n

nÿ

i“1

ηpxiq d pyi ,

c̃:,pp :“ EY„PrY |Xsrpc:,pps “ 1

n

nÿ

i“1

pyi ,

c̃:,cp :“ EY„PrY |Xsrpc:,cps “ 1

n

nÿ

i“1

ηpxiq , (6.5)

where c̃:,pp “ pc:,pp follows because the number of predicted positives depends only
on the predictions pY, and c̃:,cp is a constant that does not depend on predictions.

This allows us to define the semi-empirical expected value of ETU:

Φ̃ETUphq :“ Ψpc̃:,tp,pc:,pp, c̃:,cpq , (6.6)

which tends to approximate

ΦETUphq “ EY„PrY |Xs rΨppc:,tp,pc:,pp,pc:,cpqs . (6.7)

Note that, if Ψ is linear in all arguments depending on the random variable Y,
then the approximation is exact, due to the linearity of expectations. Aside from
instance-wise measures, which we showed to be linear in (5.2), the approximation
is also exact for the more general class of functions with binary utilities of the
form:

ψjptp,pp, cpq “ f tpj pppq ¨ tp ` fppj pppq ` f cpj pppq ¨ cp . (6.8)

An important example is macro-precision, with f tpj pppq “ 1
m¨pp and fppj pppq “

f cpj pppq “ 0 for all j P rms.
For general utilities ΦETU, the approximation Φ̃ETU may differ from the actual

objective ΦETU. However, if we are able to control the change of the utility
under small changes in its arguments, the approximation remains close to the
true objective and is decreasing with the test set size n. To this end, following
Dembczyński et al. [2017], we assume that each ψj is a cp-Lipschitz function, with
respect to its arguments ptp, pp, cpq, where the Lipschitz constants may depend
on cp.

Definition 6.3.1 (cp-Lipschitz [Dembczyński et al., 2017]). A binary classification
metric ψptp,pp, cpq is said to be cp-Lipschitz if

|ψptp, pp, cpq ´ ψptp1, pp1, cp1q| ď Ltppcpq|tp ´ tp1| ` Lpppcpq|pp ´ pp1|
` Lcppcpq|cp ´ cp1|, (6.9)

for any pp,pp1 P r0, 1s, cp, cp1 P p0, 1q, 0 ď tp ď minpcp, ppq, and 0 ď tp1 ď
minpcp1,pp1q. The constants Ltppcpq, Lpppcpq, Lcppcpq are allowed to depend on
cp, in contrast to the standard Lipschitz functions.

In the Appendix A.3.2, we show that most of the metrics of interest satisfy
the cp-Lipschitz assumption, including the linear confusion-matrix measures (5.2)
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with fixed weights (e.g., Hamming utility, instance-precision) and almost all macro
metrics listed in Table 5.1, like macro-recall and macro-F-measure, but with
notable exceptions of macro-precision and coverage. Under this assumption, we
can bound the approximation error.

Theorem 6.3.2. Let each ψj be cp-Lipschitz with constants Lj
tppcpq, Lj

pppcpq,
Lj
cppcpq. For any pY it holds:

ˇ̌
ˇΦETUp pY;Xq ´ Φ̃ETUp pY;Xq

ˇ̌
ˇ ď 1

2
?
n

˜
mÿ

j“1

pLj
tppc̃j,cpq ` Lj

cppc̃j,cpqq
¸
. (6.10)

Thus, using Φ̃ETU as a surrogate for ΦETU leads only to Op1{?
mq error,

diminishing with the test size, while substantially simplifying the optimization
process.

Proof (sketch, full proof in Appendix A.3.3). Using definitions of expected ETU
utility (6.4) and its semi-empirical approximation (6.6) and applying Jensen’s
inequality, we get:

ˇ̌
ˇΦETUp pY;Xq ´ Φ̃ETUp pY;Xq

ˇ̌
ˇ

ď
mÿ

j“1

EY„PrY |Xs

“ˇ̌
ψjppcj,tp,pcj,pp,pcj,cpq ´ ψjpc̃j,tp,pcj,pp, c̃j,cpqˇ̌‰ , (6.11)

Each term in the sum can be now bounded by pLj
tp `Lj

cpq{p2?
nq (for this analysis

we drop pcpq in notation). For each j P rms, using cp-Lipschitzness (6.9) of ψj we
have:

ˇ̌
ψjppcj,tp,pcj,pp,pcj,cpq ´ ψjpc̃j,tp,pcj,pp, c̃j,cpqˇ̌ ď Lj

tp|pcj,tp ´ c̃j,tp| ` Lj
cp|pcj,cp ´ c̃j,cp| .

(6.12)

Notice that Lj
pp|pcj,pp ´ pcj,pp| has not been included as it is zero since pcj,pp “ c̃j,pp.

By taking expectation on both sides and applying Jensen’s inequality to a concave
function x ÞÑ ?

x, we get:

EY„PrY |Xs

“ˇ̌
ψjppcj,tp,pcj,pp,pcj,cpq ´ ψjpc̃j,tp,pcj,pp, c̃j,cpqˇ̌‰

ď Lj
tp

b
EY„PrY |Xs rppcj,tp ´ c̃j,tpq2s ` Lj

cp

b
EY„PrY |Xs rppcj,cp ´ c̃j,cpq2s ,

(6.13)

Because c̃j,tp “ EY„PrY |Xsrpcj,tps, we have

EY„PrY |Xs

“ppcj,tp ´ c̃j,tpq2‰ “ VarY|Xppcj,tpq ď 1

4n
, (6.14)

as pcj,tp “ 1
n

řn
i“1 yi,jpyi,j is an average of n Bernoulli i.i.d. random variables

yi,jpyi,j , each having variance at most 1
4 . The same reasoning can be applied to

EY„PrY |Xsrppcj,cp ´ c̃j,cpq2s ď 1
4n . By applying these to (6.13), we conclude the
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proof by getting:

EY„PrY |Xs

“ˇ̌
ψjpc̃j,tp,pcj,pp, c̃j,cpq ´ ψjppcj,tp,pcj,pp,pcj,cpqˇ̌‰ ď Lj

tp ` Lj
cp

2
?
n

. (6.15)

6.4 Special case of linear utilities

We start the discussion on optimization of semi-empirical (6.6) with a special case
in which Φ̃ETU is linear in the prediction-dependent arguments, tp and pp, that
is, if for all labels j P rms:

ψjptp, pp, cpq “ f tpj pcpq ¨ tp ` fppj pcpq ¨ pp ` f cpj pcpq ¨ cp , (6.16)

where both f tpj pcpq and fppj pcpq do not depend on tp and pp, and f cpj pcpq ¨ cp is
a constant and can be dropped in practice.

Aside from instance-wise weighted utilities (5.2), which are linear in all argu-
ments, this form can be used for dependent on the label priors, e.g., power law
weights of the form f tpj pcpq “ cp´β and fppj pcpq “ f cpj pcpq “ 0, which reduce
to macro-recall for β “ 1. Another example is macro-balanced accuracy@k with
f tpj pcpq “ 1

2cp ` 1
2p1´cpq , f

pp
j pcpq “ ´1

2p1´cpq , and f cpj pcpq “ 1
2p1´cpqcp ` ´1

2p1´cpq For
this type of metrics (6.16), one can approximate the value of cp for each label and
turn the problem into optimization of instance-wise weighted utility (as in (5.2)),
with gains:

gj,tp “ f tpj pcpq ` fppj pcpq , gj,fp “ fppj pcpq , gj,fn “ 0 , gj,tn “ 0 . (6.17)

And hence the optimal prediction can be derived for each instance x P X separately,
leading to:

py‹i “ argmax
pyPY@k

Ey„Pry |xis
rU@kpy, pyqs (6.18)

for each i P rns. The optimal prediction of each pyi is then the optimal classifier
for instance-wise utilities, which was already derived in Theorem 3.2.1:

py‹i “ select-top-kpa d ηpxiq ` bq , (6.19)

where:
a “ g:,tn ` g:,tp ´ g:,fp ´ g:,fn , b “ g:,fp ´ g:,tn . (6.20)

In this specific case, we end up with:

aj “ f tpj pcpq ` fppj pcpq ´ fppj pcpq “ f tpj pcpq , bj “ fppj pcpq . (6.21)
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6.5 Block-coordinate ascent algorithm

For non-linear utilities Ψ, even with the approximation of expected utility Φ̃ETU,
finding the optimal prediction can be a very hard discrete optimization problem
in general. Taking into account the scale of XMLC problems, we propose to use
an efficient approach based on block-coordinate ascent (BCA) that constructs a
sequence of predictions with non-decreasing utility pY0, pY1, pY2 . . ., so that we end
up with a solution that is locally optimal.

Assume the predictions are fixed for all instances except xs, where they are
given by z. In that case, we can write the semi-empirical quantities from (6.5) as

c̃:,tp “ 1

n

¨
˝ηpxsq d z `

ÿ

iPrnsztsu

ηpxsq d pyi

˛
‚ ,

c̃:,pp “ 1

n

¨
˝z `

ÿ

iPrnsztsu

pyi

˛
‚ . (6.22)

Plugging into (6.6) leads to the following optimization:

max
zPY@k

mÿ

j“1

ψj

¨
˝ 1

n
ηjpxsqzj ` 1

n

ÿ

iPrnsztsu

ηjpxiqpyi,j , 1
n
zj ` 1

n

ÿ

iPrnsztsu

pyi,j ,
1

n

mÿ

i“1

ηjpxiq
˛
‚ .

(6.23)
As everything except z P t0, 1um is given, we can interpret ψj as a linear function
of zj , ψjpzjq, and define a gain vector with elements gj “ ψjp1q ´ ψjp0q. The
optimal prediction z‹ is then given by z‹ “ select-top-kpgq , in a similar form as
in the case of instance-wise metrics. We get pYt`1 by replacing the s-th row of pYt

with z‹, and know that Φ̃ETUp pYt`1q ě Φ̃ETUp pYtq. Then we switch to the next
instance s Ð s` 1 in the randomized order of instances (shuffleprnsq).

The algorithm starts with some initial prediction pY0, e.g., by selecting k random
labels for each instance. Then it calculates the corresponding C̃0 according to (6.5).
This confusion matrix can be cached and updated in each iteration to reduce the
computational load. Each time a new prediction pYt`1 is calculated, the confusion
matrix is updated as follows:

c̃t`1:,tp :“ c̃t:,tp ` 1

n
ηpxsq d

´
pyt`1
s ´ pyt

s

¯
,

pct`1:,pp :“ pct:,pp ` 1

n

´
pyt`1
s ´ pyt

s

¯
. (6.24)

With this, we can compute (6.23) in Opmq time using the following formulas:

ψjp1q :“ ψj

ˆ
c̃tj,tp ` 1

n
ηjpxsqp1 ´ pyts,jq, pcj,pp ` 1

n
p1 ´ pyts,jq, c̃j,cp

˙
,

ψjp0q :“ ψj

ˆ
c̃tj,tp ´ 1

n
ηjpxsqpyts,j , pcj,pp ´ 1

n
pyts,j , c̃j,cp

˙
. (6.25)
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The algorithm stops when the improvement in the objective value over a
previous value is lower than ϵ after going over a whole set of instances. Because
the BCA algorithm generates a sequence of predictions improving by at least ϵ in
each iteration, this criterion ensures that the algorithm terminates. In practice,
even with small ϵ, the algorithm usually terminates after a few iterations. We
present the pseudocode of BCA in Algorithm 6.1.

Algorithm 6.1 BCA with semi-empirical ETU approximation
Require: a set of instances Xnˆd, labels marginal probability estimator pη, label-wise

utility function Ψ, required budget k, stopping condition criterion ϵ
Ensure: a prediction matrix pYnˆm with pyi P t0, 1um with }py}1 “ k for all i P rns
1: initialize pYnˆm: pyi Ð select-random-kpmq for all i P rns
2: c̃:,tp Ð 1

n

řm
i“1 pηpxiq d pyi

3: pc:,pp Ð 1
n

řm
i“1 pyi

4: c̃:,cp Ð 1
n

řm
i“1 pηpxiq

5: uold Ð ´8
6: unew Ð Ψpc̃:,tp,pc:,pp, c̃:,cpq
7: while unew ą uold ` ϵ do
8: for s P shuffleprnsq do
9: c̃:,tp Ð c̃:,tp ´ 1

n
pηpxsq d pys

10: pc:,pp Ð pc:,pp ´ 1
n
pys

11: for j P rms do
12: ψjp1q Ð ψjpc̃j,tp ` 1

npηjpxsq,pcj,pp ` 1
n , c̃j,cpq

13: ψjp0q Ð ψjpc̃j,tp,pcj,pp, c̃j,cpq
14: gj Ð ψjp1q ´ ψjp0q
15: pys Ð select-top-kpgq
16: c̃:,tp Ð c̃:,tp ` 1

n
pηpxsq d pys

17: pc:,pp Ð pc:,pp ` 1
n
pys

18: uold Ð unew

19: unew Ð Ψpc̃:,tp,pc:,pp, c̃:,cpq
20: return pY

6.5.1 Computational complexity of the BCA algorithm
The time and space complexity of the single iteration over the test set of instances
in Algorithm 6.1 are both Opnm`mq. Since selection of top-k values in vector
g can be done in linear time using the introspective selection algorithm [Musser,
1997], all the operations for a single instance s (lines 9-17) have complexity Opmq.
This complexity may still be too high for extreme classification problems, where
both n and m are very large. Because of that, in Chapter 8, we show a more
efficient variant of the BCA algorithm, which integrates well with efficient inference
methods widely used in XMLC.

6.5.2 Global optimality for linear metrics
If Ψ is a linear function, corresponding to an instance-wise weighted utility (5.2),
the BCA algorithm recovers the optimal solution in the first iteration, stopping
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after the second. To show it, let us transform lines 11-14 of Algorithm 6.1:

gj “ ψjp1q ´ ψjp0q “ ψjptp ` pηjpxsq, pp ` 1, cpq ´ ψjptp,pp, cpq
“ ptp ` pηjpxsq ´ tpqftppcpq ` ppp ` 1 ´ ppqfpppcpq
“ pηjpxsqftppcpq ` fpppcpq . (6.26)

One can observe that the dependence on other instances cancels out. This leads
exactly to the solution presented in Section 6.4, meaning that for each instance,
the block coordinate ascent algorithm will select the optimal decision in terms
of Φ̃ETU, i.e., semi-empirical ETU (6.6). As discussed it earlier, it means that
for fully linear metrics this will be the Bayes-optimal decision, otherwise it is
approximately optimal in the sense of Theorem 6.3.2. In both cases, the algorithm
will perform a second pass over the entire dataset in order to check the stopping
criterion. This second pass will leave all predictions unchanged.

BCA for metrics without a budget constraint

The introduced BCA algorithm can be used for the optimization of metrics
without the budget k constraint. The general idea behind the algorithm is to
choose prediction pys for an instance xs, such that it maximizes the expected
utility gain for this instance (6.23), with predictions for all the other instances
in the set as fixed. The modification simply involves changing the prediction
rule from selecting top k labels with the highest values of expected gain gj
(line 15 of Algorithm 6.1) to select all labels with expected gain larger than 0.

6.6 Regret bound under LPE misspecification

The actual implementation cannot obviously use the unknown values ηpxq, but
instead has to rely on the estimates pηpxq when computing the predictions. Because
of that, as before, we are interested in quantifying the regret that the classifier
suffers in this case.

Given a decomposable metric of the form (6.2), which is invariant under instance
reordering, let us define the output of optimal (Bayes) classifier h‹pXq “ Y‹ as
the one which maximizes the expected utility with respect to the true label
probabilities.

Y‹ P argmax
pYPY@k,n

EY„ηpXq rΨppc:,tp,pc:,pp,pc:,cpqsloooooooooooooooooomoooooooooooooooooon
ΦETUp pYq

. (6.27)

We use Y „ ηpXq notation here to emphasize the dependency of ΦETU on the label
marginal probabilities. Then, let Ỹ: be the plug-in prediction matrix optimizing
the semi-empirical ETU with plugged-in probability estimates:

Ỹ: P argmax
pYPY@k,n

ΨpEY„pηpXqrpc:,tps,pc:,pp,EY„pηpXqrpc:,cpsqlooooooooooooooooooooooooomooooooooooooooooooooooooon
Φ̃ETUp pYq

. (6.28)
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Theorem 6.6.1. Let Ỹ: be defined as above. Under the assumptions of Theo-
rem 6.3.2:

RegETUpỸ:;Xq “ ΦETUpY‹;Xq ´ ΦETUpỸ:;Xq

ď m?
n
B ` 2

?
m

n
B

nÿ

i“1

}ηpxiq ´ pηpxiq}2 , (6.29)

where B :“
c

1
m

řm
j“1

´
Lj
tppc̃j,cpq ` Lj

cpppcj,cpq
¯2

is the quadratic mean of the Lips-

chitz constants.

Proof (sketch, the full proof can be found in Appendix A.3.4). Because of the length
of the proof we give here only the general idea behind it. We first show that for
metrics with cp-Lipschitz components, the Ψ-regret of the resulting semi-ETU
predictor (A.48), which is the suboptimality of Ỹ: (with respect to Y‹) in terms
of ΦETU, is well-controlled and upper-bounded by the L1 estimation error of the
marginals. As the resulting expression is unwieldy, we then apply some further
bounding to arrive at the much simpler result stated above, which is expressed in
terms of L2 estimation error. A similar statement, presented in Appendix A.3.5,
can be made for the unapproximated ETU case.

Based on the above theorem, we can conclude that the methods described
in Sections 6.3 to 6.5 can be used with probability estimates replacing the true
marginals. As long as the estimator is reliable, the resulting predictions will have
small regret.

6.7 The case of coverage@k

One measure for which the introduced ETU approximation (6.6) is not exact is
coverage,

ψCovptp, pp, cpq :“ 1 rtp ą 0s , (6.30)

as it is not only nonlinear, but also not cp-Lipschitz as it is not continuous. There-
fore, the bounds from Theorems 6.3.2 and 6.6.1 do not apply to it. Nevertheless, it
is a popular auxiliary measure in XMLC. Remark that optimization of coverage@k
makes sense in the ETU setting only, as a fully random classifier in the PU setting
is optimal as it obtains coverage@k of 1 at the population level. Because of that,
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we consider it separately in this section and derive a formula for its ΦETU:

ΦETUphq “ EY„PrY |Xs

”
ΨCovppCpY,hpXqq

ı
“ EY„PrY |Xs

”
ΨCovppCpY, pYq

ı

“ EY„PrY |Xs

«
1

m

mÿ

j“1

1 rpcj,tp ą 0s
ff

“ EY„PrY |Xs

«
1

m

mÿ

j“1

p1 ´ 1 rpcj,tp “ 0sq
ff

“ EY„PrY |Xs

«
1

m

mÿ

j“1

˜
1 ´

nź

i“1

p1 ´ yi,jpyi,jq
¸ff

“ EY„PrY |Xs

«
1 ´ 1

m

mÿ

j“1

nź

i“1

p1 ´ yi,jpyi,jq
ff
. (6.31)

Because we assume labels for one instance to be independent on all other instances,
i.e., PrY|Xs “ śn

i“1Pryi|xis, we obtain:

ΦETUphq “ 1 ´ 1

m

mÿ

j“1

nź

i“1

`
1 ´ EY„PrY |Xsryi,jpyi,js

˘

“ 1 ´ 1

m

mÿ

j“1

nź

i“1

p1 ´ Pryi,j “ 1|xispyi,jq

“ 1 ´ 1

m

mÿ

j“1

nź

i“1

p1 ´ ηjpxiqpyi,jq . (6.32)

Based on this result, we can construct a block coordinate ascent procedure
which, for predictions being fixed for all instances except xs, optimizes the following
problem:

max
zPY@k

mÿ

j“1

ψjCovpzjq “
mÿ

j“1

¨
˝1 ´ p1 ´ ηjpxiqzjq

ź

iPrnsztsu

p1 ´ ηjpxiqpyi,jq
˛
‚ . (6.33)

Analogously to Section 6.5, everything except zj P t0, 1u is given and we can
define a gain vector with elements gj “ ψjCovp1q ´ ψjCovp0q. Once again, the
optimal prediction is given by z‹ “ select-top-kpgq , and we get pYt`1 by replacing
the s-th row of pYt with z‹, resulting with Φ̃ETUp pYt`1q ě Φ̃ETUp pYtq. Then we
switch to the next instance s Ð s` 1, and repeat till the stopping criterion is met.

Notice that
śn

i“1 p1 ´ ηjpxiqpyi,jq corresponds to the probability of label j being
irrelevant for all instances it was selected for. We denote this value as fj and use
it to speed up computations in each iteration of the algorithm:

f0j :“
nź

i“1

`
1 ´ ηjpxiqpy0i,j

˘
, f t`1j :“ f tj

1 ´ ηjpxsqpyt`1s,j

1 ´ ηjpxsqpyts,j
. (6.34)
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We can then compute the gain vector using the following formula:

gj “ ψjCovp1q ´ ψjCovp0q

“
˜
1 ´ f tj

1 ´ ηjpxsq
1 ´ ηjpxsqpyts,j

¸
´
˜
1 ´ f tj

1

1 ´ ηjpxsqpyts,j

¸

“ ηjpxsqf tj
1 ´ ηjpxsqpyts,j

. (6.35)

This block coordinate ascent procedure for coverage is presented as Algorithm 6.2.

Algorithm 6.2 BCA for coverage@k

Require: a set of instances Xnˆd, labels marginal probability estimator pη, required
budget k, stopping condition criterion ϵ

Ensure: a prediction matrix pYnˆm with pyi P t0, 1um with }py}1 “ k for all i P rns
1: initialize pYnˆm: pyi Ð select-random-kpmq for all i P rns
2: f Ð śn

i“1p1 ´ pηpxiq d pyiq
3: uold Ð ´8
4: unew Ð 1 ´ 1

m

řm
j“1 fj

5: while unew ą uold ` ϵ do
6: for s P shuffleprnsq do
7: f Ð f d p1 ´ pηpxsq d pysq´1

8: g Ð f d pηpxsq
9: pys Ð select-top-kpgq

10: f Ð f d p1 ´ pηpxsq d pysq
11: uold Ð unew

12: unew Ð 1 ´ 1
m

řm
j“1 fj

13: return pY

Because the bound from Theorem 6.6.1 does not apply to the regret of the
classifier under inaccurate estimates of η. We derive a new bound using the (6.32).
Similarly to Section 6.6 let us define the optimal prediction matrix Y‹ that
optimized the expected utility with respect to the true label probabilities:

Y‹ P argmax
pYPY@k,n

EY„ηpXq

”
ΨCovppCpY, pYqq

ı
. (6.36)

Then, let Y: be prediction matrix optimizing the expected utility with respect to
the estimated label probabilities:

Y: P argmax
pYPY@k,n

EY„pηpXq
”
ΨCovppCpY, pYqq

ı
. (6.37)

Theorem 6.7.1. Let Y‹ and Y: be defined as above, then:

RegETUpY:;Xq “ ΦETUpY‹;Xq ´ ΦETUpY:;Xq ď
nÿ

i“1

2k max
jPrms

|ηjpxiq ´ pηjpxiq| .
(6.38)
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Proof.

RegETUpY:;Xq “ ΦETUpY‹;Xq ´ ΦETUpY:;Xq

“ 1 ´ 1

m

mÿ

j“1

nź

i“1

`
1 ´ ηjpxiqy‹i,j

˘ ´
˜
1 ´ 1

m

mÿ

j“1

nź

i“1

´
1 ´ ηjpxiqy:i,j

¯¸

“ 1

m

mÿ

j“1

nź

i“1

´
1 ´ ηjpxiqy:i,j

¯
´

nź

i“1

`
1 ´ ηjpxiqy‹i,j

˘
. (6.39)

Now we add and subtract the following two terms inside of the sum
řm

j“1:

nź

i“1

´
1 ´ pηjpxiqy:i,j

¯
,

nź

i“1

`
1 ´ pηjpxiqy‹i,j

˘
, (6.40)

then reorganize and bound the expression using the
śn

i“1 ai´
śn

i“1 bi ď řn
i“1 ai´bi

inequality:

RegETUpY:;Xq “ 1

m

mÿ

j“1

˜
nź

i“1

´
1 ´ ηjpxiqy:i,j

¯
´

nź

i“1

´
1 ´ pηjpxiqy:i,j

¯

looooooooooooooooooooooooooomooooooooooooooooooooooooooon
ď
řn

i“1|ηjpxiq´pηjpxiq|y
:

i,j

`
nź

i“1

`
1 ´ pηjpxiqy‹i,j

˘ ´
nź

i“1

`
1 ´ ηjpxiqy‹i,j

˘

loooooooooooooooooooooooooomoooooooooooooooooooooooooon
ď
řn

i“1|ηjpxiq´pηjpxiq|y‹
i,j

`
nź

i“1

´
1 ´ pηjpxiqy:i,j

¯
´

nź

i“1

`
1 ´ pηjpxiqy‹i,j

˘

loooooooooooooooooooooooooomoooooooooooooooooooooooooon
ď0

¸

ď 1

m

mÿ

j“1

˜
nÿ

i“1

|ηjpxiq ´ pηjpxiq| y:i,j `
nÿ

i“1

|ηjpxiq ´ pηjpxiq| y‹i,j
¸
.

(6.41)

Next we bound each L1 error, |ηjpxiq ´ pηjpxiq| by maxjPrms |ηjpxiq ´ pηjpxiq|.
There are at most }y@k,‹

i _ y@k,:
i }1 ď 2k such terms that stay positive for each

instance i. Therefore:

RegETUpY:;Xq ď 1

m

mÿ

j“1

nÿ

i“1

2k max
jPrms

|ηjpxiq ´ pηjpxiq|

ď
nÿ

i“1

2k max
jPrms

|ηjpxiq ´ pηjpxiq| . (6.42)

Interestingly, the bound is very similar to the bound we obtained for general
instance-wise weighted utilities@k in Section 3.2.
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6.8 Greedy optimization of semi-empirical ETU objective

The inference strategy presented in Algorithm 6.1 requires multiple passes over
the entire dataset. This might be computationally expensive for large datasets
and requires the whole dataset to be available at once. We, thus, propose a
greedy version of this algorithm, which performs just a single pass over the dataset,
taking into account only statistics (expected confusion matrix) of previously seen
instances, for which it has already decided on the prediction. This way, the greedy
algorithm adjusts the proposed approach to the semi-online setting where the
whole dataset cannot be observed at once. We present the pseudocode of the
greedy algorithm in Algorithm 6.3 and its specialized version for coverage in
Algorithm 6.4.

Algorithm 6.3 Greedy
Require: a set of instances Xnˆd, labels marginal probability estimator pη, required

budget k, stopping condition criterion ϵ
Ensure: a prediction matrix pYnˆm with pyi P t0, 1um with }py}1 “ k for all i P rns
1: c̃:,tp Ð 0

2: pc:,pp Ð 0

3: c̃:,cp Ð 0

4: for i P rns do
5: c̃:,cp Ð c̃:,cp ` 1

n
pηpxiq

6: for j P rms do
7: ψjp1q Ð ψjpc̃j,tp ` 1

npηpxsq,pcj,pp ` 1
n , c̃j,cpq

8: ψjp0q Ð ψjpc̃j,tp,pcj,pp, c̃j,cpq
9: gj Ð ψjp1q ´ ψjp0q

10: pyi Ð select-top-kpgq
11: c̃:,tp Ð c̃:,tp ` 1

n
pηpxiq d pyi

12: pc:,pp Ð pc:,pp ` 1
n
pyi

13: return pY

Algorithm 6.4 Greedy for coverage@k

Require: a set of instances Xnˆd, labels marginal probability estimator pη, required
budget k, stopping condition criterion ϵ

Ensure: a prediction matrix pYnˆm with pyi P t0, 1um with }py}1 “ k for all i P rns
1: f Ð 1

2: for i P rns do
3: g Ð f d pηpxiq
4: pyi Ð select-top-kpgq
5: f Ð f d p1 ´ pηpxiq d pyiq
6: return pY
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6.9 Summary of the chapter

In this chapter, we have analyzed the problem of optimization of label-wise utilities
budgeted at k, i.e., utilities that decompose linearly over labels in the expected test
utility (ETU) framework. We demonstrated that the expected utility for label-wise
utilities is determined by the marginal conditional probability of labels ηjpxq “
Pryj “ 1 |xs, making optimization of these measures compatible with the current
approaches to XMLC. However, calculating expected utility requires averaging
over all combinations of possible confusion matrices, which is computationally
intractable with a large number of instances and labels. Because of that, we have
proposed a computationally efficient way of approximating the expected utility and
block coordinate ascent (BCA) algorithm for its optimization. For the proposed
approach, we have demonstrated regret guarantees and robustness against label
probability estimator (LPE) misspecification, expressed by L2 estimation error of
ηjpxq.

Overall, we have identified four categories of utilities in the ETU framework
that differ in complexity of the optimization algorithm – whether to use instance-
wise optimization (Section 6.4), or the block coordinate ascent (Section 6.5) – and
the guarantees for the result – whether semi-empirical quantities (Section 6.3) lead
to an optimal solution or a suboptimal one with error bounded by Theorem 6.3.2:

1. Fully linear: Optimal predictions for metrics that are linear in all entries of
the confusion matrix (in tp,pp, cp), as in (5.2), can be solved exactly in an
instance-wise manner. Examples are classical metrics such as instance-wise
precision@k, propensity-scored precision@k, or Hamming-loss@k.

2. Linear in predictions: Approximately optimal predictions for metrics that
are linear in the predictions (in tp,pp) as given in (6.16) can be obtained
using instance-wise optimization, by switching from ΦETU to Φ̃ETU. An
example is macro-recall@k and macro-balanced accuracy@k.

3. Linear in labels: If a metric is linear in the label variables (in tp, cp) as
given in (6.8), then Φ̃ETU ” ΦETU. However, the resulting combinatorial
optimization problem for Φ̃ETU is still complex enough, and we can solve it
only locally. An example is macro-precision@k.

4. Nonlinear metrics: If none of the above apply, we have Φ̃ETU ‰ ΦETU,
and have to solve it locally using block-coordinate ascent (BCA). This is the
case of macro-Fβ-measure@k or macro-Jaccard similarity@k. Coverage@k
is also a nonlinear metric, but as we showed in Section 6.7, we can efficiently
calculate ΦETU for it, however, we still can only solve it locally using a
specialized variant of BCA procedure.

We present the results of the BCA combined with a popular label probability
estimator for extreme multi-label classification problems in Chapter 9, demonstrat-
ing that it is an effective and efficient method for optimizing label-wise utilities in
the ETU framework.



7
Optimization of label-wise metrics at k

under population utility framework

Following the ETU framework, in this chapter, we move to the problem of opti-
mizing label-wise metrics at k under the population utility (PU) framework, and
propose an efficient algorithm for this task. This chapter mostly summarizes the
results co-authored in Schultheis et al. [2024].

7.1 Randomized classifier and expected confusion matrix

We start our analysis by defining hrnd@k P H@k, which is a randomized classifier
budgeted at k. Such a classifier hrnd@k can be defined on a vector of marginal
probabilities of sampling each label θ P r0, 1sm, such that }θ}1 “ k, since one
can construct a distribution over binary vectors py with }py}1 “ k and marginals
θj “ P rpyj “ 1 |xs for all labels j. This can be accomplished using, e.g., Madow’s
sampling scheme, which we present in detail in Appendix A.4.1. Then, let us
define the space ∆@k :“ tθ P r0, 1sm : }θ}1 “ ku, where θpxq are all (measurable)
functions of the form θ : X Ñ ∆@k. We denote the set of such functions as S@k,
and define a randomized classifier as:

hrnd@kpxq :“ sample-k pθpxqq , (7.1)

where sample-k is a function that samples a k-hot encoded vector according to
marginal distribution θpxq (e.g., using Madow’s sampling).

As a reminder, in the PU framework, we are interested in the utility of a
classifier calculated over the expected value of a confusion matrix calculated on
the population distribution P rx,ys:

ΦPUphq :“ Ψ
´
Ex,y„Prx,ys

”
pCpy,hpxqq

ı¯
. (7.2)

Using the definition of randomized classifier hrnd@k, we define the expected multi-
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label confusion matrix of a randomized classifier:

Cphrnd@kq :“ Ex,y„Prx,ys

”
pCpy,hrnd@kpxqq

ı
, (7.3)

where pCpy,hrnd@kpxqq is the confusion matrix, as defined in (2.5). This results in
Cphrnd@kq “ rcphrnd@k

1 q, . . . , cphrnd@k
m qs where

cphrnd@k
j q “ rtnphrnd@k

j q, fpphrnd@k
j q, fnphrnd@k

j q, tpphrnd@k
j qs , (7.4)

is the expected binary confusion matrix with entries:

tnphrnd@k
j q :“ Ex,y„Prx,ysrp1 ´ yjqp1 ´ hrnd@k

j pxqs
“ Ex„Prxsrp1 ´ ηjpxqqp1 ´ θjpxqqs

fpphrnd@k
j q :“ Ex„Prxsrp1 ´ ηjpxqqθjpxqs

fnphrnd@k
j q :“ Ex„Prxsrηjpxqp1 ´ θjpxqqs

tpphrnd@k
j q :“ Ex„Prxsrηjpxqθjpxqs . (7.5)

The set of all possible expected binary confusion matrices is the same as the set
of all possible empirical binary confusion matrices C “ ␣

c P r0, 1s4 : }c}1 “ 1
(
, as

defined in Section 2.2.1. We use it here to define the set of possible expected
multi-label confusion matrices of a classifier budgeted at k

Cm,@k “
#
C P r0, 1sm,4 :

mÿ

j“1

pcj,fp ` pcj,tp “ k

+
. (7.6)

Because the PU framework requires the metric to be defined on a confusion matrix,
we will mostly use the notation of utility as a function of the confusion matrix
ΨpCq in this chapter.

While in general, given two confusion matrices, we cannot say which one is
better than another without knowing the utility function, however, we can impose
a partial order that most reasonable performance metrics should respect. We
assume the utility should increase or stay the same if both true positives and true
negatives increase. The below definition is an adaptation of a similar concept
given by [Singh and Khim, 2022]:

Definition 7.1.1 (Admissible Binary Confusion Matrix Utility). Let c, c1 P C.
Then we say that c1 is at least as good as c, c1 ľ c, if there exist constants ϵ1, ϵ2
such that

c1 “ rctn ` ϵ1, cfp ´ ϵ1, cfn ´ ϵ2, ctp ` ϵ2s , (7.7)

i.e., if c1 can be generated from c by turning some false positives to true negatives
and false negatives to true positives. A function ψ : C ÝÑ r0, 1s is called a
admissible binary confusion matrix utility if it respects that ordering, i.e., if for
c1 ľ c we have ψpc1q ě ψpcq.

Similarly, in the multi-label case we cannot compare arbitrary confusion matri-
ces, where one is better on some labels than on others, but we can recognize if
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one is better on all labels:

Definition 7.1.2 (Admissible Multi-label Confusion Matrix Utility). For a given
number of labels m P N, and two confusion matrices C,C1 P Cm, we say that C1 is
at least as good as C, C1 ľ C, if for all labels j P rms it holds that c1j ľ cj . A
function Ψ : Cm ÝÑ r0, 1s is called a confusion tensor measure if it respects this
ordering, i.e., if for C1 ľ C we have ΨpC1q ě ΨpCq.

7.2 The optimal classifier in PU framework

Finding the form of the optimal classifier for general macro-averaged performance
metrics is difficult. However, under mild assumption on the data distribution,
the optimal classifier exists and turns out to be the maximizer of some linear
utility (5.2), whose coefficients, however, depend on its (unknown a priori) confusion
matrix.

As we showed in Section 3.2 linear utilities, which are a special case of (5.1),
have an appealingly simple form that boils down to simply sorting labels by
an affine function of the marginals, and returning the top k elements, with ties
broken arbitrarily. Because of the linearity of expectation this is also true under
PU framework with expected confusion matrix Cphpxqq. We consider this again
because it will appear as a subproblem when finding optimal predictions for
non-linear macro-averages later in this section.

Theorem 7.2.1 (Regret for linear utilities under PU framework). The optimal
classifier h‹ P argmax hPH@k Ψphq for Ψphq “ řm

j“1 gj ¨ cj and any gain matrix
G is given by:

h‹pxq :“ select-top-k pa d ηpxq ` bq , (7.8)

where:
a “ g:,tn ` g:,tp ´ g:,fp ´ g:,fn , b “ g:,fp ´ g:,tn . (7.9)

Proof (sketch, full proof in Appendix A.4.2). The proof is very similar to the proof
of Theorem 3.2.1 which presents the optimal classifier for general instance-wise
weighted utilities@k. It follows the same algebraic manipulations. The objec-
tive can be written as Ψphq “ Ex„Prxs

”řm
j“1pajηjpxq ` bjqhjpxq

ı
` r, where

r does not depend on the classifier. For each x P X , the objective can thus
be independently maximized by the choice of hpxq P H@k which maximizesřm

j“1pajηjpxq ` bjqhjpxq.
For the class of randomized classifiers hrnd@k, this is simply achieved by sorting

ajηjpxq ` bj in a descending order, and setting θjpxq “ 1 for the top k coordinates,
and θjpxq “ 0 for the remaining coordinates (with ties broken arbitrarily), resulting
in θpxq “ select-top-k pa d ηpxq ` bq. From now on, to the end of this chapter,
we will use h to refer to classifiers belonging to the class of randomized classifiers
hrnd@k. As we showed above, this includes linear deterministic classifiers as (7.8).
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In Section 3.2, we already showed that precision@k, and Hamming score
are linear utilities, however, we can also notice that macro-recall@k and macro
balanced accuracy from Table 5.1 are also linear utilities under the PU framework,
as the denominators in their definitions do not depend on the classifier. As in
the case of the ETU framework, we can see that macro-recall@k is a linear utility
with ψjpcjq “ cj,tp

πj
and has aj “ 1

πj
, bj “ 0, so that the optimal classifiers h‹pxq

returns top k labels sorted according to ηjpxq
πj

, where πj :“ Pryi “ 1s. Also, the
macro-balanced accuracy@k can be presented as ψjpcjq “ ctp

2πj
` ctn

2p1´πjq
, giving

aj “ 1
2πj

` 1
2p1´πjq

, bj “ ´ 1
2p1´πjq

. The optimal classifier then sorts labels according

to ηjpxq
πj

´ 1´ηjpxq
1´πj

.
Moving forward, we now switch to the general case, in which the base binary

utility ψj are not necessarily decomposable over instances, and optimizing their
macro averages with budgeted predictors is a challenging task. We make the
following mild assumption on the data distribution.

Assumption 7.2.2. The label conditional marginal vector ηpxq “ Pry |xs is
absolutely continuous with respect to the Lebesgue measure on r0, 1sm (i.e., has a
density over r0, 1sm).

A similar assumption was commonly used in the past works [Koyejo et al.,
2014, Narasimhan et al., 2015, Dembczyński et al., 2017].

Assumption 7.2.3. The performance metric Ψ is differentiable and fulfills for all
labels j P rms:

B
BϵΨpc1, . . . , cj ` ϵr1,´1,´1, 1s, . . . , cmq

ˇ̌
ˇ̌
ϵ“0

ą 0 . (7.10)

Assumption 7.2.3 is essentially a strictly monotonic and differentiable version
of Definition 7.1.2, and is satisfied by all macro-averaged metrics given in Table 5.1,
except for coverage.

To state the main result concerning the form of the optimal classifier for general
macro-averaged admissible binary confusion matrix measures, we need additionally
to define Cm,@k

P “ tCphq : h P H@ku, the set of confusion matrices achievable by
randomized k-budgeted classifiers on distribution P rx,ys. Clearly, maximizing
Ψphq over h P H@k is equivalent to maximizing ΨpCq over C P Cm,@k

P .

Theorem 7.2.4 (Regret for admissible multi-label utilities under the PU frame-
work). Let the data distribution P rx,ys and metric Ψ satisfy Assumption 7.2.2
and Assumption 7.2.3, respectively. Then, there exists an optimal C‹ P Cm,@k

P , that
is ΨpC‹q “ Ψ‹. Moreover, any classifier h‹ maximizing the linear utility G ¨ Cphq
over h P H with G “ rg1, . . . ,Gms given by gj “ ∇pcjΨppc‹q, also maximizes Ψphq
over h P H.

Proof (sketch, full proof in Appendix Appendix A.4.3. We first prove that Cm,@k
P

is a compact set by using certain properties of continuous linear operators in
Hilbert space. Due to continuity of Ψ and the compactness of Cm,@k

P , there
exists a maximizer C‹ “ argmax

CPCm,@k
P

ΨpCq. By the first order optimality
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and convexity of Cm,@k
P , ∇ΨpC‹q ¨ C‹ ě ∇ΨpC‹q ¨ C for all C P Cm,@k

P , so C‹

maximizes a linear utility G ¨ C‹ with gain matrices given by G “ ∇ΨpC‹q. A
careful analysis under Assumption 7.2.2 shows that C‹ uniquely maximizes G ¨ C
over C P Cm,@k

P .

Theorem 7.2.4 reveals that Ψ-optimal classifier exists and can be found by
maximizing a linear utility, that is, by predicting the top k labels sorted according
to an affine function of the label marginals: h‹pxq “ select-top-kpa‹ d ηpxq ` b‹q
for vectors a‹ and b‹ defined for gain matrices G “ ∇ΨpC‹q as in Theorem 7.2.1.
Unfortunately, since C‹ is unknown in advance, coefficients a‹, b‹ are also unknown,
and the optimal classifier is not directly available. However, knowing that h‹

optimizes a linear utility induced by the gradient of Ψ leads to a consistent
algorithm described in the next section.

7.3 Consistent classifier via Frank-Wolfe

An algorithm we propose has to operate on a finite sample, so we go back to our
initial empirical definitions of confusion matrix pC (2.5) and empirical estimates of
marginals pηpxq given by some LPE trained on training dataset Dtrain “ pX,Yq.

Following the work of Narasimhan et al. [2015], that focuses on the optimization
of multi-class utilities, we use the Frank-Wolfe algorithm [Frank and Wolfe, 1956]
to perform an implicit optimization over feasible confusion matrices Cm,@k

P , without
having to explicitly construct Cm,@k

P . This is possible because Frank-Wolfe only
requires us to be able to solve two sub-problems: First, given a classifier h, we need
to calculate its empirical confusion matrix, which is straightforward. Second, given
a classifier and its corresponding confusion matrix, we need to solve a linearized
version of the optimization problem, which is possible due to Theorem 7.2.1.

Consequently, our algorithm, which we present in Algorithm 7.1, proceeds as
follows: In the beginning, we split the available training data into two subsets.
One for estimating label probabilities pη, and one for tuning the actual classifier.
After determining pη, we initialize h to be the standard top-k classifier, which
will get iteratively refined as follows. For the confusion matrix of the current
classifier, we can determine a linear objective based on its gradient. We then
find a new linear classifier of the form as in (7.8) that maximizes this linearized
utility. Because we can linearly interpolate stochastic classifiers, which will lead
to linearly interpolated confusion matrices, we can obtain the direction of the
descent along which we can optimize the step size,1 and the confusion matrix for
this classifier. We visualize this part of the algorithm in Figure 7.1. Based on
this new confusion matrix, we can do the next linearized optimization step until
we reach a stopping condition. We represent the randomized classifier as a set

1The classical version of the FW algorithm uses a fixed step-size schedule of 2
t`1

instead of
an inner optimization, but we find the latter to give better results empirically. However, for the
convergence result, we assume fixed steps.
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of deterministic classifiers ht with corresponding weights αt obtained across all
iterations of the algorithm.

Utility function Ψ

Set of all feasible C

Cm,@kP

Ct−1

Ψ(Ct−1)
Ψ(C′)

C′Ct

Ψ(Ct)

Figure 7.1: A visualization of a single step in the introduced
Frank-Wolfe algorithm for optimization of multi-label utilities.

Algorithm 7.1 Frank-Wolfe algorithm for optimization of multi-label utilities
Require: a dataset Dtrain, required budget k, utility function Ψ, stopping condition

criterions ϵ and ϵα
Ensure: a randomized classifier hrnd@k

1: split dataset Dtrain “ pX,Yq into D1 “ pX1,Y1q and D2 “ pX2,Y2q
2: learn label probability estimator pη : X ÝÑ Rm on D1

3: initialize first classifier h0 : X ÝÑ Y@k

4: calculate confusion matrix of the initial classifier pC0 Ð pCpY2,h
0pX2qq

5: α0 Ð 1

6: t Ð 0

7: uold Ð ´8
8: unew Ð ΨppC0q
9: while unew ą uold ` ϵ^ αt ą ϵα do

10: t Ð t` 1

11: Gt Ð ∇ pCΨppCt´1q
12: at Ð gi

:,tp ` gi
:,tn ´ gi

:,fp ´ gi
:,fn

13: bt Ð gi
:,fp ´ gi

:,tn

14: htpxq Ð select-top-kpat d ηpxq ` btq
15: pC1 Ð pCpY2,h

tpX2qq
16: αt Ð argmax αPr0,1s Ψpp1 ´ αqpCt´1 ` αpC1q
17: pCt Ð p1 ´ αtqpCt´1 ` αt pC1

18: for t1 P t0, . . . , t´ 1u do
19: αt1 Ð αt1 p1 ´ αtq
20: uold Ð unew

21: unew Ð ΨppCtq
22: return pth0, . . . ,htu, tα0, . . . , αtuq
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7.3.1 Computational complexity of the FW algorithm and
resulting randomized classifier

The time and space complexity of the single step of Algorithm 7.1 are both
Op|D2|m`m` tq, assuming constant time for the gradient calculation of a single
entry of the confusion matrix (line 9), and finding optimal step size α (line
14). Then predicting using ht for X2 (line 13) have complexity of Op|D2|mq, as
top-k selection can be performed in linear time using the introspective selection
algorithm [Musser, 1997] and the rest of the operations require either Opmq (lines
9-11, 14-15) or Optq (lines 16-17).

Predicting with randomized classifier pth0, . . . ,htu, tα0, . . . , αtuq for a single
instance x requires randomly selecting, according to probabilities tα0, . . . , αtu, one
of classifier hspxq “ select-top-k pas d ηpxq ` bsq resulting in worst case Opi`mq
complexity. This complexity might be too high for extreme classification problems,
where both n and m are very large. Because of that, we show a more efficient
variant of the FW algorithm in Chapter 8.

7.3.2 Consistency of the FW algorithm
The introduced algorithm can consistently optimize the macro-averaged perfor-
mance metric if it fulfills certain conditions:

Theorem 7.3.1 (Consistency of the Frank-Wolfe algorithm). Assume the utility
function Ψ : r0, 1smˆ4 ÝÑ R is concave over Cm,@k

P , L-Lipschitz, and β-smooth
w.r.t the L1-norm. Let S “ pS1,S2q be a sample drawn i.i.d. from P. Further,
let pη be a label probability estimator learned from S1, and hFW

S be the classifier
obtained after κn iterations. Then, for any δ P p0, 1s, with probability of at least
1 ´ δ overdraws of S,

RegphFW
S q ď O

`
Ex„Prxs}ηpxq ´ pηpxq}1

˘

` Õ
˜
m2

c
m ¨ logm ¨ log n´ log δ

n

¸
` 8βm

κn` 2
. (7.11)

Proof (sketch, full proof in Appendix A.4.4). The proof broadly follows a similar
result of Narasimhan et al. [2015]. First, we show that linear metrics can be
estimated consistently with a regret growing with the L1 error of the LPE. Then,
we prove a uniform convergence result for estimating the multi-label confusion
matrix. As a prerequisite, we derive the VC-dimension of the class of classifiers
based on top-k scoring, i.e., those classifiers that minimize some linear confusion
matrix metric as shown in Theorem 7.2.1. We derive an upper bound of 6m logpemq
as shown in the lemma below.

Lemma 7.3.2 (VC dimension for linear top-k classifiers). For η : X ÝÑ r0, 1sm,
define the hypothesis class

Hj
η :“

ď

a,bPRm

th : X ÝÑ t0, 1u : hpxq “ 1 rj P arg top-k pa d η ` bqsu . (7.12)
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The VC-complexity of this class is

VCpHj
ηq ď 6m logpemq . (7.13)

To prove this lemma, we first notice that for any given a, b, the hypothesis
predicts one, hjpxq “ 1, iff exists a set of m´ k indices I Ă rms with |I| “ m´ k,
j R I, such that for all i P I the score aiηi ` bi ď ajηj ` bj is not greater than the
score of label j.

Then we show that this computation can be realized as a two-layer network
with 2pm´ 1q edges and m´ 1 computation nodes. If we allow the output node
to be more general – a generic linear threshold function, the VC-dimension of
this extended function class H1 can only grow. For this extended class, we can
apply [Baum and Haussler, 1988, Corollary 3], which gives an upper bound for
the VC-dimension.

With this upper bound of the VC dimension, we can apply standard arguments
for the convergence of the Frank-Wolfe algorithm.

Frank-Wolfe algorithm for metrics without a budget constraint

The introduced Frank-Wolfe algorithm can also be used to optimize label-wise
metrics without the budget k constraint. Since all utilities used in practice
are non-decreasing with true positives and true negatives (gj,tp, gj,tn ě 0),
and non-increasing with false negatives and false positives (gj,fn, gj,fp ď 0),
we get aj ě 0, and thus maximizing

řm
j“1pajηjpxq ´ bjqhjpxq boils down

to choosing pyj “ 1 whenever the conditional probability ηjpxq exceeds a
threshold ´bj

aj
. Using the above observation, one can prove that thresholding

ηpxq is the optimal classification rule for maximizing Ψ under Population
Utility framework [Koyejo et al., 2014, Narasimhan et al., 2014], under mild
assumptions on the data distribution and utility function Ψ.

7.4 Summary of the chapter

In this chapter, we have analyzed the optimization problem of metrics budgeted
at k, being functions of a multi-label confusion matrix, which also include label-
wise utilities, in the population utility (PU) framework. We have first shown
that under the PU framework, macro-recall@kand macro-balanced accuracy@k
are linear utilities. Then, we have demonstrated that under the conditions of
the conditional marginal distribution ηpxq to be absolutely continuous and of
utility ΨppCq to be strictly monotonic and differentiable, which is satisfied by most
utilities of interest, the optimal classifier is a linear function of a confusion matrix.
Next, we have introduced a consistent Frank-Wolfe (FW) algorithm, which is
capable of finding an optimal randomized classifier by transforming the problem
of optimizing over classifiers to a problem of optimizing over the set of feasible
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confusion matrices and by using the fact that the optimal classifier optimizes
(unknown) linear confusion matrix. In Chapter 9, we present the empirical results
of the FW, combined with the state-of-the-art label probability estimator for
extreme multi-label classification, demonstrating that it is an effective and efficient
method for the optimization of label-wise utilities in the PU framework.

Beyond label-wise utilities in PU and ETU frameworks

Notice that the introduced Frank-Wolfe algorithm can also be applied to
utilities that do not decompose over labels, it only requires for the utility ΨpCq
to be differentiable in C.

While in this work we keep our analysis constrained to label-wise util-
ities (5.1), it is worth noticing that a similar linearization of the objective
can be applied to the Block Coordinate Algorithm introduced in Section 6.5.
Directly calculating the expected gain of predicting a single label (6.23) can be
done in linear time only for label-wise utilities. For other types of metrics, one
can calculate the gradient of the current ETU approximation of the confusion
matrix without the currently considered instances and select the prediction
that maximizes the linearized utility of the function:

pys “ argmax
py

∇C̃Ψ
´
C̃
´
pYt1,...,nuzs

¯¯
¨ EY„PrY |Xs

”
C̃ppysq

ı
. (7.14)

By abbreviating ∇C̃Ψ
´
C̃
´
pYt1,...,nuzs

¯¯
as G, we can write down (7.14) as:

pys “ argmax
py

mÿ

j“1

pajηjpxq ` bjqpyj , (7.15)

with aj “ gj,tp ` gj,tn ´ gj,fp ´ gj,fn and bj “ gj,fp ´ gj,tn. Once again,
maximizing (7.15) corresponds to setting pyj = 1 whenever ηjpxq ě ´bj

aj
, or in

case of prediction budgeted at k, selecting of k labels with highest values of
ajηjpxq ` bj .

The same generalization can be applied to the Greedy algorithm (Sec-
tion 6.8), resulting in a general online algorithm for complex utilities. Such an
algorithm has been studied in detail in [Kotłowski et al., 2024].
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Efficient algorithms for at k prediction

In this chapter, we introduce methods that allow for efficient inference using
algorithms presented in Chapters 3, 6 and 7 in the setting of extreme multi-label
classification. We start the chapter with a discussion how we can leverage the
sparsity of the label space to reduce the time and space complexity of the inference
algorithms, generalizing the analysis presented in Schultheis et al. [2023]. Then,
we introduce the idea of probabilistic label trees (PLTs) [Jasinska et al., 2016] that
can be used as an output layer for an arbitrary neural network architecture and
allows efficient training and prediction [Wydmuch et al., 2018, 2021].

8.1 Reducing the complexity of the algorithms via compressed
sparse representations

The algorithms introduced so far in Chapters 3, 6 and 7 need to obtain estimates
pηpxq of all conditional marginal probabilities. After obtaining them, the time
and space complexity of the inference is of order Opmq for each instance x in the
case of all presented algorithms, that is, for the optimal prediction for instance-
wise weighted utilities and (n)DCG@k (Chapter 3), for the single update in
the BCA algorithm (Chapter 6), and for the prediction with the randomized
classifier obtained via the Frank-Wolfe algorithm (Chapter 7). As mentioned in
Chapter 1, this is problematic in the setting of XMLC, where many methods aim
to predict precise probabilities only for a few top labels, in time sublinear to m.
This characteristic of XMLC algorithms can be combined with the introduced
algorithms to efficiently obtain an approximate solution.

Instead of predicting all pηpxq, we can focus only on top-k1 labels with the
highest pηjpxq, where k ! k1 ! m. For all other labels, we then assume pηjpxq “ 0.
Under the reasonable assumption on utility function Ψ of being non-decreasing
with true positives and true negatives, and non-increasing with false negatives and
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false positives, we leverage the sparsity of pηpxq by considering labels with non-zero
pηjpxq only to reduce the time and space complexity of the inference algorithms.

Let us recall that for the discussed algorithms in Chapters 3, 6 and 7, we
introduce regret bounds that depend on either L1 (Theorems 3.2.2, 3.4.1, 6.7.1
and 7.3.1) or L2 (Theorem 6.6.1) error of the predicted conditional marginal
probabilities of labels. As in real-world datasets, the number of relevant labels
}y}1 is much lower than m, and most ηjpxq are close to 0, with reasonably selected
k1, according to these regret bounds, we should only slightly increase the regret.
At the same time, predicting only top-k1 labels and their conditional probabilities
is, by design, much more efficient in many XMLC methods. Alternatively, instead
of predicting fixed top-k1 for each instance, some XMLC methods allow for the
prediction of all labels whose probability estimates exceed a given threshold. While
this potentially allows for more precise control of a regret, for simplicity of the
analysis of the algorithms’ complexity, we keep the assumption that k1 is the same
for each instance.

To take advantage of the sparsity of labels, one can use a compressed sparse
(CS) representation of vectors. The sparse representation of vector a of size1 |a|
consists of a list of tuples with index and value of non-zero elements cspaq :“
rpi, aiq|a|i“1 : ai ‰ 0s, with |cspaq| denoting the number of tuples in the list (non-zero
elements of a vector a). We also use Y symbol to denote the concatenation of lists.
Let us notice that under this representation, the basic vector operations have the
following complexities:

• an operation of addition of a dense vector and a sparse vector (a ` cspbq)
has a complexity of Op|a|q or Op|cspbq|q for in-place addition,

• an operation of addition of a sparse vector and a sparse vector (cspaq `cspbq)
has a complexity of Op|cspaq| ` |cspbq|,

• a dot product and Hadamard (element-wise) products of a dense vector and
a sparse vector, which return another sparse vector (a ¨ cspbq,ad cspbq) have
complexities of Op|cspbq|,

• a dot and Hadamard products of a sparse vector with a sparse vector
(cspaq ¨ cspbq, cspaq d cspbq) have complexity Op|cspaq| ` |cspbq|, if both cspa,
and cspbq are sorted according to their indices. Otherwise the complexity
turns into Op|cspaq| log |cspaq| ` |cspbq| log |cspbq|q.

In the setting of XMLC, the label space is so large that Y and pY, in practice,
are almost always represented as matrices in the compressed sparse row (CSR)
format, in which each row of a matrix is stored in the compressed sparse vector
representation. Now we additionally assume that pηpxq is also in the compressed
sparse format with exactly k1 non-zero elements, i.e., |csppηpxqq| “ k1. As we
predict k labels for each instance, the resulting matrix pY has each row of exactly
k non-zero elements (ones), i.e., @iPrns|csppyiq| “ k.

Under the additional assumption that we never predict labels with ηjpxq “ 0,
1Please note that we use the set notation for the number of elements in a vector (i.e., the size

of a vector). The same notation we apply to the compressed sparse representation of vectors,
which is a list.
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we can reduce the complexity of the select-top-kpa d ηpxq ` bq function by using
compressed sparse representation to Opk1q and Opk1 ` kq for time and space,
respectively. This is because a d ηpxq ` b requires Opk1q operations (with b being
added only to non-zero entries) and selection of top k can be performed using
the introspective selection algorithm [Musser, 1997] which has Opk1q time and
Opk1 ` kq space complexity. We present this procedure in Algorithm 8.1.

Algorithm 8.1 Sparse select-top-kpa ¨ ηpxq ` bq
Require: labels marginal probability estimates for an instance ηpxq, required budget k,

vectors a and b

Ensure: a sparse prediction vector csppyq with k non-zero entries
1: cspgq Ð H
2: for pj, ηjq P cspηpxqq do
3: cspgq Ð cspgq Y pj, ajηj ` bjq
4: csppyq Ð select-top-kpcspgqq
5: return csppyq

Additionally, we are interested in the complexity of calculating the entries of
a confusion matrix, used in the BCA as well as in the Frank-Wolfe algorithm,
under the sparse representation of labels cspyq, predictions csppyq, and estimated
conditional marginal probabilities csppηpxqq. Let us start with BCA, which first
needs to calculate the initial confusion matrix in the alternative parametrization,
and then update the confusion matrix for every changed prediction:

• Calculation of the true positives ratio for all labels c̃:,tp “ 1
n

řn
i“1 csppηpxiqqd

csppyiq has time and space complexity O pnpk1 ` kqq for a set of n instances,
and updating it (subtracting and adding for change in csppyiq) for a single
instance xi is O pk1 ` kq.

• Calculation of predicted positives pc:,pp “ 1
n

řn
i“1 csppyiq has simply complexity

of Opnkq and Opkq for an update.

• Finally, calculation of conditional positives c̃:,cp “ 1
n

řn
i“1 csppηpxiqq has

complexity Opnk1q; this value is computed only once in the BCA algorithm.

Under a similar assumption as in the case of sparse selection of top-k labels
(Algorithm 8.1), that an algorithm does not predict labels with marginal probability
equal to 0, the time and space complexity of a single iteration of BCA algorithm
reduces from O pnm`mq to O pnpk1 ` kq ` k1 ` kq.

Now let us move to the Frank-Wolfe algorithm, which in every step needs to
calculate the confusion matrix for the validation set D2 and predictions of a new
weighted classifier, CpY2,h

ipX2qq:
• Calculation of the true positives ratio for all labels pc:,tp “ 1

n

řn
i“1 cspyiq d

csppyiq has complexity O
`|D2|pEy„Pry |xsr|cspyq|s ` kq˘ for set of |D2| in-

stances.

• Calculation of false positives pc:,fp “ 1
n

řn
i“1p1´cspyiqqdcsppyiq has the same

complexity as above, because of the distributive property of the Hadamard
product, i.e., p1 ´ cspyiqq d csppyiq “ 1 d csppyiq ´ cspyiq d csppyiq.
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• Calculation of false negatives pc:,fn “ 1
n

řn
i“1 cspyiq d p1 ´ csppyiqq has also

the same complexity by the same argument as above.

• Calculation of true negatives pc:,fn “ 1
n

řn
i“1p1 ´ cspyiq d p1 ´ csppyiqq has,

unfortunately, the complexity of Opmq as the distributive property of the
Hadamard product does not help to reduce it in this case. However, as
true negatives are redundant in the presence of all the other entries of the
confusion matrix, they can be easily calculated by subtracting true positive,
false negative, and false positive rates from a vector of ones, in case they are
needed.

Combining this with the efficient selection of top-k labels by a classifier, the time
and space complexity of a single step of Frank-Wolfe (Algorithm 7.1) reduces from
O p|D2|m`m` iq to O

`|D2|pEy„Pry |xsr|cspyq|s ` kq `m` i
˘
.

In empirical experiments in Chapter 9, we demonstrate that indeed selecting
from top-k1, with k1 “ 100 has minimal impact on predictive performance, while
it reduces time and memory requirements by orders of magnitude.

8.2 Efficient training and inference with a large number of
labels via probabilistic label trees

In the previous section, we discussed a general method of reducing the time and
space complexity of the algorithms considered in this work, at the risk of suffering
small regret. In this section, we discuss an algorithm for training a probability
estimator ηpxq, that reduces both the complexity of training and allows for efficient
exact prediction for select-top-kpa d ηpxq ` bq, possibly elevating the issue of
suffering regret when considering only top-k1 labels at the same time being faster
when aiming to predict k ! k1 labels.

To achieve this, we consider a class of methods, referred to as probabilistic
label trees (PLTs) [Jasinska et al., 2016], which is a popular approach in XMLC
with many variants and improvements [Prabhu et al., 2018b, Wydmuch et al., 2018,
Khandagale et al., 2020, You et al., 2019a, Chang et al., 2020, Jasinska-Kobus
et al., 2020, Ye et al., 2020, Jiang et al., 2021, Zhang et al., 2021, Yu et al., 2022],
due to its high predictive and computational performance, being at the same time
a pure multi-label approach that does not require any additional information about
labels.

PLTs efficiently solve the problem of estimation of marginal label probabilities
in multi-label classification. To this end, they reduce the original problem to a set
of binary problems organized in the form of a tree, to which we refer as a label
tree. In the case of standard multi-label classification, the labels are assigned to m
leaf nodes, each label to one and only one node. PLTs can also naturally support
hierarchical multi-label classification. In this case, the labels are also assigned to
non-leaf nodes.

We denote a tree by T that consists of a set of its nodes (vertices), denoted
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vroot, v1

lbpv1q “ ∅
v2

lbpv2q “ ∅
v4

lbpv4q “ 1

v5

lbpv5q “ 2

v3

lbpv3q “ ∅
v6

lbpv6q “ 3

v7

lbpv7q “ 4

Figure 8.1: A label tree with 4 labels assigned to leave nodes. For
example, in this tree: Pathpv4q “ tv1, v2, v4u, Chpv1q “ tv2, v3u,
Labelspv2q “ t1, 2u, papv4q “ v2, vp1q “ v4.

as V, that are connected by edges. The root node is denoted by vroot, a parent
node of v by papvq, and the set of child nodes by Chpvq. A node can have a single
label assigned to it, the assigned label to node v is denoted as lbpvq, and a node
corresponding to label j as vpjq. Each label j P rms is assigned to exactly one
unique node in V. The set of labels assigned to the nodes in (sub)tree rooted in
node v is denoted by Labelspvq, and the path from node v to the root by Pathpvq.
An example of a label tree and all the above operators can be found in Figure 8.1.

PLT uses tree T to factorize marginal conditional probabilities of labels ηjpxq,
by using the chain rule. Let us define an event that Labelspvq contains at least
one relevant label from y:

zv “ 1

»
– ÿ

jPLabelspvq

yj ą 0

fi
fl . (8.1)

Now for every node v P V, the marginal conditional probability of containing at
least one relevant label ηTv is given by:

ηTv pxq “ Przv “ 1|xs “
ź

v1PPathpvq

ηT px, v1q , (8.2)

where ηT px, vq “ Przv “ 1|zpapvq “ 1,xs for non-root nodes, and ηT px, vq “
Ppzv “ 1 |xq for the root. Notice that (8.2) can also be stated as a recursion:

ηTv pxq “ ηTpapvqpxqηT px, vq . (8.3)

For nodes with assigned labels, we get the marginal conditional probabilities of
labels:

ηjpxq “ ηTvpjqpxq . (8.4)

The idea of decomposing the conditional probability of a label was introduced
in the context of multi-class classification, and is known in the literature as the
nested dichotomies [Fox, 1997], hierarchical softmax [Morin and Bengio, 2005],
conditional probability estimation trees [Beygelzimer et al., 2009a], or probabilistic
classifier trees [Dembczyński et al., 2016].
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ηT px, v1q “ 1.0

ηTv1 “ 1.0

ηT px, v2q “ 0.8

ηTv2 “ 0.8

ηT px, v4q “ 0.1

η1 “ ηTv4 “ 0.08

ηT px, v5q “ 0.9

η2 “ ηTv5 “ 0.72

ηT px, v3q “ 0.2

ηTv3 “ 0.2

ηT px, v6q “ 0.1

η3 “ ηTv6 “ 0.02

ηT px, v7q “ 0.4

η4 “ ηTv7 “ 0.08

Figure 8.2: An example of decomposition of marginal conditional
probabilities by probabilistic label tree (PLT).

8.2.1 Training PLTs
To obtain a PLT, it suffices for a given T to train probability estimators of
ηT px, vq for all v P V. Because of the factorization (8.2), a probability estimator
in each node might be trained using only a subset of the entire training set
Dtrain :“ rpxi,yiqsntrain

i“1 .
The training algorithm relies on a proper assignment of training samples

pxi,yiq to nodes to correctly learn their probability estimators, as given in (8.2).
For each sample with labels y, the algorithm identifies a set of positive Ppyq
and negative nodes N pyq, i.e., the nodes for which a training example is treated,
respectively as positive (i.e., px, zv “ 1q), or negative (i.e., px, zv “ 0q). The
procedure is given in Algorithm 8.2. It initializes the positive nodes to the empty
set and the negative nodes to the root node (to deal with y being all zeros). Next,
it traverses the tree from the leaves corresponding to the labels of the training
example to the root, adding the visited nodes to the set of positive nodes. It also
removes each visited node from the set of negative nodes if it has been added
to this set before. All children of the visited node, which are not in the set of
positive nodes, are then added to the set of negative nodes. If the parent node of
the visited node has already been added to positive nodes, the traversal on this
path stops.

Algorithm 8.2 Assign positive and negative nodes to sample
Require: any tree structure T , a vector of labels y

Ensure: a set of positive and negative nodes that need to be updated for y in T
1: Ppyq Ð H
2: N pyq Ð tvrootu
3: for j P tj : yj “ 1u do
4: vv Ð vpjq
5: while v ‰ ∅ and v R Ppyq do
6: Ppyq Ð Ppyq Y tvu
7: N pyq Ð N pyqztvu
8: for v1 P Chpvq do
9: if v1 R Ppyq then N pyq Ð N pyq Y tv1u

10: v Ð papvq
11: return Ppyq,N pyq
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Notice that if we assume a complete tree with arity r (tree with all levels
fully filled, with each node having exactly r children, except on the last level),
the number of total updated nodes for each sample px,yq is upper-bounded by
}y}1r logrm. This number can possibly be lower, depending on how many nodes
are shared between paths from positive label nodes to the tree roots. Since in
XMLC }y}1 ! m, the computational complexity of training PLT is much lower
than training flat classifiers that do m updates for every instance.

Of course, in general, the tree does not need to be complete or have the same
arity for every node. The tree can be a predefined hierarchy of labels, however
in most cases, where the original structure of labels is flat, the artificial tree is
created on top of labels. While the original PLT was using a random complete
tree [Jasinska et al., 2016], it has been shown that the tree structure that places
the similar (i.e., co-occurring) labels close in the tree helps to learn good node
probability estimators pηpx, vq [Prabhu et al., 2018b]. Many different tree-building
techniques have been proposed, with the most popular involving hierarchical
clustering of labels into smaller subsets based on different representations of labels
[Prabhu et al., 2018b, Khandagale et al., 2020, Yu et al., 2022]. Shallow trees with
a large arity of nodes have become popular, as they are much more efficient to use
on GPUs [Jiang et al., 2021]. Busa-Fekete et al. [2019] considered the problem of
building the tree that will be the most efficient during the training or prediction,
showing the problem to be NP-complete in general. Jasinska-Kobus et al. [2021]
have proposed a method for building a tree in an online fashion without the need
to know the set of labels upfront.

8.2.2 PLT as an output layer of a neural network
Notice that all node probability estimators can be, in fact, trained independently.
Consequently, the original implementation, as well as some of the following variants
of PLTs, used independent methods for training probability estimators, e.g., logistic
regression. However, since the number of nodes is greater than the number of
labels |V| ą m, this limits the usage of larger independent models, e.g., deep
neural networks as node estimators, due to their space requirements. Moreover,
the usage of simple methods may limit the training of accurate node estimators.

To enable efficient learning of neural networks, inspired by the application of
hierarchical softmax [Goodman, 2001] as a loss layer for learning neural networks
for multi-class classification [Morin and Bengio, 2005, Joulin et al., 2017], Wydmuch
et al. [2018] have proposed using PLT as an output layer and loss function to
optimize the parameters of any underlying neural network. In the PLT output layer,
all node probability estimators are represented as a single matrix of parameters
W P R|V|ˆ|epxq| and bias vector b P R|V|, where epxq is a latent representation
vector of an instance x used as input to the PLT output layer. The node probability
estimates are then simply calculated as:

pηT px, vq “ σpwv ¨ epxq ` bvq , (8.5)

where σp¨q is a standard sigmoid function σpxq “ 1{p1 ´ e´1q. The PLT loss is
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then calculated for each instance x as:

ℓPLTpy, pηT px, ¨qq :“
ÿ

vPPpyq
log pηT px, vq `

ÿ

vPN pyq
logp1 ´ pηT px, vqq , (8.6)

with Ppyq and N pyq obtained using Algorithm 8.2. The parameters W, as well as
the rest of the parameters of the underlying neural network, can then be updated
using a gradient ∇ℓPLT in the standard backpropagation [Kelley, 1960]. Notice
that only positive and negative nodes contribute to the loss value, and for every
instance x, only weights wv, for v P Ppyq Y N pyq, need to be updated, reducing
the complexity of calculating the loss and of the last layer of a neural network in
comparison to the standard flat output and loss function, such as sigmoid output
and binary cross-entropy loss.

8.2.3 Efficient prediction with PLT
A true structure of PLT allows for applying a tree search algorithms for efficiently
finding a set of labels exceeding the given threshold τ or a set of labels with top-k
probabilities [Jasinska et al., 2016].

In the first case, we can apply any standard tree traverse algorithm, e.g., in a
depth-first or breadth-first manner. The algorithm starts traversal with the root
node vroot and adds children nodes to a simple first-in-first-out queue Q of nodes
to visit if their conditional marginal probability pηTv pxq exceeds threshold τ . Once
the queue is empty, the algorithms return all visited nodes with assigned labels,
resulting in a positive prediction of all labels with pηjpxq ą τ . We outline this
procedure in Algorithm 8.3. Finding all the labels with pηTv pxq exceeding a given
threshold τ can be used to create a classifier for some classic multi-label metrics,
such as the Hamming loss, or to create a sparse representation of marginal vectors
as discussed in Section 8.1. It is also easy to notice that Algorithm 8.3 can be
modified to support different thresholds for different labels, allowing its direct
application for prediction on label-wise utilities in the setting not constrained to
prediction without a budget at k. Let us consider a vector of thresholds rτ1, . . . , τms,
each for label j P tmu, instead of comparing with a constant threshold (line 9
of Algorithm 8.3), we compare with the lowest threshold of a label in the node’s
sub-tree pηv1pxq ą minjPLabelspv1q τj .

For finding top-k labels, one can apply uniform-cost search algorithm [Russell
and Norvig, 2009]. Again, the procedure starts the tree traversal with the root
node vroot. Every time it visits a node, all children of the node are added to
a priority queue QP, from which the algorithm takes (pops) the node with the
highest estimate of its conditional marginal probability pηTv pxq to visit next. The
algorithm stops once it visits k nodes with labels assigned to them, these labels
are guaranteed to be the ones of the top-k pηjpxq. We present this procedure in
Algorithm 8.4. The uniform-cost search is an exact algorithm, meaning that it
guarantees to find precisely top-k labels with the highest estimates of conditional
marginal probabilities pηjpxq. While in many practical applications, the above
algorithms work in time close to logarithmic in the number of labels m, in some
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Algorithm 8.3 Prediction of labels with pηjpxq above threshold τ
Require: any tree structure T , an estimator of marginal conditional probabilities of

nodes pηpx, v1q, threshold τ
Ensure: a prediction vector py, such that pyj “ 1 ô pηjpxq ą τ
1: py “ 0
2: initialize queue Q Ð H
3: pηTvroot

pxq Ð pηT px, vrootq
4: Q.addpppηT px, vrootq, vrootqq
5: while Q ‰ H do
6: ppηTv pxq, vq Ð Q.poppq
7: if lbpvq ‰ ∅ then pylbpvq Ð 1

8: for v1 P Chpvq do
9: pηTv1 pxq Ð pηTv pxqpηT px, v1q

10: if pηTv1 pxq ą τ then Q.addpppηTv1 pxq, v1qq
11: return py

cases, it may visit a huge part or even an entire tree. A more detailed analysis of
PLT inference complexity can be found in [Busa-Fekete et al., 2019].

Algorithm 8.4 Prediction of labels with top-k pηjpxq via uniform-cost search
Require: any tree structure T , an estimator of marginal conditional probabilities of

nodes pηpx, v1q, number of top labels to predict k
Ensure: a prediction vector py “ select-top-kppηpxqq
1: py “ 0
2: initialize priority queue QP Ð H
3: pηTvrootpxq Ð pηT px, vrootq
4: QP.addpppηTvrootpxq, vrootqq
5: while }py}1 ă k do
6: ppηTv pxq, vq Ð QP.poppq
7: if lbpvq ‰ ∅ then pylbpvq Ð 1

8: for v1 P Chpvq do
9: pηTv1 pxq Ð pηTv pxqpηT px, v1q

10: QP.addpppηTv1 pxq, v1qq
11: return py

To keep inference complexity constant, Prabhu et al. [2018b] propose to use a
beam search algorithm instead. This algorithm works in a breadth-first manner,
traversing the tree level by level. At each level, it visits all the nodes stored
in the queue and constructs the queue for the next level nodes by keeping only
b nodes with the highest pηTv pxq. The b is often referred to as the beam width.
Once the search is finished, the algorithm selects the top k nodes with assigned
labels among all visited nodes. Algorithm 8.5 presents the pseudocode of this
method. For the complete tree with arity r, the number of evaluated nodes is
upper bounded by br logrm. The trade-off for a better upper bound is the lack
of guarantee that beam search will find the exact top labels, which may result in
worse predictive performance [Jasinska-Kobus et al., 2020, Zhuo et al., 2020]. And
while the average number of visited nodes is not necessarily smaller than that of
uniform-cost search [Jasinska-Kobus et al., 2020], beam search is also easier to
parallelize than uniform-cost, possibly allowing more efficient implementations.
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Algorithm 8.5 Prediction of labels with top-k pηjpxq via beam-search
Require: any tree structure T , an estimator of marginal conditional probabilities of

nodes pηpx, v1q, number of top labels to predict k
Ensure: a prediction vector py “ select-top-kppηpxqq
1: py “ 0
2: initialize tree level queue Q Ð H
3: initialize a set of visited label nodes L Ð H
4: Q.addpppηT px, vrootq, vrootqq
5: while Q ‰ H do
6: Q1 Ð H
7: for ppηTv pxq, vq P arg top-b ppηT

v1 pxq,v1qPQ pηTv1 pxq do
8: if lbpvq ‰ ∅ then L Ð L Y lbpvq
9: for v1 P Chpvq do

10: pηTv1 pxq Ð pηTv pxqpηT px, v1q
11: Q1.addpppηv1 pxq, v1qq
12: Q Ð Q1

13: for j P arg top-k jPL pηjpxq do pyj Ð 1

14: return py

The two algorithms for top-k prediction allow us to construct the optimal
classifier for standard (not-weighted) instance-wise metrics at k, like precision@k,
Hamming-score@k, (n)DCG@k. Wydmuch et al. [2021] introduced an A‹-search-
based algorithm [Pearl, 1984, Russell and Norvig, 2009] for efficiently finding the
k labels with the highest expected gain of form ajpηjpxq, where aj P r0,8q is the
weight given to label j. Here, we present a more general variant of that algorithm
for calculating efficiently the select-top-kpa d pηpxq ` bq, with P Rm

` , which is
a form of optimal classifier for weighted instance-wise utilities (Section 3.2), as
well as a form of classifiers forming a randomized classifier that is a result of the
Frank-Wolfe algorithm (Section 7.3).

Wydmuch et al. [2021] showed that the problem of finding the label j with
a node with the highest ajpηjpxq “ aj

ś
v1PPathpvq pηT px, v1q is identical to finding

a node with the lowest value of ´ log aj ´ ř
v1PPathpvq log pηT px, v1q. This makes

the problem fit into the standard framework of A‹-search algorithm that looks
for the path with a minimal sum of costs. However, ajpηjpxq ` bj can no longer
be easily expressed in such an additive form. Because of that, we generalize this
approach to the BF‹ (best first star)-search [Pearl, 1984] procedure that allows
the use of more arbitrary functions than A‹-search, being its generalization. Our
algorithm resembles the already introduced uniform-cost search. It traverses a
tree, starting with the tree root vroot. As in the case of the uniform-cost search, it
uses a priority queue to decide on the order of visiting nodes. However, instead of
using pure conditional probabilities of nodes pηTv pxq, the search is guided with the
heuristic function fpx, vq, that estimates the gain of reaching the best label node
in a subtree of node v. Specifically:

fpx, vq “ amax
v pηTv pxq ` bmax

v

“ amax
v

ź

v1PPathpvq

pηT px, v1q ` bmax
v , (8.7)
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where amax
v “ maxjPLabelspvq aj and bmax

v “ maxjPLabelspvq bj are the largest values
of aj and bj that belong to a label assigned to the subtree of node v. We present
this procedure in Algorithm 8.6.

Algorithm 8.6 Prediction of labels with top-k pηTj pxq via BF ‹-search

Require: any tree structure T , an estimator of marginal conditional probabilities of
nodes pηT px, ¨q, number of top labels to predict k

Ensure: a prediction vector py “ select-top-kppηpxqq
1: py “ 0
2: initialize priority queue QP Ð H
3: pηTvroot

pxq Ð pηT px, vrootq
4: fpx, vrootq Ð amax

vrootpηTvrootpxq ` bmax
vroot

5: QP.addppfpx, vrootq, pηTvrootpxq, vrootqq
6: while }py}1 ă k do
7: p¨, pηTv pxq, vq Ð QP.poppq
8: if lbpvq ‰ ∅ then pylbpvq Ð 1

9: for v1 P Chpvq do
10: pηTv1 pxq Ð pηTv pxqpηT px, v1q
11: fpx, v1q Ð amax

v1 pηTv1 pxq ` bmax
v1

12: QP.addppfpx, v1q, pηTv1 pxq, v1qq
13: return py

To guarantee that the proposed search algorithm finds the optimal solution,
the top-k labels with the highest overall gains in the tree, we need to ensure
that fpx, vq is admissible, i.e., it never underestimates the gain of reaching a
leaf node [Pearl, 1984].2 We also would like fpx, vq to be consistent, making
the BF‹-search optimally efficient, i.e., there is no other algorithm used with the
heuristic that expands fewer nodes in the tree [Pearl, 1984]3.

Theorem 8.2.1. For any T, pηpx, ¨q,a, b, and x, the Algorithm 8.6 is admissible
and optimally efficient.

Proof. BF‹-search finds an optimal solution if the function f is admissible, i.e.,
if it never underestimates the true value of f‹px, vq “ maxjPypvq ajpηjpxq ` bj “
aj‹pηj‹pxq ` bj‹ , that is the gain of reaching the best label j‹ in a subtree of node
v. Since pηT px, ¨q P r0, 1s and therefore pηTv pxq ě pηj‹pxq, additionally amax

v ě aj‹

and bmax
v ě bj‹ for all v P V, we have that fpx, vq ě f‹px, vq, for all v P V, which

proves admissibility.
BF‹-search is optimally efficient if fpx, vq is consistent (monotone), i.e., its

value is always greater than or equal to the value of fpx, v1q for any of its child
v1 P Chpvq. Since pηT px, vq P r0, 1s for all v P V , pηTv1 pxq “ pηTv pxqpηT px, v1q ď pηTv pxq.
Similar inequalities apply to the values of amax

v and bmax
v . Since Labelspv1q Ă

2Both Pearl [1984], Russell and Norvig [2009] presents the problem of A‹and BF‹-search as a
problem of minimizing the cost of reaching the goal. In their inverse definition of the problem,
the function f is admissible when it never overestimates the cost of reaching the goal.

3These two condition are sufficient in the case of tree search, for graph search, additional
properties are required for heuristic f , see [Pearl, 1984, Chapter 3] for detailed discussion on the
theoretical properties of A‹- and BF‹-search algorithms.
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Labelspvq for all v1 P Chpvq it holds that:

amax
v1 “ max

jPLabelspv1q
aj ď max

jPLabelspvq
aj “ amax

v (8.8)

for all v1 P Chpvq and with the same being true for bmax
v . With all these inequalities

combined, it holds that

fpx, v1q “ amax
v1 pηTv1 pxq ` bmax

v1 ď amax
v pηTv pxq ` bmax

v “ fpx, vq (8.9)

for v1 P Chpvq.
The same function fpx, vq can be used with the beam search procedure (Algo-

rithm 8.5). Of course, in this case, the guarantees no longer hold. In Section 9.4,
we empirically evaluate this approach.

8.2.4 Theoretical guarantees of PLT
In this section, we briefly show that PLTs obey strong theoretical guarantees,
and we are able to upper bound the L1 estimation error of conditional marginal
probabilities |ηjpxq ´ pηjpxq|. This makes PLT suitable as a label probability
estimator (LPE) in classifiers presented in Chapters 3, 6 and 7, as their guarantees
rely on L1 estimator error of the used LPE.

We start with a bound that expresses the quality of probability estimates in
tree nodes pηTv pxq.
Lemma 8.2.2. For any tree T and distribution y „Pry |xs the following holds
for all v P V:

ˇ̌
ηTv pxq ´ pηTv pxqˇ̌ ď

ÿ

v1PPathpvq

ηTpapv1qpxq ˇ̌ηT px, v1q ´ pηT px, v1qˇ̌ , (8.10)

where we assume pηT px, vq P r0, 1s, for each v P V, and ηTpapvrootqpxq “ 1.

From this lemma, we immediately get guarantees for estimates of the marginal
probabilities for each label j P rms, as every label is assigned to a single node in
the tree: ˇ̌

ˇηjpxq ´ pηjpxq
ˇ̌
ˇ “

ˇ̌
ˇηTvpjqpxq ´ pηTvpjqpxq

ˇ̌
ˇ . (8.11)

The above result generalizes a similar result obtained for multi-class classification
in [Beygelzimer et al., 2009b]. However, our bounds are tighter since the L1

estimation error of the node classifiers is additionally multiplied by the probability
of the parent node ηTpapv1q

pxq. The results are also obtained in a different way.

Proof. Recall the recursive factorization of probability ηTv pxq given in (8.3):

ηTv pxq “ ηTpapvqpxqηT px, vq .

As the same recursive relation holds for pηTv pxq, we have that
ˇ̌
ˇηTv pxq ´ pηTv pxq

ˇ̌
ˇ “

ˇ̌
ˇηT px, vqηTpapvqpxq ´ pηT px, vqpηTpapvqpxq

ˇ̌
ˇ . (8.12)
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By adding and subtracting pηT px, vqηTpapvqpxq, using the triangle inequality |a`b| ď
|a| ` |b| and the assumption that pηT px, vq P r0, 1s, we obtain:
ˇ̌
ˇηTv pxq ´ pηTv pxq

ˇ̌
ˇ “

ˇ̌
ˇηTpapvqpxqηT px, vq ´ ηTpapvqpxqpηT px, vq
` ηTpapvqpxqpηT px, vq ´ pηTpapvqpxqpηT px, vq

ˇ̌
ˇ

ď
ˇ̌
ˇηTpapvqpxqηT px, vq ´ ηTpapvqpxqpηT px, vq

ˇ̌
ˇ

`
ˇ̌
ˇηTpapvqpxqpηT px, vq ´ pηTpapvqpxqpηT px, vq

ˇ̌
ˇ

ď ηTpapvqpxq
ˇ̌
ˇηT px, vq ´ pηT px, vq

ˇ̌
ˇ ` pηT px, vq

ˇ̌
ˇηTpapvqpxq ´ pηTpapvqpxq

ˇ̌
ˇ

ď ηTpapvqpxq
ˇ̌
ˇηT px, vq ´ pηT px, vq

ˇ̌
ˇ `

ˇ̌
ˇηTpapvqpxq ´ pηTpapvqpxq

ˇ̌
ˇ .

(8.13)

Since the rightmost term corresponds to the L1 error of the parent of v, we
use recursion to get the result of Lemma 8.2.2:

ˇ̌
ηTv pxq ´ pηTv pxqˇ̌ ď

ÿ

v1PPathpvq

ηTpapv1qpxq ˇ̌ηT px, v1q ´ pηT px, v1qˇ̌ , (8.14)

where for the root node ηTpapvrootqpxq “ 1

The naturally arising question is whether we can bound a tree node estimation
error |ηT px, v1q ´ pηT px, v1q|. To address it, we next relate the quality of the
probability estimates to the learning algorithm used to train node estimators
pηT px, v1q. Precisely, if the surrogate loss ℓ used to train node estimators is a
strongly proper composite loss(e.g., logistic, squared loss, squared hinge loss, or
exponential) characterized by a constant λ (e.g., λ “ 4 for logistic loss). For a
short introduction to the strongly proper composite loss function, refer to the
frame below. Then, we can express the bound (8.10) in terms of the regret of this
loss function.

Theorem 8.2.3. For any distribution P rx,ys, any tree structure T , the following
holds for all v P V:

ˇ̌
ηTv pxq ´ pηTv pxqˇ̌ ď

ÿ

v1PPathpvq

ηTpapv1q

c
2

λ

b
Regℓpfv1 | zpapv1q “ 1,xq , (8.15)

where Regℓpfv1 | zpapv1q “ 1,xq is a binary classification regret for a strongly proper
composite loss ℓ and λ is a constant specific for loss ℓ.

Proof. The px, ziq pairs are generated i.i.d. according to Prx, zv | zpapvqs. Assume
that a node classifier has the form of a real-valued function fv. Moreover, there
exists a strictly increasing (and therefore invertible) link function ζ : r0, 1s Ñ R
such that fvpxq “ ζpPrzv | zpapvq,xqs and ζ´1 is its inverse function. Recall that
the regret of fv in terms of a loss function ℓ at point x is defined as:

Regℓpfv | zpapvq,xq “ Φℓpfv | zpapvq,xq ´ Φ‹ℓ pzi´1,xq , (8.16)
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where Φℓpfv | zpapvq,xq is the expected loss at point x:

Φℓpfv | zpapvq,xq “ Przv | zpapvq,xqsℓp1, fvpxqq ` p1´Przv | zpapvq,xqsℓp´1, fvpxqq ,
(8.17)

and Φ‹ℓpxq is the minimum expected loss at point x.
If a node classifier is trained by a learning algorithm that minimizes a strongly

proper composite loss, then the bound (8.10) can be expressed in terms of the
regret of this loss function [Agarwal, 2014]:

ˇ̌
Przv | zpapvq,xqs ´ ζ´1pfvqˇ̌ ď

c
2

λ

b
Regℓpfv | zpapvq,xq . (8.18)

By putting the above inequality into (8.10), we get

ˇ̌
ηTv px, jq ´ ηTv pxqˇ̌ ď

ÿ

v1PPathpvq

Przpapv1q |xs
ˇ̌
ˇPrzv1 | zpapv1q,xqs ´ pPpzi | zpapvq,xq

ˇ̌
ˇ

“
ÿ

v1PPathpvq

Przpapv1q |xs ˇ̌Przv1 | zpapv1q,xqs ´ ζ´1pfv1qˇ̌

ď
ÿ

v1PPathpvq

Przpapv1q |xs
c

2

λ

b
Regℓpfv1 | zpapv1q,xq (8.19)

The above result shows that the absolute error of estimating the marginal
probability of label j can be upper-bounded by the regret of the node classifiers
on the corresponding path from the root to a label’s node. Moreover, this result
shows that for zero-regret (i.e., optimal) node probability estimates, we obtain
an optimal multi-label estimator in terms of marginal conditional probabilities
ηTj pxq. An exhaustive discussion on theoretical guarantees of PLTs can be found
in [Busa-Fekete et al., 2019, Jasinska-Kobus et al., 2020].

Strongly proper composite losses

The strongly proper composite losses are of special interest in the problem of
class probability estimation with two outcomes, y P t0, 1u. Let pairs px, yq
be generated i.i.d. according to Prx, ys. With Pry “ 1 |xs being denoted by
ηpxq and its estimate by pηpxq P r0, 1s. A label probability estimation (LPE)
loss function ℓ : t0, 1u ˆ r0, 1s ÞÑ R`, with its conditional risk is given by

Φℓppη |xq “ ηpxqℓp1, pηpxqq ` p1 ´ ηpxqqℓp´1, pηpxqq . (8.20)

A LPE loss is proper if for any ηpxq P r0, 1s, ηpxq P argmin pη Rℓppη |xq. Since
it is often more convenient for prediction algorithms to work with a real-valued
scoring function, f : X ÞÑ R, then with an estimate bounded to interval r0, 1s,
we transform pηpxq using a strictly increasing (and therefore invertible) link
function ζ : r0, 1s Ñ R, that is, fpxq “ ζppηpxqq. Let us consider a composite
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loss function ℓc : t0, 1u ˆ R ÞÑ R` defined via LPE loss as

ℓcpy, fpxqq “ ℓpy, ζ´1pfpxqqq . (8.21)

The regret of f in terms of a loss function ℓc at point x is defined as:

Regℓcpf |xq “ Φℓpζ´1pfq |xq ´ Φ‹ℓpxq , (8.22)

where Φ‹ℓ pxq is the minimum expected loss at point x, achievable by f‹pxq “
ζpηpxqq.

It is said that loss function ℓc is λ-strongly proper composite loss, if for
any ηpxq, ζ´1pfpxqq P r0, 1s:

ˇ̌
ηpxq ´ ζ´1pfpxqqˇ̌ ď

c
2

λ

b
Regℓcpf |xq . (8.23)

It can be shown under mild regularity assumptions that ℓc is λ-strongly proper
composite if and only if its corresponding LPE loss is proper and function
Hℓpηq “ Φℓpη |xq is λ-strongly concave, that is,

ˇ̌
ˇd

2Hℓpηq
d2η

ˇ̌
ˇ ě λ.

For a more detailed introduction to strongly proper composite losses, we
refer the reader to [Agarwal, 2014].

8.3 Summary of the chapter

In this chapter, first, we have demonstrated how leveraging sparse representations
of pηpxq can significantly reduce the computational complexity of the algorithms
discussed in previous chapters. When the sparse representation preserves enough
of the highest probability values, the increase in regret is minimal. Moreover, this
sparsity approach can be easily applied to nearly any label probability estimator
(LPE) used in XMLC.

Next, we have discussed probabilistic label trees (PLTs), a popular family of
LPEs in XMLC that offer reduced complexity in both training and prediction. We
have shown how they can be employed as outputs of neural networks. Additionally,
we have introduced an A‹-search algorithm that, in contrast to the sparsity
technique, allows for exact efficient top-k prediction under general instance-wise
weighted utilities. Finally, we demonstrated that PLTs obey strong theoretical
guarantees when trained with strictly proper losses. Specifically, we have derived
a bound on the L1 estimation error of marginal conditional probabilities of labels,
which is an essential component of the bounds we provided for inference algorithms
introduced in the previous chapters.





9
Experiments

In this chapter, we conduct a series of empirical experiments in order to validate the
theoretical findings presented in this thesis and to compare the introduced inference
algorithms. These experiments can be treated as a replication and unification
under the same setup of the experiments initially performed in [Wydmuch et al.,
2021, Schultheis et al., 2023, 2024].

9.1 General experimental setup

We start with a description of datasets, utilities, and the form of Label Probability
Estimator (LPE) used in all experiments described in this chapter. To empirically
test the introduced inference algorithms, we use nine popular benchmarks from the
XMLC repository [Bhatia et al., 2016] covering a wide range of data and label set
sizes, starting with a dataset with over a few thousand labels and ending with a
few hundred thousand labels. The list of datasets and their statistics is presented
in Table 9.1.

In our experiments, we optimize and evaluate algorithms under three instance-
wise utilities:

• Instance-P@k – the standard precision@k (as defined in (3.1)),

• Instance-PSP@k – the propensity-scored precision@k (as defined in (4.12)),
without normalization, with propensities coming from the empirical propen-
sity model of Jain et al. [2016] (as defined in (4.16)), with parameters for
each dataset as recommended by the authors,

• Instance-R@k – the standard recall@k (as defined in (3.18)),

and six macro-averaged utilities:

• Macro-BA@k – macro-balanced accuracy@k (as defined in Table 5.1).

• Macro-P@k – macro-precision@k (as defined in Table 5.1),
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Table 9.1: The number of unique labels, observations in train and test splits,
the average number of true labels per sample (E r|y|1s), the average number
of positive instances per label j (E rπjnjs), and an inter-label imbalance ratio´
ILIR :“ maxtπi:iPrmsu

mintπj :jPrmsu

¯
in the benchmark data.

Dataset m ntrain ntest E r|y|1s E rπjnjs ILIR

RCV1x-2K 2456 623847 155962 4.76 1510.13 13799
EURLex-4K 3993 15539 3809 5.31 25.97 1253
EURLex-4.3K 4271 45000 6,000 5.07 61.69 4146
AmazonCat-13K 13330 1186239 306782 5.05 566.01 223441
AmazonCat-14K 14588 4398050 1099725 3.53 1330.10 560695
Wiki10-31K 30938 14146 6616 18.76 12.59 8378
WikiLSHTC-325K 325056 1778351 587084 3.26 23.74 387168
WikipediaLarge-500K 501070 1813391 783743 4.77 24.75 199677
Amazon-670K 670091 490449 153025 5.38 5.17 2258

• Macro-R@k – macro-recall@k (as defined in Table 5.1),

• Macro-F1@k – macro-F1-measure@k (as defined in Table 5.1),

• Macro-JS@k – macro-Jaccard similarity@k (as defined in Table 5.1),

• Cov@k – (macro-)coverage@k (as defined in Table 5.1).

To obtain a label probability estimator (LPE), we use an ensemble of proba-
bilistic label trees. We use the napkinXC [Jasinska-Kobus et al., 2020] library to
train an ensemble of three PLTs with different tree structures, each built via a
popular approach of hierarchically clustering labels [Wydmuch et al., 2018, Prabhu
et al., 2018b, You et al., 2019a, Yu et al., 2022], until all clusters reach a size of 400
or less. The tree nodes are then learned using LIBLINEAR [Fan et al., 2008] with
L2-regularized logistic loss. We represent instances using sparse TF-IDF features;
thanks to that, we cover a large part of datasets from the XMLC repository, as
some of them are only available in such a form.

For all datasets, we train models using the suggested hyperparameters on a
training set (we report the details for training in Appendix B.1) and then use them
to predict pηpxq for all instances in a validation set and test set. These estimates
were then plugged into different inference strategies. To run the inference algorithm
efficiently for XMLC datasets, we pre-select for each instance the top k1 “ 100

labels with the highest pηjpxq as described in Section 8.1, 100 was found to be a
good trade-off between speed and predictive performance by Schultheis et al. [2023].

Using these predictions, we compare the following inference methods:

• Top-k – selects k labels with the highest pηjpxq. This is the optimal strategy
for precision@k and nDCG@k, and also the default prediction strategy in
many XMLC methods.

• PS-k – selects k labels with the highest pjpηjpxq, with pj given by the
empirical model of Jain et al. [2016] (4.16), this is the optimal strategy for
propensity-scored precision@k with the same pj .

• Pow-k – selects k labels with the highest gpl
j pηjpxq, where gpl

j “ π´βj is
the popular power-law-based weighting (4.19), we report results for β P
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t0.25, 0.5u.
• Log-k – selects k labels with the highest glog

j pηjpxq, where glog
j “ ´ log πj is

the logarithmic weighting.

• Macro-Rprior-k – the optimal strategy for macro-averaged recall based on
priors: selection of k labels with the highest ηjpxq

πj
(see Section 7.2 for details).

• Macro-BAprior-k – the optimal strategy for macro-averaged balanced-accuracy:
selection of k labels with the highest

´
1

2πj
` 1

2p1´πjq

¯
pηjpxq ´ 1

2p1´πjq
(see

Section 7.2 for details).

• BCA(¨) – the block coordinate ascent for finding the optimal prediction under
the ETU framework (Algorithm 6.1) for a given utility. We use this method
to optimize all of the macro-averaged utilities listed above. To ensure the
smoothness and Lipschitzness of optimized utilities, a small value υ is added
to the denominator (with the exception of the coverage metric, which is not
a continuous function).

• FW(¨) – the Frank Wolfe-based algorithm for finding optimal randomized
classifier under the PU framework (Algorithm 7.1) for a given utility. Sim-
ilarly to BCA, we use this method for all of the macro-averaged utilities
listed above, except coverage, for which optimization does not make sense
under the PU framework. Again, we add a small υ to the denominator of
the optimized utility.

For all methods that rely on priors π (PS-k, Pow-k, Log-k, Macro-Rprior-k, and
Macro-BAprior-k), these values are estimated using the training set.

9.2 Comparison of inference algorithms

Wydmuch et al. [2021] and Schultheis et al. [2023, 2024] evaluated discussed
inference methods independently of each other. In this section, we present a unified
comparison of all inference algorithms under a consistent experimental setup, that
is, using the same base datasets, metrics, and label probability estimators (LPEs).
Such a comparison is not trivial due to the different assumptions under which
these methods operate.

The ETU framework optimizes for a specific test set but requires the whole set
to be available during inference. In contrast, the PU framework allows predictions
to be made independently and aims for optimality on a population level. As such,
we expect the Block Coordinate Ascent algorithm to outperform the Frank-Wolfe
method on finite benchmark test sets.

Another important difference between the algorithms is that the FW algorithm
requires not only a probability estimator but also an additional validation set to
construct a randomized classifier that can later make point-wise predictions on the
test set. Ideally, this dataset should be a separate set taken from the training set to
prevent overfitting, but because of data sparsity in the XMLC setting, withholding
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data from LPE’s training set can significantly degrade its quality and hurt the
final performance more severely than overfitting the FW procedure. Because of
that, it might be more beneficial to use the same data for LPN’s training and FW
procedure [Schultheis et al., 2024].

Lastly, the provided train and test splits in the XML repository are not random,
as they have been obtained to maximize the number of unique labels in both
sets [Bhatia et al., 2016]. This, again, gives the ETU algorithm a certain advantage,
as it does not require the test set to follow an i.i.d. distribution.

Because of the above reason, we decided to conduct two types of experiments
for each dataset:

1. Experiments with synthetic labels – in the first type, we aim to simulate the
case when we have access to true marginal probabilities η “ pη. Additionally,
we want the train and test sets to meet the i.i.d. assumption. Finally, we
want to show that when n is growing, the results of FW get close to the
results of the BCA method working in the ETU framework as ETU converges
to PU (asymptotic equivalence (2.17)). To achieve these goals, for each
dataset, we first merge the original train and test sets and duplicate the
obtained set five times (to simulate n Ñ 8q), with the exception of the
AmazonCat-14K dataset, for which we duplicate data only two times. We
then discard true labels, and in their place, we sample new labels according
to pη obtained from the estimator. Half of the obtained set is then used as
a validation set for the FW algorithm, and the other half is used as a test
set for all the methods. The same pη is then also used as an input to the
inference algorithms, simulating the perfect knowledge about the true η.

2. Experiments on original benchmark datasets – in the second type, we compare
all the methods on the original benchmark datasets, keeping the provided
training-test data splits and original labels. This ensures that our results
remain comparable with the existing literature. At the same time, the
experiments on the original datasets better reflect not only huge imbalances
of labels but also the high sparsity of data for tail-labels.

9.2.1 Experiments on datasets with synthetic labels
We present the results on synthetic variants of benchmark datasets in Table 9.2.
The results are reported for k “ 5 as this is one of the most common values used
in the literature as well as in real-world production systems. In Table B.2, we
also present the results for k “ 1 and k “ 3. We do not report results for higher
values of k because many of the benchmark datasets have an average number of
positive labels close to 5, making the difference between Top-k inference and other
methods much less pronounced. Due to the size of the synthetic data, for each
dataset, we perform inference using each method only once, but we repeat the
generation of test labels 5 times and report the average results, with standard
deviations included in the tables in Appendix B.2.

For the readability of the results, we not only mark the best result and the
second best result but for every method, we also highlight the cells with the



9.2 Comparison of inference algorithms 109

result on a metric this method aims to optimize using the green background . In
addition, we gray out the results that are below the values presented in cells with
the green background . In general, we expect that inference strategies that target
a specific metric obtain the best results.

In these synthetic experiments, the regret of the algorithms introduced is
eliminated since there is no error in estimating ηpxq (with the exception of BCA
algorithms where small regret can be caused by the additional approximations used
in these algorithms). As expected, we observe that the results in green cells are
indeed the best, with the small exception of methods optimizing for macro-recall@k
being also the best on macro-balanced accuracy@k and vice versa due to their
similar form of the optimal classifier. The same can sometimes be observed for
macro-Fβ-measure@k and macro-Jaccard similarity@k due to their very similar
formulation. We also observed that the closed-form methods for Macro-Rprior-k
and Macro-BAprior-k give indeed similar results to the ones obtained using BCA or
FW methods. In fact, we observe that the FW algorithm recovers a similar solution
by finding a randomized classifier composed mostly by a single subclassifier with
weights a and b being a scaled version of the closed form solution.

While BCA wins in all cases with the FW algorithm, the difference between
both methods is very small. The only exception is macro-precision@k, for which
FW achieves results lower than BCA by 1 p.p. or more in a few cases. This might
be because precision is the only metric considered that is not L-Lipschitz, and
even with the added constant υ, it has an extreme magnitude of gradients near 0.
Because of that, the FW algorithm is prone to overfitting to the validation set.
This problem will become even more visible in the next section when experiments
on the original datasets are discussed.

For all synthetic experiments, we used υ “ 1e-8. The stopping conditions for
both BCA and FW were set to a maximum of 100 iterations, the minimal improve-
ment in the objective to continue had to be greater than ϵ “ 1e-7. Furthermore,
for the FW algorithm, the contribution of a new classifier to the improvement in
the objective must be greater than ϵα “ 1e-3.

9.2.2 Experiments on original datasets
We present the results on the original benchmark datasets in Table 9.3. The results
are reported for k “ 5 as in the previous experiments. Table B.2 in Appendix B.2
contains additional results for k “ 1 and k “ 3. We repeat the inference using
each method five times and report the averages. The standard deviations can be
found in the Appendix.

In this set of experiments, we clearly see the effect of inaccurate probability
estimates. Even the simple inference strategies, like Top-k, are sometimes not
the best on their target measures. Still, in most cases, the BCA method is
the best. However, this time, FW performs much worse than BCA in many
cases, especially for macro-precision@k, but also for macro-Fβ-measure@k and
macro-Jaccard similarity@k on datasets with the largest number of labels. Again,
we attribute this to the overfitting of the FW inference method. Note that



Table 9.2: Results (%) for k “ 5 on synthetic versions of XMLC datasets
with ideal estimates of marginal conditional probabilities ηpxq “ pηpxq. The
green background indicates cells in which the inference algorithm matches the
metric it optimizes and the gray text indicates results worse than those results for
a given metric. The best results are in bold, and the second best are in italic. * –
because in this experiment we sample labels independently, Top-k becomes the
optimal strategy for recall@k as showed in Theorem 3.3.1.

Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic RCV1x-2K

Top-5 54.70 57.18 * 76.75 32.50 17.05 58.48 17.35 10.78 76.95
PS-5 54.32 57.88 76.55 38.15 45.91 72.91 36.11 23.32 99.70
Pow-5β“0.25 52.66 56.90 75.37 33.83 53.57 76.74 37.38 24.25 99.70
Pow-5β“0.5 49.42 54.08 72.42 25.39 62.15 81.02 31.06 19.74 99.84
Log-5 52.99 57.10 75.52 37.81 44.77 72.34 37.00 23.92 98.94
Macro-Rprior-5 36.69 41.37 56.73 17.31 68.59 84.23 19.86 12.20 99.90
Macro-BAprior-5 37.13 41.79 57.43 17.36 68.58 84.23 19.92 12.24 99.90

BCA(Macro-P@5) 32.75 33.19 49.34 74.72 5.46 52.68 7.57 4.50 92.61
BCA(Macro-R@5) 31.98 36.47 49.79 16.98 69.30 84.58 18.40 11.28 99.90
BCA(Macro-BA@5) 32.66 37.13 50.92 17.02 69.30 84.58 18.46 11.33 99.90
BCA(Macro-F1@5) 49.19 53.35 71.05 46.34 50.10 75.00 46.56 31.35 99.69
BCA(Macro-JS@5) 49.24 53.40 71.02 46.07 50.14 75.02 46.47 31.36 99.68
BCA(Cov@5) 1.14 2.22 0.77 11.12 44.85 72.32 4.78 2.54 99.90

FW(Macro-P@5) 30.63 31.08 46.21 72.33 6.22 53.05 7.36 4.37 89.88
FW(Macro-R@5) 31.93 36.42 49.69 16.98 69.29 84.57 18.39 11.28 99.90
FW(Macro-BA@5) 32.62 37.09 50.85 17.02 69.28 84.57 18.45 11.32 99.90
FW(Macro-F1@5) 49.17 53.31 71.06 46.11 49.85 74.88 46.24 31.14 99.57
FW(Macro-JS@5) 49.22 53.37 71.00 45.89 49.88 74.89 46.21 31.19 99.54

Synthetic EURLex-4K

Top-5 65.85 130.35 * 73.84 51.16 57.70 78.83 52.42 40.40 82.77
PS-5 64.83 134.08 72.77 49.35 67.84 83.90 55.17 42.29 88.41
Pow-5β“0.25 64.74 133.95 72.67 50.22 67.31 83.63 55.66 42.82 88.15
Pow-5β“0.5 62.14 132.08 69.81 45.55 69.69 84.82 52.64 39.72 88.85
Log-5 65.05 133.80 73.02 51.46 66.08 83.02 56.13 43.38 87.69
Macro-Rprior-5 49.94 116.20 56.13 34.98 72.05 85.99 41.78 29.80 90.12
Macro-BAprior-5 50.06 116.37 56.29 35.03 72.04 85.99 41.84 29.84 90.12

BCA(Macro-P@5) 20.47 36.54 22.48 67.71 24.95 62.44 27.13 19.45 84.04
BCA(Macro-R@5) 49.33 115.16 55.38 34.11 72.83 86.38 40.79 28.96 90.70
BCA(Macro-BA@5) 49.46 115.34 55.53 34.17 72.82 86.38 40.87 29.03 90.68
BCA(Macro-F1@5) 62.65 129.11 69.84 56.06 64.88 82.42 58.51 45.85 88.66
BCA(Macro-JS@5) 62.66 129.12 69.81 56.07 64.86 82.41 58.50 45.85 88.66
BCA(Cov@5) 9.12 34.62 10.19 28.67 49.89 74.89 17.65 10.85 91.39

FW(Macro-P@5) 19.72 35.46 21.61 65.70 24.74 62.33 26.31 18.86 82.03
FW(Macro-R@5) 48.42 113.96 54.32 33.54 72.47 86.20 40.05 28.34 90.44
FW(Macro-BA@5) 48.54 114.13 54.46 33.60 72.47 86.20 40.11 28.40 90.48
FW(Macro-F1@5) 62.61 129.04 69.80 55.94 64.69 82.32 58.27 45.63 88.48
FW(Macro-JS@5) 62.62 129.07 69.78 55.94 64.69 82.32 58.25 45.63 88.44

Synthetic EURLex-4.3K

Top-5 73.79 114.28 * 82.02 52.29 57.28 78.62 52.71 41.14 81.34
PS-5 72.93 118.07 81.21 53.49 75.26 87.61 60.50 47.67 90.93
Pow-5β“0.25 72.53 117.97 80.83 53.93 75.15 87.56 60.91 48.11 90.80
Pow-5β“0.5 70.68 116.64 78.94 49.28 77.53 88.75 57.61 44.74 91.40
Log-5 72.77 117.81 81.06 55.25 73.25 86.61 61.26 48.61 90.07
Macro-Rprior-5 61.88 106.33 69.15 38.49 79.85 89.90 46.66 34.52 92.32
Macro-BAprior-5 62.04 106.52 69.33 38.55 79.85 89.90 46.72 34.57 92.32

BCA(Macro-P@5) 30.93 41.34 33.80 70.96 24.92 62.43 26.70 19.23 86.62
BCA(Macro-R@5) 60.15 104.09 67.17 37.05 80.19 90.07 44.89 32.99 92.60
BCA(Macro-BA@5) 60.32 104.29 67.38 37.10 80.18 90.07 44.95 33.04 92.60
BCA(Macro-F1@5) 70.77 114.91 78.50 60.70 73.15 86.56 64.76 52.36 91.10
BCA(Macro-JS@5) 70.70 114.84 78.40 60.69 73.15 86.56 64.75 52.38 91.10
BCA(Cov@5) 5.83 19.72 6.28 22.97 53.56 76.72 16.62 10.38 92.89

FW(Macro-P@5) 30.84 41.04 33.69 68.89 24.64 62.29 26.06 18.77 84.32
FW(Macro-R@5) 60.22 104.17 67.23 36.91 80.05 90.00 44.69 32.84 92.52
FW(Macro-BA@5) 60.39 104.40 67.43 36.96 80.05 90.00 44.74 32.89 92.52
FW(Macro-F1@5) 70.76 114.94 78.50 60.62 72.96 86.46 64.60 52.22 90.92
FW(Macro-JS@5) 70.69 114.85 78.40 60.60 72.98 86.47 64.57 52.23 90.95



Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic AmazonCat-13K

Top-5 63.16 71.34 * 76.12 45.39 47.71 73.85 42.12 30.42 82.48
PS-5 62.63 72.70 75.72 43.95 71.44 85.71 51.43 37.33 93.86
Pow-5β“0.25 59.86 71.35 73.51 40.80 75.01 87.50 50.70 36.52 93.79
Pow-5β“0.5 54.68 66.80 68.01 31.75 80.13 90.06 42.63 29.53 94.44
Log-5 59.92 71.18 73.44 44.13 69.47 84.73 52.08 37.99 92.03
Macro-Rprior-5 38.70 50.58 47.71 20.81 83.87 91.92 28.83 19.13 94.85
Macro-BAprior-5 39.08 50.96 48.34 20.84 83.87 91.92 28.86 19.15 94.85

BCA(Macro-P@5) 33.90 34.54 42.20 72.72 12.27 56.12 14.55 9.20 88.37
BCA(Macro-R@5) 35.31 46.89 43.42 20.54 84.33 92.15 27.82 18.62 95.11
BCA(Macro-BA@5) 35.68 47.25 44.04 20.56 84.33 92.15 27.84 18.64 95.11
BCA(Macro-F1@5) 57.09 67.75 69.94 52.89 66.34 83.16 57.45 43.31 93.41
BCA(Macro-JS@5) 56.98 67.65 69.76 52.87 66.35 83.17 57.44 43.31 93.41
BCA(Cov@5) 2.62 5.14 2.43 8.11 47.63 73.80 7.87 4.39 95.13

FW(Macro-P@5) 33.30 33.92 41.31 71.50 12.23 56.10 14.20 9.00 86.48
FW(Macro-R@5) 35.37 46.95 43.50 20.50 84.29 92.13 27.76 18.57 95.08
FW(Macro-BA@5) 35.74 47.31 44.13 20.52 84.29 92.13 27.78 18.59 95.08
FW(Macro-F1@5) 57.07 67.75 69.92 52.90 66.24 83.11 57.37 43.27 93.28
FW(Macro-JS@5) 56.94 67.62 69.72 52.86 66.24 83.11 57.35 43.26 93.27

Synthetic AmazonCat-14K

Top-5 52.43 60.15 * 83.00 37.63 50.29 75.13 40.68 29.11 81.49
PS-5 52.19 60.67 82.73 33.47 67.54 83.76 42.04 29.44 92.44
Pow-5β“0.25 50.84 59.90 81.10 30.73 70.56 85.27 40.55 28.03 92.41
Pow-5β“0.5 45.94 55.54 74.21 22.26 76.95 88.47 31.81 21.10 93.18
Log-5 51.45 60.22 81.85 34.67 63.84 81.91 43.04 30.29 90.11
Macro-Rprior-5 29.69 39.03 44.01 14.93 81.32 90.65 21.33 13.78 93.63
Macro-BAprior-5 29.92 39.26 44.84 14.94 81.32 90.65 21.35 13.79 93.63

BCA(Macro-P@5) 25.93 26.70 47.71 72.16 8.24 54.11 11.13 7.15 82.25
BCA(Macro-R@5) 26.50 35.59 36.55 14.90 81.95 90.96 20.75 13.52 94.00
BCA(Macro-BA@5) 29.48 38.66 43.27 15.24 81.93 90.95 21.28 13.91 94.00
BCA(Macro-F1@5) 48.73 56.60 77.80 48.69 57.31 78.65 51.58 37.86 91.22
BCA(Macro-JS@5) 48.60 56.44 77.54 48.74 57.27 78.63 51.58 37.86 91.22
BCA(Cov@5) 1.36 3.29 1.72 7.76 46.83 73.40 5.20 2.84 94.08

FW(Macro-P@5) 25.83 26.60 47.52 65.54 8.15 54.07 10.28 6.57 74.90
FW(Macro-R@5) 26.50 35.58 36.56 14.86 81.86 90.92 20.71 13.49 93.95
FW(Macro-BA@5) 29.49 38.66 43.36 15.20 81.84 90.91 21.23 13.88 93.95
FW(Macro-F1@5) 48.72 56.59 77.79 48.62 57.02 78.50 51.33 37.67 90.85
FW(Macro-JS@5) 48.62 56.46 77.58 48.67 56.98 78.48 51.32 37.67 90.85

Synthetic Wiki10-31K

Top-5 80.42 107.38 * 36.82 11.58 4.47 52.23 5.77 3.94 14.98
PS-5 65.29 245.24 30.97 58.14 68.79 84.39 58.06 46.82 89.24
Pow-5β“0.25 64.33 244.46 30.22 57.97 67.85 83.92 57.82 46.63 88.63
Pow-5β“0.5 57.78 240.67 26.07 55.13 69.86 84.93 57.01 45.55 89.73
Log-5 62.97 237.25 28.16 57.02 63.46 81.73 55.63 44.77 85.45
Macro-Rprior-5 48.22 228.66 19.74 49.34 70.47 85.23 53.21 41.54 89.97
Macro-BAprior-5 48.34 228.80 19.84 49.38 70.47 85.23 53.22 41.55 89.98

BCA(Macro-P@5) 54.89 136.56 24.32 65.09 41.01 70.50 42.85 32.79 84.99
BCA(Macro-R@5) 46.84 223.63 18.89 48.61 72.24 86.11 53.43 41.48 91.65
BCA(Macro-BA@5) 46.91 223.72 18.94 48.63 72.24 86.11 53.43 41.48 91.66
BCA(Macro-F1@5) 58.45 234.90 26.30 59.24 69.65 84.82 60.44 48.54 92.10
BCA(Macro-JS@5) 58.03 235.73 26.04 58.81 70.17 85.08 60.31 48.58 92.00
BCA(Cov@5) 39.75 200.86 15.32 45.30 69.04 84.52 49.05 37.02 92.59

FW(Macro-P@5) 55.28 137.62 24.48 62.12 40.24 70.12 41.41 31.77 81.43
FW(Macro-R@5) 46.87 225.21 18.90 48.68 71.05 85.52 53.02 41.23 90.79
FW(Macro-BA@5) 46.95 225.30 18.96 48.71 71.05 85.52 53.03 41.24 90.80
FW(Macro-F1@5) 58.47 236.58 26.30 58.99 68.19 84.09 59.18 47.50 90.87
FW(Macro-JS@5) 58.10 237.31 26.07 58.65 68.96 84.48 59.30 47.75 90.85



Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic WikiLSHTC-325K

Top-5 30.62 66.19 * 66.39 29.00 60.89 80.44 36.46 25.57 79.09
PS-5 30.07 67.97 65.75 27.15 69.14 84.57 36.46 25.33 83.92
Pow-5β“0.25 29.36 67.60 64.69 27.56 68.90 84.45 36.93 25.75 83.68
Pow-5β“0.5 27.18 65.76 60.37 23.85 70.52 85.26 33.19 22.61 84.19
Log-5 29.84 67.36 65.38 28.97 65.83 82.91 37.72 26.50 82.10
Macro-Rprior-5 24.42 62.44 55.21 19.39 71.55 85.77 27.81 18.40 84.44
Macro-BAprior-5 24.42 62.44 55.21 19.39 71.55 85.77 27.81 18.40 84.44

BCA(Macro-P@5) 12.48 22.64 25.90 50.21 29.82 64.91 27.75 19.73 75.65
BCA(Macro-R@5) 22.11 58.75 50.63 17.37 72.14 86.07 24.61 16.08 84.99
BCA(Macro-BA@5) 22.11 58.75 50.63 17.37 72.14 86.07 24.61 16.08 84.99
BCA(Macro-F1@5) 26.83 60.44 58.14 40.93 61.81 80.90 47.11 34.87 83.00
BCA(Macro-JS@5) 26.80 60.43 58.04 40.92 61.81 80.91 47.10 34.87 82.99
BCA(Cov@5) 5.40 21.92 11.72 17.97 56.52 78.26 16.81 10.53 85.33

FW(Macro-P@5) 12.49 22.68 25.88 49.06 29.52 64.76 27.07 19.28 73.41
FW(Macro-R@5) 22.11 58.79 50.63 17.14 71.95 85.97 24.23 15.84 84.83
FW(Macro-BA@5) 22.11 58.79 50.63 17.14 71.95 85.97 24.23 15.84 84.83
FW(Macro-F1@5) 26.83 60.42 58.13 40.88 61.40 80.70 46.84 34.68 82.65
FW(Macro-JS@5) 26.80 60.39 58.02 40.88 61.40 80.70 46.83 34.68 82.64

Synthetic WikipediaLarge-500K

Top-5 40.85 94.06 * 66.37 36.15 57.46 78.73 40.26 28.53 82.97
PS-5 39.22 101.28 65.04 37.59 75.74 87.87 47.19 33.84 93.84
Pow-5β“0.25 38.71 100.97 64.39 38.15 75.03 87.52 47.66 34.30 93.52
Pow-5β“0.5 36.73 99.51 61.36 34.32 77.26 88.63 44.54 31.38 94.08
Log-5 39.65 99.69 65.28 39.33 68.74 84.37 46.76 33.74 90.67
Macro-Rprior-5 33.09 95.08 55.67 29.36 78.33 89.16 39.39 26.86 94.30
Macro-BAprior-5 33.10 95.09 55.68 29.36 78.33 89.16 39.39 26.86 94.30

BCA(Macro-P@5) 18.09 35.29 26.54 62.69 29.61 64.80 31.45 22.01 87.59
BCA(Macro-R@5) 30.78 91.07 51.96 26.83 79.06 89.53 35.80 24.03 94.80
BCA(Macro-BA@5) 30.78 91.08 51.96 26.83 79.06 89.53 35.80 24.03 94.80
BCA(Macro-F1@5) 36.12 93.43 58.71 52.39 70.51 85.25 57.81 44.01 93.47
BCA(Macro-JS@5) 36.08 93.43 58.59 52.34 70.53 85.26 57.79 44.02 93.45
BCA(Cov@5) 10.03 40.94 15.85 24.43 61.36 80.68 23.60 14.93 95.11

FW(Macro-P@5) 18.08 35.30 26.45 61.20 29.12 64.56 30.47 21.40 84.53
FW(Macro-R@5) 30.77 91.13 51.95 26.69 78.85 89.43 35.61 23.86 94.68
FW(Macro-BA@5) 30.78 91.13 51.96 26.69 78.85 89.43 35.61 23.86 94.68
FW(Macro-F1@5) 36.11 93.40 58.69 52.39 70.13 85.06 57.59 43.84 93.19
FW(Macro-JS@5) 36.08 93.41 58.58 52.34 70.15 85.07 57.56 43.85 93.17

Synthetic Amazon-670K

Top-5 42.57 246.20 * 62.77 41.75 67.00 83.50 48.10 35.83 86.01
PS-5 41.55 256.18 61.32 41.29 73.46 86.73 49.51 36.60 91.20
Pow-5β“0.25 41.99 255.56 61.96 41.99 72.39 86.20 49.87 37.03 90.49
Pow-5β“0.5 41.25 255.95 60.86 40.87 73.75 86.87 49.15 36.22 91.39
Log-5 42.44 251.91 62.59 42.22 69.76 84.88 49.31 36.74 88.41
Macro-Rprior-5 39.97 253.53 58.83 39.42 74.27 87.13 47.61 34.75 91.66
Macro-BAprior-5 39.97 253.53 58.83 39.42 74.27 87.13 47.61 34.75 91.66

BCA(Macro-P@5) 21.46 124.58 29.21 56.48 39.63 69.82 40.09 29.22 82.85
BCA(Macro-R@5) 39.23 249.80 57.68 38.64 75.05 87.52 46.83 33.98 92.45
BCA(Macro-BA@5) 39.23 249.80 57.68 38.64 75.05 87.52 46.83 33.98 92.45
BCA(Macro-F1@5) 39.91 242.67 57.03 50.02 70.14 85.07 55.56 42.38 91.91
BCA(Macro-JS@5) 39.92 243.11 57.02 49.86 70.20 85.10 55.48 42.39 91.76
BCA(Cov@5) 26.58 195.18 41.06 39.77 67.92 83.96 42.03 29.75 93.59

FW(Macro-P@5) 21.17 124.47 28.85 54.67 39.03 69.51 38.84 28.35 80.31
FW(Macro-R@5) 39.25 250.58 57.70 38.98 74.64 87.32 46.91 34.10 92.09
FW(Macro-BA@5) 39.25 250.58 57.70 38.98 74.64 87.32 46.91 34.10 92.09
FW(Macro-F1@5) 39.82 242.70 56.83 49.96 69.33 84.66 54.96 41.95 91.08
FW(Macro-JS@5) 39.83 243.04 56.82 49.83 69.41 84.71 54.93 42.00 90.91
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the number of samples in the validation dataset is lower than in the synthetic
experiments. Therefore, we use the same training set used to train LPE as a
validation set for FW as in Schultheis et al. [2024], since it has been found that
this performs better despite the higher risk of overfitting in general.

As before, we add a small constant υ to the denominator of the optimized
utilities. While for the BCA algorithm, this value is again υ “ 1e-8 in all cases,
for FW, we tune this value separately for each optimized utility and dataset to
achieve satisfactory results. Increasing the value of υ in this case works as a form
of regularization. The larger υ, the smoother the utility function is around 0,
reducing the magnitudes of gradients and reducing overfitting at the cost of bias
in the objective. The exact values of υ used are provided in Appendix B.1. We
select the final υ by splitting the original training set into a training set and an
additional validation set. We keep all the other hyperparameters the same, as in
the experiments with synthetic labels.

While this regularization significantly improves the results of the FW algorithm,
it is still often not enough to help it achieve the best results on datasets with a
very small number of samples per label, like Wiki10-31K, WikipediaLarge-500K,
and Amazon-670K. On these datasets, the simple tail-labels weighting schemes,
like Pow-k, sometimes outperform the classifiers obtained via the FW algorithm.

It is worth noting that by using only the top k1 “ 100 labels, we were able to
perform all experiments on a machine with 64 GB of RAM. Although we used
different machines and algorithmic variations throughout our research, we do
not report specific running times. These range from a few seconds for smaller
datasets like EURLex-4K to 1-2 hours of CPU time for larger datasets, such as
AmazonCat-14K (in terms of samples) and WikipediaLarge-500K (in terms of
labels). All methods are easily parallelizable, allowing to substantially reduce
the real running time for larger datasets. Beyond the choice of k1, the exact
computation time also depends on the optimized metric, the value of k, and the
stopping conditions, which can be adjusted to reduce runtime with minimal impact
on performance.

9.3 Optimization of mixed utilities

In the previous experiments, we can observe that the optimization of macro-
averaged metrics comes with the cost of a significant drop in performance on
instance-wise metrics, which may not be desirable. Ideally, we would like to
greatly improve the performance on tail labels without sacrificing too much of
the general performance. To achieve such a trade-off, and have good control
over it, instead of focusing only on the optimization of tail-label-oriented metrics,
we can optimize a utility function that is a convex combination of two or more
label-wise utilities, such as general weighted instance-wise utilities, which promote
head labels (e.g., precision@k or Hamming score@k), and macro-averaged utilities,
which focus on tail-labels performance (e.g., macro-Fβ-measure@k). We refer to



Table 9.3: Results (%) for k “ 5 on original XMLC datasets with marginal con-
ditional probabilities coming from PLT model. The green background indicates
cells in which the inference algorithm matches the metric it optimizes and the
gray text indicates results worse than those results for a given metric. The best
results are in bold, and the second best are in italic. * – while Top-k in general is
not optimal for recall@k, we expect it to be the closest to the optimal solution,
and we mark it blue background .

Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

RCV1x-2K

Top-5 51.67 56.92 * 81.17 13.37 7.61 53.76 7.62 4.95 35.91
PS-5 51.23 57.21 80.69 19.38 12.18 56.04 12.33 7.83 53.99
Pow-5β“0.25 50.17 56.63 79.43 18.37 14.16 57.03 13.52 8.54 56.26
Pow-5β“0.5 47.40 54.47 76.03 16.57 19.80 59.85 15.56 9.87 65.34
Log-5 50.31 56.59 79.50 17.96 12.57 56.23 12.23 7.76 50.95
Macro-Rprior-5 34.89 41.94 57.92 14.00 29.11 64.49 14.25 8.75 80.09
Macro-BAprior-5 35.35 42.43 58.73 14.03 29.09 64.48 14.29 8.78 80.09

BCA(Macro-P@5) 28.43 30.36 45.70 36.36 3.30 51.57 3.70 2.35 39.20
BCA(Macro-R@5) 29.13 35.64 48.63 13.62 29.81 64.83 13.18 8.04 81.15
BCA(Macro-BA@5) 29.78 36.33 49.82 13.65 29.82 64.84 13.22 8.07 81.15
BCA(Macro-F1@5) 45.52 51.70 73.47 23.67 17.55 58.72 18.67 11.84 70.46
BCA(Macro-JS@5) 45.69 51.88 73.69 23.67 17.40 58.64 18.60 11.86 69.84
BCA(Cov@5) 1.70 4.01 0.96 12.90 22.05 60.92 5.21 2.82 84.63

FW(Macro-P@5) 35.32 39.16 57.07 29.04 8.77 54.32 11.69 7.24 53.50
FW(Macro-R@5) 34.78 41.82 57.75 14.00 29.11 64.49 14.23 8.73 80.21
FW(Macro-BA@5) 35.26 42.32 58.59 14.04 29.10 64.48 14.28 8.77 80.21
FW(Macro-F1@5) 46.05 52.22 73.71 23.12 15.51 57.70 17.20 11.09 61.55
FW(Macro-JS@5) 46.30 52.44 74.05 22.77 14.82 57.35 16.60 10.73 60.02

EURLex-4K

Top-5 57.47 135.71 * 55.66 25.30 22.05 61.00 22.41 17.65 36.71
PS-5 57.36 144.55 55.56 27.14 26.73 63.34 25.56 20.20 41.75
Pow-5β“0.25 57.48 142.87 55.67 26.60 25.67 62.81 24.85 19.62 40.57
Pow-5β“0.5 55.40 145.34 53.72 26.90 28.47 64.21 26.19 20.60 43.45
Log-5 57.57 141.35 55.75 26.16 24.76 62.35 24.20 19.11 39.44
Macro-Rprior-5 43.99 131.81 42.81 25.27 30.73 65.33 25.19 18.98 46.93
Macro-BAprior-5 44.09 131.97 42.91 25.27 30.74 65.34 25.21 19.00 46.93

BCA(Macro-P@5) 16.88 48.06 16.13 36.26 13.93 56.91 16.26 12.72 37.94
BCA(Macro-R@5) 43.29 131.10 42.14 25.07 31.32 65.62 25.34 19.17 47.66
BCA(Macro-BA@5) 43.39 131.24 42.23 25.07 31.32 65.62 25.35 19.18 47.66
BCA(Macro-F1@5) 50.38 133.52 48.85 30.46 27.68 63.81 27.36 21.46 45.61
BCA(Macro-JS@5) 51.27 134.54 49.63 30.41 27.48 63.71 27.23 21.41 45.32
BCA(Cov@5) 21.33 83.39 20.57 25.48 27.05 63.48 19.40 13.83 49.21

FW(Macro-P@5) 43.39 113.02 42.20 29.62 22.63 61.28 23.01 17.90 40.15
FW(Macro-R@5) 46.78 136.67 45.49 25.14 30.91 65.42 25.49 19.37 46.56
FW(Macro-BA@5) 46.89 136.83 45.61 25.15 30.91 65.42 25.50 19.39 46.56
FW(Macro-F1@5) 52.52 139.16 50.92 27.92 28.05 63.99 26.07 20.34 44.24
FW(Macro-JS@5) 53.82 140.96 52.11 27.09 27.75 63.85 25.69 19.98 43.75

EURLex-4.3K

Top-5 68.50 120.68 * 71.61 25.36 22.57 61.26 22.73 18.31 34.54
PS-5 68.40 125.92 71.55 27.67 26.79 63.37 26.04 21.19 38.91
Pow-5β“0.25 68.31 125.22 71.46 26.98 26.13 63.05 25.39 20.64 38.00
Pow-5β“0.5 66.58 126.40 69.83 27.31 28.84 64.40 26.79 21.68 40.62
Log-5 68.37 124.01 71.52 26.25 25.05 62.51 24.54 19.93 36.64
Macro-Rprior-5 57.69 117.55 60.74 26.10 31.35 65.65 26.37 20.73 43.74
Macro-BAprior-5 57.84 117.69 60.90 26.10 31.30 65.63 26.37 20.74 43.71

BCA(Macro-P@5) 26.08 47.89 27.05 36.64 14.09 57.00 16.48 12.97 38.27
BCA(Macro-R@5) 57.21 116.86 60.26 25.70 31.66 65.80 26.25 20.70 43.85
BCA(Macro-BA@5) 57.42 117.13 60.49 25.72 31.66 65.81 26.27 20.71 43.85
BCA(Macro-F1@5) 62.38 118.51 65.18 31.25 28.23 64.09 28.22 22.99 42.51
BCA(Macro-JS@5) 61.70 114.87 64.44 33.21 26.02 62.99 27.87 22.89 41.34
BCA(Cov@5) 15.26 49.12 15.29 26.18 25.11 62.50 18.02 13.22 45.83

FW(Macro-P@5) 57.05 104.01 59.83 30.92 22.27 61.11 24.13 19.54 37.25
FW(Macro-R@5) 58.16 118.31 61.21 26.07 31.43 65.69 26.42 20.79 43.71
FW(Macro-BA@5) 58.30 118.48 61.36 26.08 31.42 65.69 26.44 20.80 43.69
FW(Macro-F1@5) 64.13 120.41 67.01 29.46 27.16 63.56 26.85 21.86 40.04
FW(Macro-JS@5) 63.34 117.63 66.11 30.02 25.80 62.88 26.33 21.57 39.12



Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

AmazonCat-13K

Top-5 63.96 81.53 * 74.90 46.66 32.98 66.48 35.32 27.15 63.81
PS-5 63.67 85.66 74.68 51.29 50.35 75.17 47.74 37.22 79.93
Pow-5β“0.25 61.78 84.76 72.76 49.36 51.36 75.67 47.67 37.05 79.23
Pow-5β“0.5 56.45 81.66 66.76 41.76 61.10 80.54 46.77 35.18 84.90
Log-5 61.51 83.17 72.20 50.12 45.50 72.74 44.99 35.04 74.83
Macro-Rprior-5 39.62 65.19 46.13 27.37 68.86 84.42 34.90 24.33 88.88
Macro-BAprior-5 39.99 65.58 46.75 27.40 68.86 84.42 34.93 24.36 88.88

BCA(Macro-P@5) 31.70 36.00 38.65 71.42 14.83 57.40 19.79 14.40 72.59
BCA(Macro-R@5) 35.39 60.42 40.97 27.06 69.39 84.68 33.97 23.89 89.35
BCA(Macro-BA@5) 35.75 60.80 41.60 27.08 69.39 84.68 33.99 23.91 89.35
BCA(Macro-F1@5) 56.70 77.43 66.88 60.91 49.11 74.54 52.15 41.08 84.85
BCA(Macro-JS@5) 56.56 77.29 66.65 60.95 49.07 74.53 52.15 41.11 84.79
BCA(Cov@5) 5.96 18.58 5.09 21.13 51.96 75.96 19.19 12.22 89.82

FW(Macro-P@5) 48.00 62.80 58.83 58.86 38.32 69.15 40.06 30.21 79.60
FW(Macro-R@5) 39.20 64.71 45.65 27.03 69.02 84.50 34.51 24.01 89.10
FW(Macro-BA@5) 39.58 65.10 46.28 27.06 69.02 84.50 34.54 24.04 89.10
FW(Macro-F1@5) 56.90 78.96 66.95 54.31 53.89 76.93 51.31 40.26 83.86
FW(Macro-JS@5) 56.05 78.75 67.09 50.68 55.71 77.85 49.82 38.77 84.75

AmazonCat-14K

Top-5 54.63 63.18 * 83.63 41.83 36.67 68.33 36.57 27.14 69.59
PS-5 54.61 64.14 83.57 38.93 47.22 73.60 40.47 29.90 79.29
Pow-5β“0.25 53.57 64.04 82.16 36.10 49.80 74.89 39.75 29.10 79.61
Pow-5β“0.5 48.58 60.28 75.18 26.96 57.95 78.97 34.54 24.09 84.12
Log-5 54.05 64.15 82.61 39.68 45.08 72.53 39.95 29.60 76.51
Macro-Rprior-5 31.64 43.57 44.32 17.82 64.21 82.09 24.33 16.16 87.11
Macro-BAprior-5 31.87 43.80 45.17 17.84 64.21 82.09 24.35 16.17 87.11

BCA(Macro-P@5) 25.91 26.45 47.73 65.03 8.92 54.45 12.89 8.54 70.53
BCA(Macro-R@5) 29.63 41.21 39.83 17.94 64.64 82.31 23.87 16.02 88.18
BCA(Macro-BA@5) 29.94 41.52 40.58 17.98 64.64 82.31 23.91 16.06 88.18
BCA(Macro-F1@5) 49.73 59.48 77.24 47.74 43.79 71.89 43.76 32.44 83.29
BCA(Macro-JS@5) 49.70 59.44 77.20 47.78 43.77 71.88 43.76 32.45 83.23
BCA(Cov@5) 2.90 7.09 3.19 14.33 41.88 70.92 9.46 5.46 88.26

FW(Macro-P@5) 36.75 42.09 59.38 54.56 25.06 62.52 30.50 20.94 76.98
FW(Macro-R@5) 31.09 43.06 42.96 17.64 64.48 82.23 24.04 15.96 87.50
FW(Macro-BA@5) 31.38 43.35 44.09 17.65 64.48 82.23 24.06 15.98 87.50
FW(Macro-F1@5) 49.63 57.60 77.08 47.53 43.33 71.66 43.08 32.05 80.22
FW(Macro-JS@5) 49.58 57.59 77.00 47.61 43.28 71.63 43.09 32.08 80.10

Wiki10-31K

Top-5 63.00 97.56 * 17.98 3.73 1.00 50.50 1.42 0.96 4.38
PS-5 61.83 128.33 17.82 7.91 3.69 51.84 4.51 3.49 9.47
Pow-5β“0.25 61.06 127.25 17.56 7.40 3.39 51.69 4.19 3.20 9.01
Pow-5β“0.5 54.03 146.97 15.61 10.03 5.94 52.97 6.77 5.39 12.75
Log-5 56.16 120.69 15.98 6.61 2.91 51.45 3.67 2.72 8.33
Macro-Rprior-5 38.04 150.76 10.94 12.04 8.73 54.36 9.03 7.23 16.77
Macro-BAprior-5 38.28 150.94 11.01 12.05 8.72 54.35 9.03 7.23 16.75

BCA(Macro-P@5) 34.35 102.57 9.69 14.44 6.18 53.08 7.41 6.15 14.62
BCA(Macro-R@5) 27.57 129.69 7.85 12.35 8.48 54.23 8.98 7.21 17.43
BCA(Macro-BA@5) 27.64 129.78 7.87 12.35 8.48 54.23 8.98 7.21 17.43
BCA(Macro-F1@5) 41.01 127.82 11.75 13.68 6.67 53.33 8.08 6.58 15.39
BCA(Macro-JS@5) 41.75 128.82 11.96 13.50 6.59 53.29 8.00 6.50 15.24
BCA(Cov@5) 26.95 117.21 7.62 11.15 6.92 53.45 7.46 5.78 16.53

FW(Macro-P@5) 42.77 126.18 12.23 8.46 4.82 52.41 5.61 4.22 12.36
FW(Macro-R@5) 38.02 150.74 10.94 12.04 8.73 54.36 9.03 7.24 16.77
FW(Macro-BA@5) 38.23 150.85 11.00 12.05 8.73 54.36 9.03 7.24 16.75
FW(Macro-F1@5) 31.55 122.28 8.98 11.31 7.74 53.86 7.81 6.30 15.25
FW(Macro-JS@5) 35.10 128.67 10.05 11.62 7.77 53.88 7.98 6.43 15.41



Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

WikiLSHTC-325K

Top-5 31.14 90.78 * 54.58 18.73 20.72 60.36 17.30 12.97 35.53
PS-5 32.18 101.06 56.72 19.62 25.45 62.72 19.69 14.64 41.44
Pow-5β“0.25 31.43 98.92 55.82 19.35 24.47 62.23 19.18 14.30 40.15
Pow-5β“0.5 29.97 103.63 54.41 19.12 27.76 63.88 20.28 14.90 44.18
Log-5 31.19 94.56 55.11 19.01 22.36 61.18 18.14 13.58 37.52
Macro-Rprior-5 27.35 105.72 51.42 17.50 31.21 65.60 20.16 14.33 48.56
Macro-BAprior-5 27.36 105.72 51.42 17.50 31.21 65.60 20.16 14.33 48.56

BCA(Macro-P@5) 10.70 34.79 16.98 33.85 13.08 56.54 15.37 11.82 36.13
BCA(Macro-R@5) 21.79 96.91 43.59 18.23 32.81 66.40 20.28 14.43 52.70
BCA(Macro-BA@5) 21.79 96.91 43.59 18.23 32.81 66.40 20.28 14.43 52.70
BCA(Macro-F1@5) 24.87 87.14 44.61 26.86 26.24 63.12 23.75 18.03 48.59
BCA(Macro-JS@5) 24.29 82.10 43.20 28.79 24.34 62.17 23.69 18.15 46.97
BCA(Cov@5) 15.20 78.05 28.45 19.08 29.12 64.56 17.97 12.72 50.61

FW(Macro-P@5) 23.91 78.62 43.47 24.18 22.06 61.03 20.09 15.32 40.17
FW(Macro-R@5) 26.75 105.58 50.52 17.61 31.88 65.94 20.38 14.42 49.60
FW(Macro-BA@5) 26.75 105.58 50.52 17.61 31.88 65.94 20.38 14.42 49.60
FW(Macro-F1@5) 27.13 92.61 48.82 22.14 25.88 62.94 21.21 15.87 44.13
FW(Macro-JS@5) 27.28 93.04 48.93 21.82 26.03 63.02 21.05 15.69 44.32

WikipediaLarge-500K

Top-5 37.41 113.72 * 48.07 21.04 21.83 60.92 18.99 14.51 37.87
PS-5 38.04 127.08 49.50 23.18 27.08 63.54 22.27 16.91 44.82
Pow-5β“0.25 37.51 124.47 48.93 22.72 25.88 62.94 21.59 16.42 43.28
Pow-5β“0.5 35.89 130.97 47.83 23.31 29.38 64.69 23.31 17.55 47.76
Log-5 37.43 118.72 48.47 21.80 23.53 61.77 20.12 15.35 40.18
Macro-Rprior-5 31.75 132.99 43.96 22.48 33.03 66.51 23.95 17.60 52.56
Macro-BAprior-5 31.75 132.99 43.96 22.48 33.03 66.51 23.95 17.60 52.56

BCA(Macro-P@5) 13.66 46.06 15.67 36.12 14.28 57.14 16.79 13.11 38.29
BCA(Macro-R@5) 24.92 121.88 36.36 23.33 34.71 67.36 24.28 17.71 57.18
BCA(Macro-BA@5) 24.92 121.88 36.37 23.33 34.72 67.36 24.28 17.71 57.18
BCA(Macro-F1@5) 29.35 110.76 38.08 29.23 27.87 63.93 25.62 19.60 51.60
BCA(Macro-JS@5) 28.80 105.36 36.87 30.82 26.21 63.10 25.46 19.64 50.12
BCA(Cov@5) 17.82 98.49 25.15 24.08 30.93 65.46 21.85 15.87 55.71

FW(Macro-P@5) 24.71 88.82 32.65 26.36 21.40 60.70 20.20 15.66 40.13
FW(Macro-R@5) 31.02 133.28 43.14 22.59 33.91 66.95 24.15 17.64 53.83
FW(Macro-BA@5) 31.02 133.28 43.14 22.59 33.91 66.95 24.15 17.64 53.83
FW(Macro-F1@5) 30.59 114.01 40.12 25.14 27.22 63.61 22.98 17.43 47.21
FW(Macro-JS@5) 30.87 110.45 39.45 25.12 25.84 62.92 22.19 16.89 44.90

Amazon-670K

Top-5 36.71 259.09 * 34.39 14.21 14.41 57.20 13.39 11.41 19.79
PS-5 36.71 272.96 34.51 15.24 15.68 57.84 14.50 12.35 21.41
Pow-5β“0.25 36.89 270.81 34.65 15.10 15.43 57.71 14.32 12.22 21.07
Pow-5β“0.5 36.49 275.49 34.39 15.58 16.01 58.00 14.81 12.61 21.81
Log-5 36.84 264.86 34.55 14.61 14.87 57.43 13.81 11.78 20.36
Macro-Rprior-5 34.70 273.87 32.86 16.02 16.39 58.19 15.06 12.76 22.30
Macro-BAprior-5 34.70 273.87 32.86 16.02 16.39 58.19 15.06 12.76 22.30

BCA(Macro-P@5) 24.08 200.71 23.12 21.04 13.67 56.84 15.33 13.52 21.38
BCA(Macro-R@5) 33.28 265.95 31.56 17.62 16.44 58.22 15.84 13.57 22.98
BCA(Macro-BA@5) 33.28 265.95 31.56 17.62 16.44 58.22 15.84 13.57 22.98
BCA(Macro-F1@5) 32.25 250.48 30.52 20.00 15.47 57.74 16.47 14.44 22.61
BCA(Macro-JS@5) 31.91 247.25 30.19 20.14 15.27 57.64 16.40 14.44 22.34
BCA(Cov@5) 29.91 248.56 28.10 16.50 15.63 57.81 14.83 12.49 22.78

FW(Macro-P@5) 33.75 256.96 31.85 15.80 15.05 57.52 14.24 12.12 20.73
FW(Macro-R@5) 34.31 273.24 32.53 16.15 16.45 58.22 15.10 12.79 22.36
FW(Macro-BA@5) 34.31 273.24 32.53 16.15 16.45 58.22 15.10 12.79 22.36
FW(Macro-F1@5) 34.91 262.95 32.86 15.60 15.25 57.62 14.32 12.19 20.94
FW(Macro-JS@5) 34.49 259.77 32.47 15.59 15.07 57.54 14.21 12.11 20.73
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such a combination of utilities as mixed utility. Such a combination itself is a label-
wise utility (as weighted instance-wise utilities are also label-wise utilities) and can
be optimized without any modification by the discussed algorithms. Additionally,
a convex combination of functions that are convex and Lipschitz results in a
function that preserves these characteristics and, as such, does not violate the
guarantees of our algorithms.

As an example, we present the results for mixed utilities that combine instance-
wise precision@k with macro-averaged metric:

ΨppCq :“p1 ´ λqΨP@kppCq ` λΨmacroppCq

“
mÿ

j“1

p1 ´ λqψP@kppcjq ` λψmacroppcjq (9.1)

In Figures 9.1 and 9.2, we present the results of optimization of such mixed utility
of precision@k with macro-recall@k, macro-Fβ-measure@k, and coverage@k with
different values of λ P t0, 0.05, 0.1, 0.3, 0.5, 0.7, 0.9, 0.95, 1u, where λ “ 0 is equiva-
lent of Top-k. As in the case of previous results, here we present the results for
both synthetic and original datasets for k “ 5, and in Figures B.1 and B.2 for
k P t1, 3u. The presented results are the mean values over 5 label generations in
the case of synthetic datasets and 5 runs in the case of original datasets. The plots
show that the instance-vs-macro curve has a nice concave shape. In synthetic
experiments, the curve always dominates simple baselines. In particular, we can
initially improve macro-averaged metrics with only a minor drop in instance-wise
performance. Only when we want to optimize even more strongly for tail labels,
we will get larger drops on head labels. Because of the plug-in nature of BCA and
FW methods working on top of LPE, it is relatively easy and cheap to tune λ, so
one can easily select an optimal interpolation constant according to some criteria,
such as a maximum decrease of instance-wise performance.

9.4 Efficiency of PLT with BF‹-search

Finally, in this last experiment, we compare the computational performance of
two approaches to efficient inference:

• a general two-step approach that first predicts k1 top conditional marginal
probabilities pηpxq and then applies reweighting according to one of the
methods such as PS-k, Pow-k, Macro-Rprior-k, or a random classifier obtained
using FW(¨),

• direct inference using BF‹-search in PLT for finding k labels with highest
values of apηpxq ` b (as described in Section 8.2.3).

We are interested in investigating if BF‹-search for PLT may bring even further
speed up over the two-step approach. Because of that, we compare inference times
of BF‹-search for different objectives and budgets k “ t1, 3, 5u, with a time of



Figure 9.1: Results (%) for k “ 5 of optimization of mixed utilities
on synthetic versions of XMLC datasets with ideal estimates of
marginal conditional probabilities ηpxq “ pηpxq.
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Figure 9.2: Results (%) for k “ 5 of optimization of mixed utilities
on original XMLC datasets with marginal conditional probabilities
coming from the PLT model.
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obtaining marginals for top k1 “ 100 labels, using the same PLT model as in
previous experiments. The k1 “ 100 labels need to be later reweighted and the
final top k labels selected. Because the speed of these operations may vary slightly
depending on a and b, we only report the time of obtaining k1 “ 100 labels. We
present the results in Table 9.4. We do not report results for utilities themselves,
as they are almost identical, as BF‹-search gives only a very tiny improvement to
reweighting top k1 “ 100 labels. A similar result was obtained by [Schultheis et al.,
2023], where a two-step approach with k1 “ 100 and k1 “ 1000 was compared, and
k1 “ 1000 was only slightly better than k1 “ 100.

We observe that BF‹-search is an even faster inference method in the case of
almost all objectives, with the exception of BF‹(Macro-Rprior-k), BF‹(FW(Macro-
R@k)), and BF‹(FW(Macro-F1@k)). Those have the largest differences between
values in a and b, forcing BF‹-search to explore nodes with tiny probabilities in
order to find the exact solution. It is worth noting that the tree structure and
the type of node estimator have an impact on the performance of PLT-based
algorithms [Jasinska-Kobus et al., 2020]. Although here we limited ourselves to
just a single setup of tree structures, a popular binary tree on top of a large cluster
of labels (of size 400), we showed that PLT-based inference can be an alternative
to the two-step inference with reweighting k1 labels with the highest ηjpxq.

9.5 Summary of the chapter

In this chapter, we conducted extensive empirical experiments on a wide range of
benchmark datasets from the well-known XMLC repository, considering instance-
wise and macro-averaged utility functions. We first conducted experiments with
synthetic labels, designed to compare inference algorithms, emulating perfect
knowledge of label conditional marginal probabilities and, as such, eliminating
the main source of regret of all the methods. The results show that all the
methods are the best on their targeted utilities, confirming our theoretical results.
We then conduct experiments using original labels to reflect a more realistic
scenario of imperfect probability estimates and high data sparsity. Here, BCA
methods increased their advantage. The gap between BCA and FW became larger
due to challenges like overfitting, which is especially notable for macro-precision.
Regularization helped mitigate this issue, though simpler inference strategies (Top-
k) also showed robust performance in some cases. Additionally, we demonstrated
that BCA and FW allow for the optimization of mixed utilities that can lead to
a practical approach of balancing the head- and tail-label performance. Finally,
we investigated the computational efficiency of the PLT inference based on the
BF‹-search, showing that it can be computationally less expensive compared to
the simpler two-step strategy in which prediction of marginals is followed by
reweighting.



Table 9.4: Comparison of average inference times per instance (ms) of predicting
the top 100 labels first and doing reweighting (Top-100) with BF‹p¨q algorithm
applied to predicting with different weights and k P t1, 3, 5u. The time is reported
in milliseconds (ms) and the speed-up is reported as a ratio of the time taken by
BF‹p¨q algorithm to the time of Top-100.

Method k “ 1 k “ 3 k “ 5
T {ntest (speed-up) T {ntest (speed-up) T {ntest (speed-up)

RCV1x-2K

Top-100 11.20 (1.00x) 11.20 (1.00x) 11.20 (1.00x)

Top-k 1.17 (9.60x) 1.74 (6.46x) 2.34 (4.79x)
BF‹(PS-k) 2.36 (4.76x) 3.15 (3.55x) 4.12 (2.72x)
BF‹(Pow-kβ“0.25) 2.59 (4.33x) 3.40 (3.30x) 4.43 (2.53x)
BF‹(Pow-kβ“0.5) 4.13 (2.71x) 5.42 (2.07x) 6.73 (1.66x)
BF‹(Log-k) 2.03 (5.52x) 2.69 (4.17x) 3.46 (3.24x)
BF‹(Macro-Rprior-k) 9.00 (1.24x) 10.21 (1.10x) 11.28 (0.99x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 3.46 (3.24x) 5.99 (1.87x) 8.57 (1.31x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 4.84 (2.32x) 7.68 (1.46x) 10.20 (1.10x)
BF‹(FW(Macro-R@k)) 10.69 (1.05x) 11.97 (0.94x) 12.25 (0.91x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 3.42 (3.27x) 4.77 (2.35x) 7.12 (1.57x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 4.54 (2.47x) 6.24 (1.80x) 8.87 (1.26x)
BF‹(FW(Macro-F1@k)) 10.87 (1.03x) 11.98 (0.94x) 12.21 (0.92x)

EURLex-4K

Top-100 16.37 (1.00x) 16.37 (1.00x) 16.37 (1.00x)

Top-k 2.69 (6.08x) 4.53 (3.62x) 5.16 (3.17x)
BF‹(PS-k) 5.04 (3.25x) 6.32 (2.59x) 7.41 (2.21x)
BF‹(Pow-kβ“0.25) 4.52 (3.62x) 5.65 (2.90x) 6.87 (2.38x)
BF‹(Pow-kβ“0.5) 6.59 (2.48x) 8.14 (2.01x) 9.34 (1.75x)
BF‹(Log-k) 3.61 (4.53x) 4.69 (3.49x) 5.79 (2.83x)
BF‹(Macro-Rprior-k) 20.40 (0.80x) 22.94 (0.71x) 23.01 (0.71x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 6.84 (2.39x) 8.33 (1.96x) 10.77 (1.52x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 7.68 (2.13x) 10.71 (1.53x) 13.29 (1.23x)
BF‹(FW(Macro-R@k)) 16.46 (0.99x) 19.86 (0.82x) 19.41 (0.84x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 6.62 (2.47x) 6.54 (2.50x) 8.19 (2.00x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 8.02 (2.04x) 8.22 (1.99x) 10.53 (1.55x)
BF‹(FW(Macro-F1@k)) 15.10 (1.08x) 18.12 (0.90x) 19.52 (0.84x)

EURLex-4.3K

Top-100 106.16 (1.00x) 106.16 (1.00x) 106.16 (1.00x)

Top-k 20.71 (5.12x) 30.44 (3.49x) 38.14 (2.78x)
BF‹(PS-k) 44.58 (2.38x) 47.77 (2.22x) 56.96 (1.86x)
BF‹(Pow-kβ“0.25) 37.60 (2.82x) 45.72 (2.32x) 53.82 (1.97x)
BF‹(Pow-kβ“0.5) 51.96 (2.04x) 61.79 (1.72x) 72.40 (1.47x)
BF‹(Log-k) 32.53 (3.26x) 38.70 (2.74x) 46.39 (2.29x)
BF‹(Macro-Rprior-k) 91.31 (1.16x) 103.38 (1.03x) 114.13 (0.93x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 45.08 (2.35x) 63.18 (1.68x) 79.06 (1.34x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 57.04 (1.86x) 77.75 (1.37x) 96.17 (1.10x)
BF‹(FW(Macro-R@k)) 101.64 (1.04x) 117.02 (0.91x) 124.01 (0.86x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 47.34 (2.24x) 53.70 (1.98x) 70.67 (1.50x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 55.07 (1.93x) 67.08 (1.58x) 84.09 (1.26x)
BF‹(FW(Macro-F1@k)) 102.47 (1.04x) 116.74 (0.91x) 123.05 (0.86x)



Method k “ 1 k “ 3 k “ 5
T {ntest (speed-up) T {ntest (speed-up) T {ntest (speed-up)

AmazonCat-13K

Top-100 19.82 (1.00x) 19.82 (1.00x) 19.82 (1.00x)

Top-k 1.16 (17.10x) 1.94 (10.20x) 2.60 (7.62x)
BF‹(PS-k) 3.63 (5.46x) 4.51 (4.39x) 5.95 (3.33x)
BF‹(Pow-kβ“0.25) 3.77 (5.26x) 4.68 (4.24x) 6.14 (3.23x)
BF‹(Pow-kβ“0.5) 7.04 (2.82x) 9.30 (2.13x) 12.07 (1.64x)
BF‹(Log-k) 2.71 (7.31x) 3.22 (6.15x) 4.06 (4.88x)
BF‹(Macro-Rprior-k) 19.22 (1.03x) 26.11 (0.76x) 30.12 (0.66x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 8.10 (2.45x) 13.70 (1.45x) 19.57 (1.01x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 12.09 (1.64x) 19.45 (1.02x) 25.01 (0.79x)
BF‹(FW(Macro-R@k)) 27.48 (0.72x) 32.95 (0.60x) 36.01 (0.55x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 5.93 (3.34x) 8.00 (2.48x) 13.18 (1.50x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 7.84 (2.53x) 11.28 (1.76x) 17.96 (1.10x)
BF‹(FW(Macro-F1@k)) 27.22 (0.73x) 33.38 (0.59x) 36.69 (0.54x)

AmazonCat-14K

Top-100 23.77 (1.00x) 23.77 (1.00x) 23.77 (1.00x)

Top-k 0.56 (42.40x) 2.32 (10.24x) 3.88 (6.13x)
BF‹(PS-k) 0.90 (26.53x) 8.94 (2.66x) 11.24 (2.11x)
BF‹(Pow-kβ“0.25) 1.29 (18.43x) 8.76 (2.71x) 10.58 (2.25x)
BF‹(Pow-kβ“0.5) 6.79 (3.50x) 17.13 (1.39x) 20.30 (1.17x)
BF‹(Log-k) 0.78 (30.43x) 5.00 (4.75x) 6.24 (3.81x)
BF‹(Macro-Rprior-k) 31.95 (0.74x) 35.34 (0.67x) 39.03 (0.61x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 4.23 (5.62x) 28.14 (0.84x) 33.21 (0.72x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 7.89 (3.01x) 32.79 (0.72x) 36.14 (0.66x)
BF‹(FW(Macro-R@k)) 32.88 (0.72x) 36.73 (0.65x) 37.79 (0.63x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 3.34 (7.11x) 18.52 (1.28x) 25.40 (0.94x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 3.47 (6.85x) 24.24 (0.98x) 30.79 (0.77x)
BF‹(FW(Macro-F1@k)) 32.75 (0.73x) 36.44 (0.65x) 38.08 (0.62x)

Wiki10-31K

Top-100 336.66 (1.00x) 336.66 (1.00x) 336.66 (1.00x)

Top-k 9.14 (36.85x) 30.04 (11.21x) 47.47 (7.09x)
BF‹(PS-k) 105.95 (3.18x) 131.25 (2.56x) 156.01 (2.16x)
BF‹(Pow-kβ“0.25) 100.18 (3.36x) 124.07 (2.71x) 148.39 (2.27x)
BF‹(Pow-kβ“0.5) 202.67 (1.66x) 248.39 (1.36x) 274.51 (1.23x)
BF‹(Log-k) 72.43 (4.65x) 101.88 (3.30x) 120.67 (2.79x)
BF‹(Macro-Rprior-k) 316.70 (1.06x) 354.81 (0.95x) 377.35 (0.89x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 50.82 (6.62x) 100.79 (3.34x) 147.92 (2.28x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 90.64 (3.71x) 175.54 (1.92x) 236.92 (1.42x)
BF‹(FW(Macro-R@k)) 382.30 (0.88x) 409.93 (0.82x) 415.45 (0.81x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 68.72 (4.90x) 132.47 (2.54x) 134.18 (2.51x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 121.92 (2.76x) 121.44 (2.77x) 143.72 (2.34x)
BF‹(FW(Macro-F1@k)) 379.41 (0.89x) 408.91 (0.82x) 416.81 (0.81x)



Method k “ 1 k “ 3 k “ 5
T {ntest (speed-up) T {ntest (speed-up) T {ntest (speed-up)

WikiLSHTC-325K

Top-100 99.92 (1.00x) 99.92 (1.00x) 99.92 (1.00x)

Top-k 5.69 (17.57x) 12.27 (8.14x) 18.01 (5.55x)
BF‹(PS-k) 19.54 (5.11x) 35.97 (2.78x) 49.37 (2.02x)
BF‹(Pow-kβ“0.25) 15.58 (6.41x) 28.46 (3.51x) 38.03 (2.63x)
BF‹(Pow-kβ“0.5) 32.12 (3.11x) 55.78 (1.79x) 71.97 (1.39x)
BF‹(Log-k) 8.75 (11.42x) 17.20 (5.81x) 23.94 (4.17x)
BF‹(Macro-Rprior-k) 97.52 (1.02x) 141.89 (0.70x) 167.93 (0.59x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 34.38 (2.91x) 93.03 (1.07x) 139.76 (0.71x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 59.97 (1.67x) 138.18 (0.72x) 183.10 (0.55x)
BF‹(FW(Macro-R@k)) 152.93 (0.65x) 206.38 (0.48x) 225.94 (0.44x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 43.04 (2.32x) 45.69 (2.19x) 71.30 (1.40x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 70.59 (1.42x) 71.64 (1.39x) 110.02 (0.91x)
BF‹(FW(Macro-F1@k)) 153.01 (0.65x) 207.76 (0.48x) 231.45 (0.43x)

WikipediaLarge-500K

Top-100 459.20 (1.00x) 459.20 (1.00x) 459.20 (1.00x)

Top-k 26.15 (17.56x) 56.33 (8.15x) 79.56 (5.77x)
BF‹(PS-k) 75.81 (6.06x) 136.62 (3.36x) 183.59 (2.50x)
BF‹(Pow-kβ“0.25) 64.49 (7.12x) 111.51 (4.12x) 148.99 (3.08x)
BF‹(Pow-kβ“0.5) 116.60 (3.94x) 200.64 (2.29x) 265.88 (1.73x)
BF‹(Log-k) 39.59 (11.60x) 73.06 (6.29x) 98.65 (4.65x)
BF‹(Macro-Rprior-k) 294.13 (1.56x) 488.64 (0.94x) 596.96 (0.77x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 77.79 (5.90x) 225.33 (2.04x) 367.11 (1.25x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 138.73 (3.31x) 370.01 (1.24x) 551.06 (0.83x)
BF‹(FW(Macro-R@k)) 480.54 (0.96x) 732.23 (0.63x) 887.14 (0.52x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 89.17 (5.15x) 162.44 (2.83x) 242.30 (1.90x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 117.32 (3.91x) 235.76 (1.95x) 380.11 (1.21x)
BF‹(FW(Macro-F1@k)) 476.89 (0.96x) 718.68 (0.64x) 879.73 (0.52x)

Amazon-670K

Top-100 143.00 (1.00x) 143.00 (1.00x) 143.00 (1.00x)

Top-k 16.60 (8.62x) 25.95 (5.51x) 32.92 (4.34x)
BF‹(PS-k) 32.70 (4.37x) 47.13 (3.03x) 56.14 (2.55x)
BF‹(Pow-kβ“0.25) 28.24 (5.06x) 40.62 (3.52x) 49.24 (2.90x)
BF‹(Pow-kβ“0.5) 34.20 (4.18x) 48.28 (2.96x) 58.84 (2.43x)
BF‹(Log-k) 20.44 (7.00x) 31.16 (4.59x) 38.15 (3.75x)
BF‹(Macro-Rprior-k) 71.44 (2.00x) 94.41 (1.51x) 112.15 (1.28x)

BF‹(FW(0.9P@k`0.1Macro-R@k)) 25.97 (5.51x) 52.61 (2.72x) 73.95 (1.93x)
BF‹(FW(0.7P@k`0.3Macro-R@k)) 39.65 (3.61x) 78.99 (1.81x) 105.76 (1.35x)
BF‹(FW(Macro-R@k)) 95.02 (1.50x) 123.60 (1.16x) 140.87 (1.02x)
BF‹(FW(0.9P@k`0.1Macro-F1@k)) 28.48 (5.02x) 43.16 (3.31x) 54.73 (2.61x)
BF‹(FW(0.7P@k`0.3Macro-F1@k)) 38.87 (3.68x) 58.97 (2.42x) 77.91 (1.84x)
BF‹(FW(Macro-F1@k)) 95.66 (1.49x) 124.86 (1.15x) 145.72 (0.98x)
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Summary

In this thesis, we summarized, unified under a single notation, and extended the
results we published in the area of extreme multi-label classification (XMLC)
regarding the problem of optimal inference for different types of utilities under
prediction budgeted at k (the classifier needs to predict exactly k labels for
each instance), which is a popular setting in many applications of XMLC like
recommender systems or online advertising. All inference algorithms considered in
this dissertation work on top of the Label Probability Estimator (LPE), which
estimates the marginal conditional probabilities of labels ηjpxq “ Pryj “ 1 |xs,
making our work agnostic to the specific LPE type and broadly applicable to a
wide range of methods used in XMLC.

We started our analysis with popular instance-wise utilities and took a closer
look at popular precision@k and similar metrics such as the Hamming score@k.
We considered their weighted variants and generalized them under the family of
instance-wise weighted utilities. For these utilities, we demonstrated the form of
the Bayes (optimal) classifier, which is determined by ηjpxq, and derived an upper
bound for the regret that one suffers when using inaccurate estimates of ηjpxq
instead. We also applied a similar analysis for popular metrics such as recall@k

and (n)DCG@k.
Then, we took a close look at these metrics under the missing labels setting. We

demonstrated that under the propensity model pjpxq :“ P rqyj “ 1 | yj “ 1,xs, the
unbiased estimates of instance-wise weighted utilities remain in the class of instance-
wise weighted utilities. We then discussed the popular empirical propensity model
proposed by Jain et al. [2016], which became a standard approach to evaluating
long-tailed performance via propensity-scored metrics, especially propensity-scored
precision@k. We highlighted problems with evaluating performance on rare labels
using this approach and advocated for the development of metrics better suited
for addressing tail labels.

As a promising alternative, we turned to a family of label-wise utilities, es-
pecially macro-averaged matrices, that first calculate a binary metric on each
label separately and then average the results, treating performance for every label
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equally, despite their frequency. While optimization of macro-averaged metrics
is a well-researched problem and boils down to finding the optimal threshold on
ηjpxq for each label separately, it turns into a much harder problem under the
budget “at k” constraint. As label-wise utilities belong to the family of general
metrics defined on the confusion matrix, we analyzed the problem of finding the
Bayes classifier for label-wise metrics with a budget “at k” constraint under the
expected test utility (ETU) framework, where we aim to maximize the expected
value of a metric on a given test set, and the population utility (PU) framework,
where the goal is to maximize the metric on the expected confusion matrix on a
population level.

Under the ETU framework, we showed that the form of the optimal classifier
is defined on ηjpxq. However, calculating it is computationally intractable with
a large number of instances and labels. Because of that, we introduce a linear
approximation of the ETU objective and propose a block coordinate ascent (BCA)
algorithm to maximize it. We also demonstrated regret guarantees depending on
the properties of optimized utility and accuracy of provided ηjpxq estimates.

Analogously, under the PU framework, we showed that the optimal classifier
belongs to the class of randomized classifiers. Additionally, when certain condi-
tions of ηpxq distribution and utility are met, the optimal classifier is a linear
function of a confusion matrix. Next, we have introduced a consistent Frank-Wolfe
(FW) algorithm, which is capable of finding an optimal randomized classifier by
performing optimization over the set of feasible confusion matrices. Once again,
we show regret guarantees depending on the properties of optimized utility and
error of ηjpxq estimates.

The computational complexity of all introduced inference algorithms is linear
with the number of labels, which is problematic in the context of XMLC. For
this reason, as a last algorithmic contribution to this work, we focus on reducing
the computational complexity of the introduced algorithms. First, we propose to
leverage the sparsity of labels and consider only k1 labels with the highest marginal
probabilities, since most of ηjpxq is equal or very close to zero. Many XMLC
methods support the retrieval of a subset of labels with the highest probabilities
or scores, making this method generally applicable. As an alternative approach,
we propose to use probabilistic label trees (PLT), which organize labels into a tree
structure and decompose their ηjpxq over a path from the root to the label node.
This allows for the application of classical search algorithms like uniform-cost
search or beam-search to efficiently find the labels with the highest ηjpxq. In this
work, we introduced a more general tree search algorithm based on a best-first-star
search that can efficiently find labels with the highest value of ajηjpxq ` bj that
may improve prediction speed even further.

Finally, to conclude this thesis, we performed a comprehensive set of experi-
ments using both synthetic and real-world data sets, confirming our theoretical
findings and showcasing the practicality of the introduced algorithms. We also
demonstrated that under our framework, one can optimize a convex combination
of instance-wise metrics with label-wise objectives to control the trade-off of per-
formance between them effectively. We find that it is possible to significantly
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improve the quality of tail-label predictions with minimal compromise to head-label
performance.

Ultimately, we believe that this thesis will contribute to the shift toward using
macro-averaged metrics for the evaluation of long-tail performance in XMLC,
especially under the novel setting of the budget “at k” to which understanding,
both theoretically and practically, we significantly contributed in this work. We
hope that the introduced methods, thanks to their general applicability and
independence from specific label probability estimators, will stand the test of time,
remaining relevant in ongoing XMLC research.
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A
Full proofs

In this appendix, we provide full proofs of theorems and lemmas from the main
text that were presented as sketches in the main text or completely omitted. The
proofs are divided into sections, each section corresponds to a chapter from the
main text, and presented in the same order as they appear in the main text.

A.1 Chapter 3

A.1.1 Equivalence of optimal classifiers for precision@k and
recall@k under labels independence

Theorem 3.3.1. Given conditionally independent labels, ηjpxq and η1jpxq, j P rms
induce the same order of labels.

Proof. To prove the theorem, it suffices to show that for conditionally independent
labels, the order of labels induced by the marginal probabilities ηjpxq is the same
as the order induced by the values of η1jpxq:

η1jpxq “ P1ryj “ 1 |xs “
ÿ

yPY

yj
}y}1Pry |xs. (A.1)

In other words, for any two labels i, j P rms, i ‰ j, ηipxq ě ηjpxq ô η1ipxq ě η1jpxq.
Let assume that ηipxq ě ηjpxq. The summation over all y in (A.1) can be

written in the following way:

η1jpxq “
ÿ

yPY
yjNpyqPry|xs , (A.2)

where Npyq “ p}y}1q´1 is a value that depends only on the number of positive
labels in y. In this summation, we consider four subsets of Y , creating a partition
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of this set:
Su,w
i,j “ ty P Y : yi “ u^ yj “ wu, u, w P t0, 1u. (A.3)

The subset S0,0
i,j does not play any role because yi “ yj “ 0 and therefore do not

contribute to the final sum. Then (A.1) can be written in the following way for
the i-th and j-th label:

η1ipxq “
ÿ

y:S1,0
i,j

NpyqPry|xs `
ÿ

yPS1,1
i,j

NpyqPry|xs (A.4)

η1jpxq “
ÿ

y:S0,1
i,j

NpyqPry|xs `
ÿ

yPS1,1
i,j

NpyqPry|xs (A.5)

The contribution of elements from S1,1
i,j is equal for both η1ipxq and η1jpxq. It is so

because the value of NpyqPry|xs is the same for all y P S1,1
i,j : the conditional joint

probabilities Pry|xs are fixed and they are multiplied by the same factors Npyq.
Consider now the contributions of S1,0

i,j and S0,1
i,j to the relevant sums. By the

definition of Y, S1,0
i,j , and S0,1

i,j , there exists bijection bi,j : S1,0
i,j Ñ S0,1

i,j , such that
for each y1 P S1,0

i,j there exists y2 P S0,1
i,j equal to y1 except on the i-th and the j-th

position.
Notice that because of the conditional independence assumption the joint

probabilities of elements in S1,0
i,j and S0,1

i,j are related to each other. Let y2 “ bi,jpy1q,
where y1 P S1,0

i,j and y2 P S0,1
i,j . The joint probabilities are:

Pry1|xs “ ηipxqp1 ´ ηjpxqq
ź

lPLzti,ju
ηlpxqylp1 ´ ηlpxqq1´yl (A.6)

and
Pry2|xs “ p1 ´ ηipxqqηjpxq

ź

lPLzti,ju
ηlpxqylp1 ´ ηlpxqq1´yl . (A.7)

One can easily notice the relation between these probabilities:

Pry1|xs “ ηipxqp1 ´ ηjpxqqqi,j and Pry2|xs “ p1 ´ ηipxqqηjpxqqi,j , (A.8)

where qi,j “ ś
lPLzti,ju ηlpxqylp1 ´ ηlpxqq1´yl ě 0. Consider now the difference of

these two probabilities:

Pry1|xs ´ Pry2|xs “ ηipxqp1 ´ ηjpxqqqi,j ´ p1 ´ ηipxqqηjpxqqi,j (A.9)

“ qi,jpηipxqp1 ´ ηjpxqq ´ p1 ´ ηipxqqηjpxqq (A.10)

“ qi,jpηipxq ´ ηjpxqq. (A.11)

From the above we see that ηipxq ě ηjpxq ñ Pry1|xs ě Pry2|xs. Due to the
properties of the bijection bi,j , the number of positive labels in y1 and y2 is the same
and Npy1q “ Npy2q, therefore we also get ηipxq ě ηjpxq ñ ř

y:S1,0
i,j
NpyqPry|xs ě

ř
y:S0,1

i,j
NpyqPry|xs, which by A.1.1 and A.1.1 gives us finally ηipxq ě ηjpxq ñ

η1ipxq ě η1jpxq.
The implication in the other side, i.e., ηipxq ě ηjpxq ð Pry1|xs ě Pry2|xs
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holds obviously for qi,j ą 0. For qi,j “ 0, we can notice, however, that Pry1|xs and
Pry2|xs do not contribute to the appropriate sums as they are zero, and therefore
we can follow a similar reasoning as above, concluding that ηipxq ě ηjpxq ð
η1ipxq ě η1jpxq.

Thus for conditionally independent labels, the order of labels induced by
marginal probabilities ηjpxq is equal to the order induced by η1jpxq. As the
precision@k is optimized by k labels with the highest marginal probabilities, we
have that prediction consisted of k labels with highest η1jpxq has zero regret for
precision@k, and vice versa for recall@k.

A.1.2 Regret for optimal classifier for recall@k under prob-
ability estimation error

Theorem 3.3.2. For any distribution Ppy |xq and the classifier H@k Q h@k “
select-top-kppη1pxqq, the following holds:

RegR@kph@k |xq ď 2k max
jPrms

ˇ̌
η1jpxq ´ pη1jpxqˇ̌ . (3.23)

Proof. The conditional regret for recall@k is:

RegR@kph@k |xq “ ΦR@kph@k,‹ |xq ´ ΦR@kph@k |xq

“
mÿ

j“1

η1jpxqy‹j ´
mÿ

j“1

η1jpxqpyj . (A.12)

Let us add and subtract the following two terms:

mÿ

j“1

pη1jpxqy‹j ,
mÿ

j“1

pη1jpxqpyj , (A.13)

from the regret and reorganize the expression in the following way:

RegR@kph@k |xq “
mÿ

j“1

η1jpxqy‹j ´
mÿ

j“1

pη1jpxqy‹j
looooooooooooooomooooooooooooooon

ď
řm

j“1|η1
jpxq´pη1

jpxq|y‹
j

`
mÿ

j“1

pη1jpxqpyj ´
mÿ

j“1

η1jpxqpyj
looooooooooooooomooooooooooooooon

ď
řm

j“1|η1
jpxq´pη1

jpxq|pyj

`
mÿ

j“1

pη1jpxqy‹j ´
mÿ

j“1

pη1jpxqpyj
looooooooooooooomooooooooooooooon

ď0

ď
mÿ

j“1

ˇ̌
η1jpxq ´ pη1jpxqˇ̌ y‹j `

mÿ

j“1

ˇ̌
η1jpxq ´ pη1jpxqˇ̌ pyj . (A.14)

Next we bound each L1 error, η1jpxq ´ pη1jpxq by maxjPrms η
1
jpxq ´ pη1jpxq. There are

at most }y@k,‹ _ py@k}1 ď 2k such terms that stay positive. Therefore:

RegR@kph@k |xq ď 2k max
jPrms

ˇ̌
η1jpxq ´ pη1jpxqˇ̌ . (A.15)
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A.1.3 Regret for optimal classifier for wDCG@k and wnDCG@k

under probability estimation error
Theorem 3.4.1. For any distribution Ppy |xq, vector of label gains g, vector of
discount factors d, and the classifier H@k Q h@k “ select-top-kpg d pηpxqq, the
following holds:

RegwDCG@kph@k |xq ď 2
kÿ

i

di max
jPrms

gj |ηjpxq ´ pηjpxq| ,

RegwnDCG@kph@k |xq ď 2 max
jPrms

gj |ηjpxq ´ pηjpxq| . (3.32)

Proof. The conditional regret for wDCG@k is:

RegwDCG@kph@k |xq “ ΦwDCG@kph@k,‹ |xq ´ ΦwDCG@kph@k |xq

“
mÿ

j“1

drankpηpxq,jqgjηjpxqy‹j ´
mÿ

j“1

drankppηpxq,jqgjηjpxqpyj .

(A.16)

To prove that, let us add and subtract the following two terms:

mÿ

j“1

drankpηpxq,jqgjpηjpxqy‹j ,
mÿ

j“1

drankppηpxq,jqgjpηjpxqpyj , (A.17)

from the regret and reorganize the expression in the following way:

RegwDCG@kph@k |xq “
mÿ

j“1

drankpηpxq,jqgjηjpxqy‹j ´
mÿ

j“1

drankpηpxq,jqgjpηjpxqy‹j
loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

ď
řm

j“1 drankpηpxq,jqgj |ηjpxq´pηjpxq|y‹
j

`
mÿ

j“1

drankppηpxq,jqgjpηjpxqpyj ´
mÿ

j“1

drankppηpxq,jqgjηjpxqpyj
loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

ď
řm

j“1 drankppηpxq,jqgj |ηjpxq´pηjpxq|pyj

`
mÿ

j“1

drankpηpxq,jqgjpηjpxqy‹j ´
mÿ

j“1

drankppηpxq,jqgjpηjpxqpyj
loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

ď0

ď
mÿ

j“1

drankpηpxq,jqgj |ηjpxq ´ pηjpxq|y‹j

`
mÿ

j“1

drankppηpxq,jqgj |ηjpxq ´ pηjpxq|pyj . (A.18)

Next we bound each L1 error, gj
ˇ̌
ˇη1jpxq ´ pη1jpxq

ˇ̌
ˇ by maxjPrms gj

ˇ̌
ˇη1jpxq ´ pη1jpxq

ˇ̌
ˇ.
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Additionally, let us notice that both y@k,‹ and py@k contains exactly k positive labels
and each label appears at only one, unique rank. Therefore

řm
j“1 drankpηpxq,jqy

‹
j “řm

j“1 drankppηpxq,jqpyj “ řk
i“1 di and we end up with the final bound for wDCG@k:

RegwDCG@kph@k |xq ď 2
kÿ

i

di max
jPrms

gj |ηjpxq ´ pηjpxq| . (A.19)

wnDCG@k is wDCG@k divided by constant iDCG@k (3.27) that cancels
řk

i di
term resulting with the final bound:

RegwnDCG@kph@k |xq ď 2 max
jPrms

gj |ηjpxq ´ pηjpxq| . (A.20)

A.2 Chapter 4

A.2.1 Unbiased DCG at k
Theorem A.2.1 (Unbiased DCG under EIU framework). Under Definition 4.1.1
and missing labels model

~DCG@kpx, qy,h@kpxqq :“
mÿ

j“1

qyjpyjdrankpjq
pjpxq , (A.21)

is an unbiased estimate of DCG@k (3.25):

DCG@kpy,h@kpxqq :“
mÿ

j“1

yjpyjdrankpjq ,

Proof. Let S be t0, 1um´1 and sj “ ry1, . . . , yj´1, yj`1, . . . , yms P S be a label
vector without label j. Then, we have:

ΦPry |xsph@k |xq “ Ey„Pry |xs

”
DCG@kpy,h@kpxqq

ı
“

ÿ

yPY
Pry |xs

mÿ

j“1

yjpyjdrankpjq

“
mÿ

j“1

ÿ

yPY
Prsj | yj ,xsPryj |xsyjpyjdrankpjq

“
mÿ

j“1

ÿ

yjPt0,1u

Pryj |xsyjpyjdrankpjq
ÿ

sjPS
Prsj | yj ,xs

“
mÿ

j“1

ÿ

yjPt0,1u

Pryj |xsyjpyjdrankpjq

“
mÿ

j“1

Pryj “ 1 |xsyjpyjdrankpjq “
mÿ

j“1

ηjpxqpyjdrankpjq (A.22)
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Because qηjpxq :“ P rqyj “ 1 |xs and ηjpxq “ qηjpxq{pjpxq (2.26), we get:

ΦPry |xsph |xq “
mÿ

j“1

qηjpxqpyjdrankpjq
pjpxq

´
uj,p1qppyjq ´ uj,p0qppyjq

¯
` uj,p0qppyjq

“
mÿ

j“1

Prqyj “ 1|xsqyjpyjdrankpjq
pjpxq

“ Eqy„Prqy |xs

«
mÿ

j“1

qyjpyjdrankpjq
pjpxq pjpxq

ff

“ Eqy„Prqy |xs
”
~DCG@kpx, qy,h@kpxqq

ı
“ qΦPrqy |xsph |xq . (A.23)

A.3 Chapter 6

A.3.1 Order-invariant label-wise utilities as confusion-matrix
metrics

In this section, we provide a closer look at the family ΨOI of order-invariant task
utilities that can be decomposed into a sum of label-specific functions as laid out
in (5.1) in the main text.

We first formalize the notion of instance-order invariance and then show that
this implies the possibility of reformulating any utility function ΨpY, pYq that is
invariant under instance reordering in terms of confusion matrices. More precisely,
let σ P Ppnq be a permutation of rows, that is, for Y “ ry1, . . . ,yns⊺, we define
σY “ ryσp1q, . . . ,yσpnqs⊺. Then we can make the following definition:

Definition A.3.1 (Invariant under instance reordering). Let n,m P N and
Ψ : t0, 1unˆm ˆ t0, 1unˆm ÝÑ R be a function of discrete labels and predictions.
If Ψ remains unchanged for every permutation of rows σ P Ppnq, i.e.,

ΨpY, pYq “ ΨpσY, σ pYq , (A.24)

then we call Ψ a function that is invariant under instance reordering. We denote
the set of instance-order-invariant utilities with m labels as

Im :“ ␣
Ψ : t0, 1unˆm ˆ t0, 1unˆm ÝÑ R : Ψ is invariant under instance reordering

(
.

(A.25)

We further define the set of all possible binary confusion matrices with n

instances as
Cpnq :“ ␣

pc : npc P N4, }pc}1,1 “ 1
(
, (A.26)

where N is the set of natural numbers including 0. Now we are ready to provide a
lemma for the binary case:
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Lemma A.3.2. Let ψOI : t0, 1un ˆ t0, 1un ÝÑ R be a binary loss function that is
invariant under instances reordering. Then there exists a function ψCM : Cpnq ÝÑ
R such that ψOI “ ψCM ˝ pc.
Proof. We provide an explicit construction of ψOI. To that end, let p̃c P Cpnq be
one such confusion matrix, then there exists py, pyq P t0, 1un ˆ t0, 1un given by

py, pyq “ rp1, 1q, . . . , p1, 1qloooooooomoooooooon
ˆn¨p̃ctp

, p0, 1q, . . . , p0, 1qloooooooomoooooooon
ˆn¨p̃cfp

, p1, 0q, . . . , p1, 0qloooooooomoooooooon
ˆn¨p̃cfn

, p0, 0q, . . . , p0, 0qloooooooomoooooooon
ˆn¨p̃ctn

s⊺ .

(A.27)
Define ψCM such that ψCMpp̃cq “ ψOIpy, pyq. Now, let py1, py1q P t0, 1un ˆ t0, 1un be
an arbitrary label-prediction combination, with pcpy1, py1q “ p̃c. Then there exists a
permutation σ such that σy1 “ y and σpy1 “ py. By the invariance assumption, it
holds that

ψOIpy1, py1q “ ψOIpσy1, σpy1q “ ψOIpy, pyq “ ψCMpp̃cq “ ψCMppcpy1, py1qq. (A.28)

As the original p̃c P Cpnq was arbitrary, the statement is shown.

We can now extend this lemma to show the equivalence of the two definitions
of the task utilities considered in this work:

Theorem A.3.3 (Equivalence of order-invariance and confusion-matrix utilities).
Let n,m P N, and Y “ t0, 1um. Define the set of instance-order invariant, label-
averaged utilities as

UOI :“
!
ΨOI P In : pY, pYq ÞÑ f

`
ψ1
OIpy:,1, py:,1q, . . . , ψm

OIpy:,m, py:,mq˘
)
, (A.29)

and the set of confusion-matrix-based, label-averaged utilities as

UCM :“
!
ΨCM : Cpnqm ÝÑ R s.t. pC ÞÑ f

`
ψ1
CMppc1q, . . . , ψm

CMppcmq˘
)
, (A.30)

where f is any aggregation function. Then, these two descriptions are equivalent
in the sense that

UOI “
!
ΨCM ˝ pC : ΨCM P UCM

)
, (A.31)

that is, every instance-order invariant loss can be written as a confusion-matrix
loss, and every confusion-matrix loss leads to an instance-order invariant loss.

Proof. As calculating the confusion matrix is in itself an operation that is invariant
under instance reordering, each ΨCM ˝ pC clearly is instance-order invariant. On
the other hand, let ΨpY, pYq “ řm

j“1 ψ
jpy:,j , py:,jq, then by Lemma A.3.2 there

exist ψ1
CM, . . . , ψ

m
CM such that

ψj
OIpy:,j , py:,jq “ ψj

CMppcpy:,j , py:,jqq. (A.32)

Summing up the individual ψj
CM gives ΨCM of the correct form.
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A.3.2 cp-Lipschitz utility functions
Before we prove Theorem 6.3.2 and Theorem 6.6.1, let us first discuss the cp-
Lipschitzness condition of the metrics of interest. First, recall the definition from
the main text:

Definition 6.3.1 (cp-Lipschitz [Dembczyński et al., 2017]). A binary classification
metric ψptp,pp, cpq is said to be cp-Lipschitz if

|ψptp,pp, cpq ´ ψptp1, pp1, cp1q| ď Ltppcpq|tp ´ tp1| ` Lpppcpq|pp ´ pp1|
` Lcppcpq|cp ´ cp1|, (6.9)

for any pp, pp1 P r0, 1s, cp, cp1 P p0, 1q, 0 ď tp ď minpcp, ppq, and 0 ď tp1 ď
minpcp1,pp1q. The constants Ltppcpq, Lpppcpq, Lcppcpq are allowed to depend on
cp, in contrast to the standard Lipschitz functions.

The rationale behind this definition is that while we need to control the change
in the value of the metric under small changes, many popular metrics do not
satisfy a standard definition of Lipschitzness (with a global constant). For the
same reason, we only require stability for non-trivial problems, that is, in cases
where the rate of positives cp is neither zero nor one. Relaxing the definition of
Lipschitzness to allow the constants to vary as a function of cp is enough to prove
our stability results and regret bounds, while at the same time, it makes more
metrics of interest to satisfy the condition, as shown below.

Lemma A.3.4. The linear confusion-matrix measures defined by (5.2):

ΨppCpY, pYqq “
mÿ

j“1

pgj,tnpcj,tn ` gj,fppcj,fp ` gj,fnpcj,fn ` gj,tppcj,tpq (A.33)

with fixed coefficient matrix G of size m ˆ 4, are decomposable functions with
cp-Lipschitz components.

Proof. The metric can be rewritten in a decomposable form Ψ “ ř
j ψ

j , where
each ψj in the ptp, pp, cpq-parameterization has the following form:

ψjptp, pp, cpq “ Tj ¨ tp `Qj ¨ pp ` Pj ¨ cp ` Cj (A.34)

where Tj , Qj , Pj , Cj are some combinations of the coefficient in row j of matrix G.
Being a linear function of tp,pp, cp, ψj is Lipschitz.

In proposition 1 of Dembczyński et al. [2017] cp-Lipschitzness is proved for
binary accuracy, balanced accuracy, Fβ-measure, Jaccard, and G-mean. To
complement that results, we additionally prove cp-Lipschitzness condition for
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recall:

|ψptp, pp, cpq ´ ψptp1, pp1, cp1q| “
ˇ̌
ˇ̌ tp
cp

´ tp1

cp1

ˇ̌
ˇ̌ “

ˇ̌
ˇ̌tp ´ tp1

cp
` tp1

cp1
cp1 ´ cp

cp

ˇ̌
ˇ̌

ď 1

cploomoon
“Ltppcpq

ˇ̌
tp ´ tp1

ˇ̌ ` tp1

cp1loomoon
ď1

¨ 1

cploomoon
“Lcppcpq

|cp ´ cp1|.

(A.35)

The notable exception of metric that is not cp-Lipschitz is precision, due to its
behavior for pp Ñ 0.

A.3.3 Stability of the semi-ETU approximation
We are now ready to prove that when the metric of interest has cp-Lipschitz
components, the semi-ETU approximation Φ̃ETU presented in Section 6.3 remains
close to the true objective ΦETU. For the sake of convenience, let us recall the
definition of the ETU objective:

ΦETUp pY;Xq “ EY„PrY |Xs

”
ΨppCpY, pYqq

ı

“
mÿ

j“1

EY„PrY |Xs

“
ψjppcj,tp,pcj,pp,pcj,cpq‰ , (A.36)

as well as its approximation:

Φ̃ETUp pY;Xq “
mÿ

j“1

ψjpEY„PrY |Xs rpcj,tpsloooooooooomoooooooooon
c̃j,tp

,pcj,pp,EY„PrY |Xs rpcj,cpsloooooooooomoooooooooon
c̃j,cp

q. (A.37)

We prove the following result:

Theorem 6.3.2. Let each ψj be cp-Lipschitz with constants Lj
tppcpq, Lj

pppcpq,
Lj
cppcpq. For any pY it holds:

ˇ̌
ˇΦETUp pY;Xq ´ Φ̃ETUp pY;Xq

ˇ̌
ˇ ď 1

2
?
n

˜
mÿ

j“1

pLj
tppc̃j,cpq ` Lj

cppc̃j,cpqq
¸
. (6.10)

Proof. For the sake of the analysis, denote the Lipschitz constants as Lj
tp :“

Lj
tppc̃j,cpq and Lj

cp :“ Lj
cppc̃j,cpq. Using definitions Eq. (A.36) and Eq. (A.37) and

applying Jensen’s inequality, we have
ˇ̌
ˇΦETUp pY;Xq ´ Φ̃ETUp pY;Xq

ˇ̌
ˇ

“
ˇ̌
ˇ̌
ˇ
mÿ

j“1

`
EY„PrY |Xs

“
ψjppcj,tp,pcj,pp,pcj,cpq‰ ´ ψjpc̃j,tp,pcj,pp, c̃j,cpq˘

ˇ̌
ˇ̌
ˇ

ď
mÿ

j“1

EY„PrY |Xs

“ˇ̌
ψjppcj,tp,pcj,pp,pcj,cpq ´ ψjpc̃j,tp,pcj,pp, c̃j,cpqˇ̌‰ . (A.38)
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We now bound each term in the sum by pLj
tp ` Lj

cpq{p2?
nq, which will prove the

theorem. For each j P rms, using cp-Lipschitzness of ψj we have:

ˇ̌
ψjppcj,tp,pcj,pp,pcj,cpq ´ ψjpc̃j,tp,pcj,pp, c̃j,cpqˇ̌

“ ˇ̌
ψjpc̃j,tp,pcj,pp, c̃j,cpq ´ ψjppcj,tp,pcj,pp,pcj,cpqˇ̌

ď Lj
tp|pcj,tp ´ c̃j,tp| ` Lj

cp|pcj,cp ´ c̃j,cp| . (A.39)

Taking expectation on both sides gives:

EY„PrY |Xs

“ˇ̌
ψjppcj,tp,pcj,pp,pcj,cpq ´ ψjpc̃j,tp,pcj,pp, c̃j,cpqˇ̌‰

ď Lj
tpEY„PrY |Xs r|pcj,tp ´ c̃j,tp|s ` Lj

cpEY„PrY |Xs r|pcj,cp ´ c̃j,cp|s
“ Lj

tpEY„PrY |Xs

„b
ppcj,tp ´ c̃j,tpq2

ȷ
` Lj

cpEY„PrY |Xs

„b
ppcj,cp ´ c̃j,cpq2

ȷ

ď Lj
tp

b
EY„PrY |Xs rppcj,tp ´ c̃j,tpq2s

` Lj
cp

b
EY„PrY |Xs rppcj,cp ´ c̃j,cpq2s , (6.13) (A.40)

where the last inequality follows from Jensen’s inequality applied to a concave
function x ÞÑ ?

x. Using the fact that c̃j,tp “ EY„PrY |Xsrpcj,tps, we have

EY„PrY |Xs

“ppcj,tp ´ c̃j,tpq2‰ “ VarY„PrY |Xsppcj,tpq ď 1

4n
, (A.41)

as pcj,tp “ 1
n

řn
i“1 yi,jpyi,j and is an average of n Bernoulli i.i.d. random variables

yi,jpyi,j each having variance at most 1
4 . The same reasoning can be apply to to

EY„PrY |Xsrppcj,cp ´ c̃j,cpq2s ď 1
4n . By applying these to (6.13) we get:

EY„PrY |Xs

“ˇ̌
ψjpc̃j,tp,pcj,pp, c̃j,cpq ´ ψjppcj,tp,pcj,pp,pcj,cpqˇ̌‰ ď Lj

tp ` Lj
cp

2
?
n

(A.42)

what finishes the proof.

A.3.4 Regret of semi-ETU under model misspecification
In this section, we quantify the influence of the estimation error of marginal
probabilities, proving Theorem 6.6.1. To emphasize the dependence of ΦETU on
the label marginal probability estimates, in this section we will write

ΦETUp pY;Xq “ EY„ηpXqΨpY, pYq “: ΦETUp pY;ηq , (A.43)

This notation is well-defined, as we have shown in Section 6.2 that in fact, the
dependence on X is mediated only through the marginal label probabilities ηpXq “
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rηpx1q, . . . ,ηpxnqs, and we abbreviate ηpXq as η. Similarly, we will write

c̃j,tppηq “ Ey:,j„ηjpXq
rtppy:,j , py:,jqs “ 1

m

nÿ

i“1

ηjpxiqpyi,j ,

c̃j,cppηq “ Ey:,j„ηjpXq
rcppy:,jqs “ 1

m

nÿ

i“1

ηjpxiq . (A.44)

Note that pp is independent of η. This allows us to write the semi-ETU objective
as

Φ̃ETUp pY;ηq :“ Ψpc̃:,tp,pc:,pp, c̃:,cpq , (A.45)

where we dropped the dependence of c̃:,tp and c̃:,cp on η as clear from the context.
The optimal (Bayes) predictor Y‹ is the one which maximizes the expected utility
with regard to the true label probabilities:

Y‹ P argmax
pYPY@k,n

ΦETUp pY;ηq . (A.46)

Unfortunately, the learning algorithm does not know the true label marginals
ηpXq, but has only access to the estimates pηpXq “ rpηpx1q, . . . , pηpxnqs for the
considered set of instances. The algorithm computes its predictions Y: by using
the estimates in place of the true marginals. Thus, it can only generate

Y: P argmax
pYPY@k,n

ΦETUp pY; pηq . (A.47)

We can make the same definitions also for the semi-empirical ETU optimization,
leading to

Ỹ‹ P argmax
pYPY@k,n

Φ̃ETUp pY;ηq and Ỹ: P argmax
pYPY@k,n

Φ̃ETUp pY; pηq . (A.48)

Regret for semi-ETU approximation First, we show that for metrics with
cp-Lipschitz components, the Ψ-regret of the resulting semi-ETU predictor (A.48),
which is the suboptimality of Ỹ: (with respect to Y‹) in terms of ΦETU, is well-
controlled and upper-bounded by the estimation error of the marginals. As the
resulting expression is somewhat unwieldy, we then apply some further bounding
to arrive at the much simpler result stated in the main paper in Theorem 6.6.1.

Lemma A.3.5 (Misspecification for semi-ETU approximation). Let Ψ P UOI be
an instance-order invariant linearly decomposable loss function that is cp-Lipschitz,
and pY an arbitrary set of predictions. Then, the difference of the semi-empirical
ETU risk when using two different versions of the marginals, η and η1, is bounded
by the difference η ´ η1 through

|Φ̃ETUp pY;ηq ´ Φ̃ETUp pY;η1q|

ď 1

n

mÿ

j“1

´
Lj
tppc̃j,tppηqq ` Lj

cppc̃j,cppηqq
¯ nÿ

i“1

ˇ̌
ηjpxiq ´ η1jpxiq

ˇ̌
. (A.49)
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Proof. Plugging in the definitions, we have

|Φ̃ETUp pY;ηq ´ Φ̃ETUp pY;η1q|

“
ˇ̌
ˇ̌
ˇ
mÿ

j“1

ψjpc̃j,tppηq,pcj,pp, c̃j,cppηqq ´
mÿ

j“1

ψjpc̃j,tppη1q,pcj,pp, c̃j,cppη1qq
ˇ̌
ˇ̌
ˇ

ď
mÿ

j“1

ˇ̌
ψjpc̃j,tppηq,pcj,pp, c̃j,cppηqq ´ ψjpc̃j,tppη1q,pcj,pp, c̃j,cppη1qqˇ̌

ď
mÿ

j“1

Lj
tppc̃j,tppηqq ˇ̌c̃j,tppηq ´ c̃j,tppη1qˇ̌ ` Lj

cppc̃j,cppηqq ˇ̌c̃j,cppηq ´ c̃j,cppη1qˇ̌ ,

(A.50)

where the last line used the definition of cp-Lipschitzness. The terms under the
sum can be bounded by the estimation error of η1:

ˇ̌
c̃j,tppηq ´ c̃j,tppη1qˇ̌ “

ˇ̌
ˇ̌
ˇ
1

n

nÿ

i“1

pyi,jpηjpxiq ´ η1jpxiqq
ˇ̌
ˇ̌
ˇ ď 1

n

nÿ

i“1

ˇ̌
ηjpxiq ´ η1jpxiq

ˇ̌
,

ˇ̌
c̃j,cppηq ´ c̃j,cppη1qˇ̌ “

ˇ̌
ˇ̌
ˇ
1

n

nÿ

i“1

pηjpxiq ´ η1jpxiqq
ˇ̌
ˇ̌
ˇ ď 1

n

nÿ

i“1

ˇ̌
ηjpxiq ´ η1jpxiq

ˇ̌
, (A.51)

where in the first line we used pyi,j P t0, 1u.
Lemma A.3.6 (Regret bound for semi-ETU approximation). Let Ψ P UOI be an
instance-order invariant linearly decomposable loss function that is cp-Lipschitz.
Then we have

ΦETUpY‹;Xq ´ ΦETUpY:;Xq

ď 1?
n

mÿ

j“1

´
Lj
tppc̃j,cppηqq ` Lj

cppc̃j,cppηqq
¯

` 2
mÿ

j“1

Lj
tppc̃j,cppηqq ` Lj

cpppcj,cppηqq
n

nÿ

i“1

|ηjpxiq ´ pηjpxiq| . (A.52)

Proof. Using the optimality of Y: and a supremum bound, we get

ΦETUpY‹;ηq ´ ΦETUpY:;ηq “ ΦETUpY‹;ηq ´ Φ̃ETUpY‹; pηq
` Φ̃ETUpY‹; pηq ´ Φ̃ETUpY:; pηq
` Φ̃ETUpY:; pηq ´ ΦETUpY:;ηq

ď ΦETUpY‹;ηq ´ Φ̃ETUpY‹; pηq
` Φ̃ETUpY:; pηq ´ ΦETUpY:;ηq

ď 2 sup
pY

ˇ̌
ˇΦETUp pY;ηq ´ Φ̃ETUp pY; pηq

ˇ̌
ˇ . (A.53)
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We then use Theorem 6.3.2 and Lemma A.3.5 to bound
ˇ̌
ˇΦETUp pY;ηq ´ Φ̃ETUp pY; pηq

ˇ̌
ˇ

“
ˇ̌
ˇΦETUp pY;ηq ´ Φ̃ETUp pY;ηq ` Φ̃ETUp pY;ηq ´ Φ̃ETUp pY; pηq

ˇ̌
ˇ

ď
ˇ̌
ˇΦETUp pY;ηq ´ Φ̃ETUp pY;ηq

ˇ̌
ˇ `

ˇ̌
ˇΦ̃ETUp pY;ηq ´ Φ̃ETUp pY; pηq

ˇ̌
ˇ

ď 1

2
?
n

˜
mÿ

j“1

pLj
tppc̃j,cpq ` Lj

cppc̃j,cpqq
¸

`
mÿ

j“1

Lj
tppc̃j,cpq ` Lj

cppc̃j,cpq
n

nÿ

i“1

|ηjpxiq ´ pηjpxiq| , (A.54)

where we use the shorthand c̃j,cp “ c̃j,cppηq.
At the cost of having a less strict bound, we can simplify this to

Theorem 6.6.1. Let Ỹ: be defined as above. Under the assumptions of Theo-
rem 6.3.2:

RegETUpỸ:;Xq “ ΦETUpY‹;Xq ´ ΦETUpỸ:;Xq

ď m?
n
B ` 2

?
m

n
B

nÿ

i“1

}ηpxiq ´ pηpxiq}2 , (6.29)

where B :“
c

1
m

řm
j“1

´
Lj
tppc̃j,cpq ` Lj

cpppcj,cpq
¯2

is the quadratic mean of the Lips-

chitz constants.

Proof. Using Cauchy-Schwartz, we can bound

mÿ

j“1

Lj
tppc̃j,cppηqq ` Lj

cpppcj,cppηqq
n

nÿ

i“1

|ηjpxiq ´ pηjpxiq|

ď 1

m

nÿ

i“1

gffe
mÿ

j“1

´
Lj
tppc̃j,cppηqq ` Lj

cpppcj,cppηqq
¯2 ¨

gffe
mÿ

j“1

pηjpxiq ´ pηjpxiqq2

“ 1

m

gffe
mÿ

j“1

´
Lj
tppc̃j,cppηqq ` Lj

cpppcj,cppηqq
¯2 ¨

nÿ

i“1

b
}ηpxiq ´ pηpxiq}22

“
?
m

n
B

nÿ

i“1

}ηpxiq ´ pηpxiq}2 . (A.55)

For the other term, we can use the inequality between arithmetic and quadratic
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mean, so that

mÿ

j“1

´
Lj
tppc̃j,cppηqq ` Lj

cppc̃j,cppηqq
¯

ď m

gffe 1

m

mÿ

j“1

´
Lj
tppc̃j,cppηqq ` Lj

cppc̃j,cppηqq
¯2 “ mB . (A.56)

A.3.5 Regret for non-approximated ETU
We can formulate the equivalent of Lemma A.3.6 also for the maximizer of the
true empirical ETU risk, Y::

Lemma A.3.7 (Regret bound for ETU maximization). Let Ψ P UOI be an instance-
order invariant linearly decomposable loss function that is cp-Lipschitz. Then we
have

ΦETUpY‹;Xq ´ ΦETUpY:;Xq

ď 1?
n

mÿ

j“1

´
Lj
tppc̃j,cppηqq ` Lj

tppc̃j,cpppηqq ` Lj
cppc̃j,cppηqq ` Lj

cppc̃j,cpppηqq
¯

` 2
mÿ

j“1

Lj
tppc̃j,cppηqq ` Lj

cpppcj,cppηqq
n

nÿ

i“1

|ηjpxiq ´ pηjpxiq| . (A.57)

Proof. Following the same line of argument as for Lemma A.3.6, we get

ΦETUpY‹;ηq ´ ΦETUpY:;ηq “ ΦETUpY‹;ηq ´ ΦETUpY‹; pηq
` ΦETUpY‹; pηq ´ ΦETUpY:; pηq
` ΦETUpY:; pηq ´ ΦETUpY:;ηq

ď ΦETUpY‹;ηq ´ ΦETUpY‹; pηq
` ΦETUpY:; pηq ´ ΦETUpY:;ηq

ď 2 sup
pY

ˇ̌
ˇΦETUp pY;ηq ´ ΦETUp pY; pηq

ˇ̌
ˇ . (A.58)

Next, we make use of the semi-empirical ETU risk to bound
ˇ̌
ˇΦETUp pY;ηq ´ ΦETUp pY; pηq

ˇ̌
ˇ ď

ˇ̌
ˇΦETUp pY;ηq ´ Φ̃ETUp pY;ηq

ˇ̌
ˇ

`
ˇ̌
ˇΦ̃ETUp pY;ηq ´ Φ̃ETUp pY; pηq

ˇ̌
ˇ

`
ˇ̌
ˇΦ̃ETUp pY; pηq ´ ΦETUp pY; pηq

ˇ̌
ˇ (A.59)

The individual terms can now again be bounded by Theorem 6.3.2 and Lemma A.3.5.
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A.4 Chapter 7

As in Chapter 7, in this appendix we use h to refer to hrnd@k, as defined in
Section 7.1.

A.4.1 Madows sampling
In this section, we present a sampling scheme for the following sampling problem:
given a real-valued vector θ P r0, 1sm of marginal probabilities with }θ}1 “ k,
sample binary vectors py P t0, 1um such that the distribution of py has θ as the
marginals, Erpys “ θ

Theorem A.4.1. Let m ě 1. Given a vector θ P r0, 1sm satisfying }θ}1 “ k,
Algorithm A.1 returns a randomized binary vector py P t0, 1um of size k, }py}1 “ k,
with marginals given by θ, Erpys “ θ. The algorithm runs in Opmq time.

Algorithm A.1 Madow’s sampling scheme
Require: a vector of marginals θ P r0, 1sm with }θ}1 “ k

Ensure: a random vector py P t0, 1um with }py}1 “ k such that Erpys “ θ

1: compute Θ0 “ 0 and Θj “ Θj´1 ` θj for j “ 1, . . . ,m

2: sample a uniformly distributed random variable U from the interval r0, 1s
3: py “ 0

4: for i P t0, 1, . . . , k ´ 1u do
5: select j such that Θj´1 ă U ` i ď Θj

6: pyj “ 1

7: return py

The algorithm is due to Madow [Madow, 1949, Mukhopadhyay et al., 2022],
and the considered sampling problem has been studied in the statistical literature
under the name unequal probability sampling design [Hanif and Brewer, 1980].

Below, we give a simple proof of correctness of the algorithm for completeness.

Proof. First note that for any i P t0, 1, . . . , k ´ 1u, there exists a unique j for
which Θj´1 ă U ` i ď Θj . This is because due to

řm
j“1 θj “ k, the intervals

pΘ0,Θ1s, pΘ1,Θ2s, . . . , pΘm´1,Θms are disjoint and cover p0, ks, whereas U ` i P
p0, ks with probability one. Furthermore, the algorithm will select distinct j’s for
distinct i’s. This is because the condition Θj´1 ă U ` i ď Θj is equivalent to
i P pΘj´1 ´ U,Θj ´ U s, and the interval pΘj´1 ´ U,Θj ´ U s have width θj ď 1

and thus can contain at most one integer. So the algorithm will return py with
exactly k ones.

Since Erpyjs “ Prpyj “ 1s, we need to show that this probability is equal to θj
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for each j. We have

Prpyj “ 1s “ P rx,ys
«
U P

k´1ď

i“0

pΘj´1 ´ i,Θj ´ is
ff

“ p0, 1s X
k´1ď

i“0

pΘj´1 ´ i,Θj ´ is “ Θj ´ Θj´1 “ θj .

The theorem and the algorithm from its proof can then be used to generate
k-hot encoded prediction vectors independently for any instance of interest x.

A.4.2 The optimal classifier for linear metrics under PU set-
ting

Theorem 7.2.1 (Regret for linear utilities under PU framework). The optimal
classifier h‹ P argmax hPH@k Ψphq for Ψphq “ řm

j“1 gj ¨ cj and any gain matrix
G is given by:

h‹pxq :“ select-top-k pa d ηpxq ` bq , (7.8)

where:
a “ g:,tn ` g:,tp ´ g:,fp ´ g:,fn , b “ g:,fp ´ g:,tn . (7.9)

Proof. The linear metric is decomposable over instances as:

gj ¨ cjphq “ gj,tnEx„Prxsrp1 ´ ηjpxqqp1 ´ θjpxqqs
` gj,fpEx„Prxsrp1 ´ ηjpxqqθjpxqs
` gj,fnEx„Prxsrηjpxqp1 ´ θjpxqqs
` gj,tpEx„Prxsrηjpxqθjpxqs

“ Ex„Prxsrpajηjpxq ` bjqθjpxqs ` rj , (A.60)

where aj and bj are as stated in the theorem, while

rj “ gj,tnEx„Prxsr1 ´ ηjpxqs ` gj,fnEx„Prxsrηjpxqs. (A.61)

Thus, we can rewrite the objective as:

Ψphq “
ÿ

j

gj ¨ cjphq “ Ex„Prxs

«
mÿ

j“1

pajηjpxq ` bjqθjpxq
ff

` r, (A.62)

where R “ řm
j“1 rj does not depend on h. For each x P X , the objective can

be independently maximized by the choice of hpxq P H@k which maximizesřm
j“1pajηjpxq ` bjqθjpxq. This is achieved by sorting ajηjpxq ` bj in a descend-

ing order, and setting θjpxq “ 1 for the top k coordinates, and θjpxq “ 0 for
the remaining coordinates (with ties broken arbitrarily), resulting in θpxq “
select-top-k pa d ηpxq ` bq.
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A.4.3 The optimal classifier for general metrics under PU
setting

In this section, we prove the existence and the form of the optimal classifier.
Our results extend past results on binary classification [Koyejo et al., 2014] and
multi-class classification [Narasimhan et al., 2015]. We first show that the set of
confusion matrices achievable by randomized k-budgeted classifiers hrnd@k is a
compact set. Then, the statement of the main theorem follows from the first-order
optimality conditions as well as the absolute continuity of marginal vector ηpxq.
We stress that the results here are general and applicable to any multi-label utility
satisfying Assumption 7.2.3, which need not necessarily be a macro-averaged
utility.

We remind that the set of confusion matrices achievable by randomized k-
budgeted classifiers on distribution P rx,ys, is denoted as

Cm,@k
P “ Cm

P
,@k “

!
Cphq : h P H@k

)
, (A.63)

and that optimizing the metric Ψphq over h P H@k is equivalent to optimizing
ΨpCq over C P Cm

P .

Lemma A.4.2. Cm,@k
P is a convex set.

Proof. Take any C1,C2 P Cm,@k
P and any λ P r0, 1s, and we show that Cλ “

λC1`p1´λqC2 P Cm,@k
P . Since C1,C2 P Cm,@k

P , there exist k-budgeted randomized
classifiers h1 and h2, such that C1 “ Cph1q and C2 “ Cph2q. Take hλ defined
on θλpxq “ λθ1pxq ` p1 ´ λqθ2pxq for any x P X . Since ∆@k is convex and
θ1pxq,θ2pxq P ∆@k for all x P X , it also holds that θλpxq P ∆@k for all x P X , so
hλ is also k-budgeted randomized classifier. Since the confusion matrix is linear
in predictions, we have Cphλq “ λCph1q ` p1 ´ λqCph2q “ Cλ, which proves that
Cphλq P Cm,@k

P .

We now argue that for the analysis of Cm,@k
P , it suffices to consider classifiers

with θpxq of form θ “ f ˝ η, i.e. θpxq “ fpηpxqq for some function f : r0, 1sm Ñ
∆@k.

Lemma A.4.3. For any θ P S@k, there exists function f : r0, 1sm Ñ ∆@k such
that θ and f ˝ η have the same confusion matrices.

Proof. If θ is not of the form f ˝ η, we define function f as:

fpηq “ E rθpxq|ηpxq “ ηs . (A.64)

Due to convexity of ∆@k, we have fpηq P ∆@k. Moreover, it is easy to see that
Cphq “ Cpsample-kpf ˝ ηqq; for instance,

cj,tpphq “ E rηjpxqθjpxqs “ E rE rηjpxqθjpxq |ηpxq “ ηss
“ E rηjE rθjpxq |ηpxq “ ηss “ E rηjfjpηqs
“ E rηjpxqfjpηpxqqs “ cj,tppfj ˝ ηq, (A.65)
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etc.

Hence, any confusion matrix achievable by some h “ sample-kpθpxqq is also
achievable by some h “ sample-kpf ˝ ηq, so that the set of achievable confusion
matrices can be written as Cm,@k

P “ tCpsample-kpf ˝ηqq : f P Fu, where we denote
F “ tf : r0, 1sm Ñ ∆@ku. From this moment on, we thus, without loss of generality,
we consider optimizing the metrics over functions f P F of random vector η, and
make the relation θ “ f ˝ η implicit, writing Ψpfq for Ψpsample-kpf ˝ ηqq and
using Cpfq to denote the confusion matrices Cpsample-kpf ˝ ηqq, that is

Cpfq “ pc1pf1q, . . . , cmpfmqq , (A.66)

where

cjpfjq“

»
—–Eηrp1´ηjqp1´fjpηqqslooooooooooooomooooooooooooon

tn

,Eηrηjp1´fjpηqqslooooooooomooooooooon
fp

,Eηrp1´ηjqfjpηqslooooooooomooooooooon
fn

,Eηrηjfjpηqsloooooomoooooon
tp

fi
ffifl .

(A.67)

Lemma A.4.4. Mapping f ÞÑ Cpfq is continuous: for any f ,f 1 P F

}Cpfq ´ Cpf 1q}F ď
b
2Eη

“}fpηq ´ f 1pηq}22
‰
, (A.68)

where }Cpfq ´ Cpf 1q}F :“
břm

j“1 }cjpfjq ´ cjpf 1jq}2F
Proof. Fix j P rms. Using δjpηq “ fjpηq ´ f 1jpηq, we have from the definition:

cjpfjq ´ cjpf 1jq
“
”
Eηr´p1 ´ ηjqδjpηqs,Eηr´ηjδjpηqs,Eηrp1 ´ ηjqδjpηqs,Eηrηjδjpηqs

ı

“ Eη

”
δjpηq“ ´ p1 ´ ηjq,´ηj , 1 ´ ηj , ηj

‰ı
. (A.69)

Since the squared Frobenious norm X ÞÑ }X}2F is convex, we can use Jensen’s
inequality }E rXs }2F ď E

“}X}2F
‰

to get

}cjpfjq ´ cjpf 1jq}2F ď
›››Eη

”
δjpηq“ ´ p1 ´ ηjq,´ηj , 1 ´ ηj , ηj

‰ı›››
2

F

ď Eη

”
δjpηq2 ››“ ´ p1 ´ ηjq,´ηj , 1 ´ ηj , ηj

‰››2
F

ı

ď 2Eηrδjpηq2s, (A.70)

where we used

››“ ´ p1 ´ ηjq,´ηj , 1 ´ ηj , ηj
‰››2

F
“ 2

`p1 ´ ηjq2 ` η2j
˘

ď 2 max
xPr0,1s

pp1 ´ xq2 ` x2q “ 2 . (A.71)

Summing the inequality over j “ 1, . . . ,m and taking square root on both sides
finishes the proof.
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We will now show that the set of achievable confusion matrices Cm,@k
P is

compact. To this end, we first prove a result from the functional analysis.

Lemma A.4.5. Let L : H Ñ V be continuous affine operator between a Hilbert
space H and a finite dimensional vector space V. If S Ă H is closed, bounded, and
convex, then LpSq is compact.

Proof. Observe that it suffices to prove this when L is linear since being compact
is translation invariant.

The proof is inspired by an answer to a related question on Mathematics
Stack Exchange. It suffices to prove every Lpxnq sequence in L has a convergent
subsequence whose limit is in LpSq.

By the Banach–Alaoglu theorem, balls in Hilbert spaces are weakly compact.
For the convenience of the reader we will sketch this proof. Recall that weak
convergence xn Ñ x in H means that for all linear functionals ϕ P H‹ there is
convergence ϕpxnq Ñ ϕpxq. Likewise weakly compact means every sequence has a
subsequence that converges weakly. Now onto the proof.

Let xn be a bounded sequence in H. Let te1, e2, . . . u be a Hilbert basis for
H and the dual vectors tϕ1, ϕ2, . . . u a Hilbert basis for H‹ where ϕipxq “ xx, eiy.
Now apply the diagonal proof method of the as in the Arzelà-Ascoli theorem of
successively passing to subsequences. Since the sequence is bounded we know
that ϕ1pxnq is bounded in R and hence we can extract a subsequence xn so that
ϕ1pxnq Ñ a1 where we may keep x1. Now on this subsequence do the same for
ϕ2pxnq Ñ a2 but keep x1 and x2. Continue this process, where at the m-th step
one keeps the first m terms from the previous subsequence. The resulting diagonal
subsequence xn is such that ϕipxnq Ñ ai for each i “ 1, 2, . . . . The element
x “ ř8

i“1 aiei is in H (by Bessel’s inequality, the weak convergence results, and
the fact that the original sequence was bounded). It remains to verify that xn Ñ x

weakly, but for this it suffices to check ϕipxnq Ñ ϕipxq and by design this is the
case.

Now, returning to the proof of the lemma since S Ă H is bounded, it is
contained in a ball, and hence by passing to a subsequence we have xn Ñ x

in the weak topology for some x P H. Furthermore x P S. If if wasn’t, then
since S is closed and convex, by the Hahn–Banach separation theorem there is
a separating hyperplane ϕ P H so ϕpxq ă inf LpSq. But this contradicts that the
weak convergence xn Ñ x since xn P S.

So it remains to prove convergence Lpxnq Ñ Lpxq. Since L is continuous we
have convergence Lpxnq Ñ Lpxq in the weak topology, but this implies normal
convergence since V is finite dimensional.

Lemma A.4.6. Cm,@k
P is a compact set.

Proof. To show that Cm,@k
P is compact, we will invoke Lemma A.4.5. To place

ourselves in its setting, let the Hilbert space be H “ L2pr0, 1sm,Rm, µq where µ
is the probability measure on r0, 1sm associated with random vector ηpxq. The
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inner product for f , g : r0, 1sm Ñ Rm in H is

xf , gy “
ż

r0,1sm
xfpηq, gpηqy dµpηq (A.72)

where the inner product inside the integral is the normal dot product in Rm.
We have the affine map defined via Eqs. (7.3) and (7.5)

L : H Ñ Rmˆ4 where Lpfq “ Cpf ˝ ηq , (A.73)

and let the subset S Ă H be

S “ tf P H : fpr0, 1smq Ă ∆@k almost everywhereu. (A.74)

Since Cm,@k
P “ LpSq, it suffices to verify the assumptions in Lemma A.4.5.

The map L is continuous by Lemma A.4.4. The set S is convex since the set
of ∆@k Ă Rm is convex. Likewise for bounded using also that the we are working
with a probability measure: If f P S, then }fpηq}2 ď m for all η P r0, 1sm and
hence

}f}2 “
ż

r0,1sm
}fpηq}2dµpηq ď

ż

r0,1sm
mdµpηq “ m. (A.75)

Similarly, the closedness of ∆@k Ă Rm translates into the closedness of S as we
now prove. Suppose there is a sequence of fn P S with fn Ñ f and f R S. This
means the set of points

A “ tη P r0, 1sm : fpηq R ∆@ku (A.76)

that f maps out of ∆@k has positive measure µpAq ą 0. In Rm there is a well
defined distance function dpz,∆@kq “ infvP∆@k }z ´ v} and for ϵ ą 0 define the
set

Aϵ “ tη P r0, 1sm : dpfpηq,∆@kq ą ϵu (A.77)

Note that A “ Ť8
j“1A1{j since ∆@k is closed and hence there is some ϵ ą 0 such

that µpAϵq ą 0. Therefore for all n

}f ´ fn}2 “
ż

r0,1sm
}fpηq ´ fnpηq}2dµpηq

ě
ż

Aϵ

}fpηq ´ fnpηq}2dµpηq ě
ż

Aϵ

ϵ2 dµpηq “ ϵ2µpAϵq ą 0 (A.78)

where the second inequality uses that fnpηq P ∆@k almost everywhere. That
}f ´ fn}2 is uniformly bounded away from 0 contradicts that fn Ñ f in H.

Theorem 7.2.4 (Regret for admissible multi-label utilities under the PU frame-
work). Let the data distribution P rx,ys and metric Ψ satisfy Assumption 7.2.2
and Assumption 7.2.3, respectively. Then, there exists an optimal C‹ P Cm,@k

P , that
is ΨpC‹q “ Ψ‹. Moreover, any classifier h‹ maximizing the linear utility G ¨ Cphq
over h P H with G “ rg1, . . . ,Gms given by gj “ ∇pcjΨppc‹q, also maximizes Ψphq
over h P H.
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Proof. Let C‹ “ argmax
CPCm,@k

P

ΨpCq, which exists by the compactness of Cm,@k
P

(Lemma A.4.6) and the continuity of Ψ. By the first order optimality and convexity
of Cm,@k

P , for all C P Cm,@k
P

∇ΨpC‹q ¨ C‹ ě ∇ΨpC‹q ¨ C. (A.79)

which implies:
C‹ “ argmax

CPCm,@k
P

G ¨ C (A.80)

for G “ ∇ΨpC‹q.
We now show that C‹ is the unique optimizer of Eq. (A.80). Using Assump-

tion 7.2.3 applied to C‹, for all j P rms:
B
BϵΨpc‹1, . . . , c‹j ` ϵr1,´1,´1, 1s, . . . , c‹mq

ˇ̌
ˇ̌
ϵ“0

“ ∇CrjsΨpC‹q ¨ r1,´1,´1, 1s

“ gj,tn ` gj,tp ´ gj,fp ´ gj,fn “ aj ą 0 , (A.81)

with coefficients aj , j P rms defined in Theorem Theorem 7.2.1.
Now, since we just showed that aj ‰ 0 for all j, and η has a density, coordinates

of adη`b are all distinct with probability one. This means that, with probability
one, top-k pa d η ` bq is a singleton, and thus the optimizers of the linear utility
G ¨Cphq can only differ on a zero measure set, so they all have the same confusion
matrix. Thus, C‹ uniquely maximizes linear utility G ¨ C over C P Cm,@k

P .
This means, however, that any classifier h‹ maximizing G ¨ Cphq over h P H

has Cph‹q “ C‹, and thus maximizes Ψ.

A.4.4 Consistency of Frank-Wolfe
In this section, we provide the formal proof of consistency for the Frank-Wolfe
algorithm. We prove convergence for a slightly modified version of Algorithm 7.1,
in which we replace the line search in line 13 with a fixed schedule, setting

αi Ð 2

i` 1
. (A.82)

But we found that using the linear search as in the Algorithm 7.1 results in much
faster convergence of the algorithm.

VC-dimension lemma

Lemma 7.3.2 (VC dimension for linear top-k classifiers). For η : X ÝÑ r0, 1sm,
define the hypothesis class

Hj
η :“

ď

a,bPRm

th : X ÝÑ t0, 1u : hpxq “ 1 rj P arg top-k pa d η ` bqsu . (7.12)

The VC-complexity of this class is

VCpHj
ηq ď 6m logpemq . (7.13)
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Proof. For any given a, b, the hypothesis predicts one, hjpxq “ 1, iff there exists
a set of m´ k indices I Ă rms with |I| “ m´ k, j R I, such that for all i P I the
score aiηi ` bi ď ajηj ` bj is not greater than the score of label j.

This computation can be realized as a two-layer network. In the first layer z,
we calculate an indicator to determine which labels’ scores are below the threshold,
that is zi “ 1 rpai ´ ajqηi ` pbi ´ bjqs. Then, for the output, we threshold the sum
of all the intermediate units to determine if j is predicted:

hpxq “ opzq :“ 1

«ÿ

i‰j

zi ě m´ k

ff
. (A.83)

The resulting network has 2pm´ 1q edges and m´ 1 computation nodes. If we
allow the output node to be more general – a generic linear threshold function, the
VC-dimension of this extended function class H1 can only grow. For this extended
class, we can apply [Baum and Haussler, 1988, Corollary 3], which gives an upper
bound for the VC-dimension of

VCpHjq ď VCpH1q ď 2pm´ 1 ` 2pm´ 1qq logpepm´ 1qq ď 6m logpemq . (A.84)

Additional lemmas

Before going into the main proof of Theorem 7.3.1, we provide two more helper
lemmas:

Lemma A.4.7 (Regret for Linear Macro Measures). Let G be a linear macro-
measure, that is,

Gph;ηq “ 1

m

mÿ

j“1

Ex„Prxs

“
gj,tnp1 ´ ηjpxqqp1 ´ hjpxqq

` gj,fpp1 ´ ηjpxqqhjpxq ` gj,fnηjpxqp1 ´ hjpxqq ` gj,tpηjpxqhjpxq‰ . (A.85)

Let h‹pxq :“ argmax hGph;ηq, and phpxq :“ argmax hGph; pηq. Then

Gph‹;ηq ´ Gpph;ηq ď 1

m
max

j
}gj}1Ex„Prxs r}ηpxq ´ pηpxq}1s . (A.86)

Proof. As Gph;ηq is an affine function in its second argument, we can simplify
differences to

Gph;ηq ´ Gph; pηq “ 1

m

mÿ

j“1

Ex„Prxs

“´gj,tnpηj ´ pηjqp1 ´ hjq ´ gj,fppηj ´ pηjqhj

` gj,fnpηj ´ pηjqp1 ´ hjq ` gj,tppηj ´ pηjqhj
‰

“ 1

m

mÿ

j“1

Ex„Prxs rpηj ´ pηjq ppgj,tp ´ gj,fpqhj ` pgj,fn ´ gj,tnqp1 ´ hjqqs .

(A.87)
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We can use this property to bound the regret of ph as

Gph‹;ηq ´ Gpph;ηq “ Gph‹;ηq ´ Gph‹; pηq ` Gph‹; pηq ´ Gpph;ηq
ď Gph‹;ηq ´ Gph‹; pηq ` Gpph; pηq ´ Gpph;ηq

“ 1

m

mÿ

j“1

Ex„Prxs

”
pηj´pηjq

´
pgj,tp´gj,fpqph‹j ´phjq`pgj,fn ´ gj,tnqpphj´h‹j q

¯ı

“ 1

m

mÿ

j“1

pgj,tp ´ gj,fp ´ gj,fn ` gj,tnqEx„Prxs

”
pηj ´ pηjqph‹j ´ phjq

ı
. (A.88)

As hj P r0, 1s, we can bound pηj ´ pηjqph‹j ´ phjq ď |pηj ´ pηjq|, resulting in

Gph‹;ηq ´ Gpph;ηq ď 1

m

mÿ

j“1

pgj,tp ´ gj,fp ´ gj,fn ` gj,tnqEx„Prxs r|ηj ´ pηj |s .

(A.89)

Using the notation of Theorem 7.2.1, we set aj “ gj,tp ´ gj,fp ´ gj,fn ` gj,tn, so that
we can further bound

Gph‹;ηq ´ Gpph;ηq ď 1

m
max

j
|aj |

mÿ

j“1

Ex„Prxs r|ηj ´ pηj |s

“ 1

m
max

j
|aj |Ex„Prxs r}η ´ pη}1s . (A.90)

Using maxj |aj | ď maxj }gj}1 yields the claim.

Lemma A.4.8 (Uniform Convergence of multi-label Confusion Matrices). For
η : X ÝÑ r0, 1sm, let

Hη :“
ď

a,bPRm

th : X ÝÑ t0, 1um : hpxq “ arg top-k a d η ` bu , (A.91)

and let S P pX ˆ t0, 1umqn be an i.i.d. sample. Then for any δ P p0, 1s, with
probability at least 1 ´ δ, we have

sup
hPHη

}Cph,Pq ´ pCph,Sq}8 ď Õ
˜c

m ¨ logm ¨ log n´ log δ

n

¸
. (A.92)

Proof. Instead of showing uniform convergence for the entries of the confusion
matrix directly, we show it for accuracy (0-1-error) accj “ cj,tp ` cj,tn, condition
positive rate ppj “ cj,fp ` cj,tp and predicted positive rate cpj “ cj,fn ` cj,tp first
for a fixed j P rms.



172 A Full proofs

To handle accuracy and predicted positives, consider

sup
hPHη

ˇ̌
ˇaccjph,P rx,ysq ´ xaccjph,Sq

ˇ̌
ˇ

“ sup
hPHη

ˇ̌
ˇ̌
ˇ
1

n

nÿ

i“1

1 ryi,j “ hjpxiqs ´ P ryj “ hjpxqs
ˇ̌
ˇ̌
ˇ

“ sup
hPHj

η

ˇ̌
ˇ̌
ˇ
1

n

nÿ

i“1

1 ryi,j “ hpxiqs ´ P ryj “ hpxqs
ˇ̌
ˇ̌
ˇ . (A.93)

From Lemma 7.3.2, we know the VC-dimension of Hj
η is some finite number d,

thus, we can employ a standard bound for the 0-1 error to get, with probability
1 ´ δ, that

sup
hPHη

|accjph,P rx,ysq ´ xaccjph,Sq| ď
c

2d logp2en{dq ` 2 logp4{δq
n

. (A.94)

As this bound holds for all distributions of targets y, it holds in particular also
for y ” 1, in which case accuracy turns into predicted positive rate.

Finally, we can bound the error on the condition positive rate simply using
Hoeffding’s inequality, as it does not depend on the hypothesis h. We get, with
probability 1 ´ δ

sup
hPHη

|ppph,P rx,ysq ´ xppph,Sq| ď
c

logpδ´1q
2n

. (A.95)

Now we can reconstruct the actual entries of the confusion matrix. For
example, the true positive rate as tp “ 1´acc´pp´cp

2 . Thus, we can union bound,
with probability 1 ´ δ

sup
hPHη

|tpjph,P rx,ysq ´ ptpjph,Sq| ď
c

2d logp2en{dq ` 2 logp8{δq
n

`
c

logp3{δq
2n

.

(A.96)
Similar bounds can be constructed for the other entries. Taking a union bound
over all m labels:

sup
hPHη

}Cph,P rx,ysq ´ pCph,Sq}8

ď
c

2d logp2en{dq ` 2 logp8m{δq
n

`
c

logp3m{δq
2n

“
c

12m logpemq logpen{p3mplogpemqqq ` 2 logp8m{δq
n

`
c

logp3m{δq
2n

.

(A.97)

In order to combine the two square-root terms, we can apply the arithmetic-
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quadratic mean inequality, to arrive at the claimed bound

sup
hPHη

}Cph,P rx,ysq ´ pCph,Sq}8

ď
d

48m logpemq logpen{p3mplogpemqqq ` 10 logp 5
?
3 ¨ 84m{δq

2n
. (A.98)

Finally, using 3mplogpemqq ě 1, we simplify this part

logpen{p3mplogpemqqq ď logpenq , (A.99)

which results in

sup
hPHη

}Cph,P rx,ysq´ pCph,Sq}8 ď
c

Opm logm log nq ` Oplogpm{δqq
n

. (A.100)

Bound for Linear Optimization Step

The preceding results allow to prove a bound on the approximation error for each
linear optimization step that is performed as part of the Frank-Wolfe algorithm:

Lemma A.4.9. Let Ψ : Cm ÝÑ Rě0 be concave over Cm
P , L-Lipschitz, and

β-smooth w.r.t. the L1-norm. Let h P H be some classifier, and denote G :“
∇ΨppCph,Sqq. Let pg be the deterministic classifier that empirically optimizes the
linear objective induced by Ψ according to Theorem 7.2.1. For two classifiers h1

and g1, define

LPrx,ysph1, g1q :“ Cpg1,P rx,ysq ¨ ∇ΨpCph1,P rx,ysqq, (A.101)

Then for any δ P p0, 1s, with probability at least 1 ´ δ (over draws of S from
P rx,ysn), we have

LPrx,ysph, pgq ě max
g1

LPrx,ysph, g1q ´ ϵS , (A.102)

where

ϵS “ 8L
1

m
Ex„Prxs}ηpxq ´ pηpxq}1 ` 8m2β sup

h1PH
Õ
˜c

m ¨ logm ¨ log n´ log δ

n

¸
.

(A.103)

Proof. Define an empirical counterpart to LPrx,ys, the population-level utility of a
classifier for an empirically estimated gradient, as

LSph1, g1q :“ Cpg1,P rx,ysq ¨ ∇ΨppCph1,Sqq , (A.104)

and the (population-level) optimal classifier g‹ P argmax g1 LPrx,ysph, g1q for the
exact gradient, whose existence is guaranteed by Theorem 7.2.1. Then we can



174 A Full proofs

write

max
g1

LPrx,ysph, g1q ´ LPrx,ysph, pgq “ LPrx,ysph, g‹q ´ LPrx,ysph, pgq
“ LPrx,ysph, g‹q´LSph, g‹q`LSph, g‹q´LSph, pgq`LSph, pgq´LPrx,ysph, pgq .

(A.105)

Now we turn to bounding each of these terms. For the second, we get

LSph, g‹q ´ LSph, pgq “ Cpg‹,P rx,ysq ¨ G ´ Cppg,P rx,ysq ¨ G
ď max

g1
Cpg1,P rx,ysq ¨ G ´ Cppg,P rx,ysq ¨ G

ď 2
1

m
max

j
}gj}1Ex„Prxs}ηpxq ´ pηpxq}1, (A.106)

where the last step used that pg is the empirical maximizer of the linear measure
corresponding to G, in order to apply Lemma A.4.7. Now, if Ψ is L-Lipschitz
w.r.t. the L1-norm, then

@C1 : |∇ΨpCq ¨ C1| ď }C1}1 . (A.107)

Let j P rms, and applying (A.107) to C1 “ C̃ for which C̃i “ 0 for all i ‰ j, and
C̃i “ 0.25 ¨ 1, we get

0.25gj ¨ 1 ď L ô }gj}1 ď 4L . (A.108)

As this holds for all j, the upper bound turns into

LSph, g‹q ´ LSph, pgq ď 8L
1

m
Ex„Prxs}ηpxq ´ pηpxq}1 (A.109)

To bound the other two terms, we can use Hölder’s inequality:

LPrx,ysph, g‹q ´ LSph, g‹q
“ Cpg‹,P rx,ysq ¨ ∇ΨpCph,P rx,ysqq ´ Cpg‹,P rx,ysq ¨ ∇ΨppCph,Sqq
“ Cpg‹,P rx,ysq ¨

´
∇ΨpCph,P rx,ysqq ´ ∇ΨppCph,Sqq

¯

ď }∇ΨpCph,P rx,ysqq ´ ∇ΨppCph,Sqq}8 ¨ }Cpg‹,P rx,ysq}1 (Hölder)

“ m}∇ΨpCph,P rx,ysqq ´ ∇ΨppCph,Sqq}8 (Normalization of C)

ď mβ}Cph,P rx,ysq ´ pCph,Sq}1 (β-smoothness)

ď 4m2β}Cph,P rx,ysq ´ pCph,Sq}8
ď 4m2β sup

h1PH
}Cph1,P rx,ysq ´ pCph1,Sqs}8 (A.110)

The same argument can be employed to bound the third term. Thus, applying
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Lemma A.4.8, we get with probability at least 1 ´ δ

LPrx,ysph, g‹q ´ LPrx,ysph, pgq ď 8L
1

m
Ex„Prxs}ηpxq ´ pηpxq}1

` 8m2β sup
h1PH

Õ
˜c

m ¨ logm ¨ log n´ log δ

n

¸
. (A.111)

Consistency of fixed-step-schedule Frank-Wolfe

Theorem 7.3.1 (Consistency of the Frank-Wolfe algorithm). Assume the utility
function Ψ : r0, 1smˆ4 ÝÑ R is concave over Cm,@k

P , L-Lipschitz, and β-smooth
w.r.t the L1-norm. Let S “ pS1,S2q be a sample drawn i.i.d. from P. Further,
let pη be a label probability estimator learned from S1, and hFW

S be the classifier
obtained after κn iterations. Then, for any δ P p0, 1s, with probability of at least
1 ´ δ overdraws of S,

RegphFW
S q ď O

`
Ex„Prxs}ηpxq ´ pηpxq}1

˘

` Õ
˜
m2

c
m ¨ logm ¨ log n´ log δ

n

¸
` 8βm

κn` 2
. (7.11)

Proof. Define a curvature constant for the loss Ψ as

CΨ :“ sup
C1,C2PCm

P
,γPr0,1s

2

γ2
`
ΨpC1`γpC2 ´ C1qq´ΨpC1q´γ `C2 ´ C1

˘¨∇ΨpC1q˘

ď sup
C1,C2PCm

P
,γPr0,1s

2

γ2

ˆ
β

2
γ2}C2 ´ C1}21

˙

“ β sup
C1,C2PCm

P

}C2 ´ C1}21 ď 4βm , (A.112)

and let ϵS be defined as in Lemma A.4.9. Set δapx “ pt ` 1qϵS{CΨ and ĥi as in
Algorithm 7.1. Let f̂ i be the classifier implicitly defined in iteration i, that is,

f̂ i :“
iÿ

j“1

αj ĥj . (A.113)
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For 1 ď i ď t, we can apply Lemma A.4.9 to f̂ i´1 and ĥi, which gives

Cpĥi,P rx,ysq ¨ ∇ΨpCpf̂ i´1,P rx,ysqq
ě max

g1
Cpg1,P rx,ysq ¨ ∇ΨpCpf̂ i´1,P rx,ysqq ´ ϵS

“ max
CPCm

P

C ¨ ∇ΨpCpf̂ i´1,P rx,ysqq ´ ϵS

“ max
CPCm

P

C ¨ ∇ΨpCpf̂ i´1,P rx,ysqq ´ ϵS

“ max
CPCm

P

C ¨ ∇ΨpCpf̂ i´1,P rx,ysqq ´ 1

2
δapx

2

t` 1
CΨ

ě max
CPCm

P

C ¨ ∇ΨpCpf̂ i´1,P rx,ysqq ´ 1

2
δapx

2

i` 1
CΨ . (A.114)

As we consider, for the proof, a Frank-Wolfe implementation with fixed step
schedule 2

i`1 , the confusion matrices are related through

Cpf̂ i,P rx,ysq “
ˆ
1 ´ 2

i` 1

˙
Cpf̂ i´1,P rx,ysq ` 2

i` 1
Cpĥi,P rx,ysq . (A.115)

With results (A.114) and (A.115), we now have the exact same situation as in
Narasimhan et al. [2015, Proof of Theorem 16]. In particular, an application of
Jaggi [2013, Theorem 1] gives the desired result.



B
Technical details of the experiments and

extended results

In this appendix, we provide more technical details of the experiments to ensure
their replicability. We also provide results with other values of k as well as standard
deviations of reported mean values.

B.1 Technical details of experimental setup

In the Table B.1, we present values of all hyperparameters used for training
ensembles of probabilistic label trees (PLTs) using the napkinXC library [Jasinska-
Kobus et al., 2020], as well as algorithms for the optimization of label-wise utilities,
block coordinate ascent (BCA), and Frank-Wolfe, that were implemented in the
xCOLUMNs library [Schultheis et al., 2023].

For training all PLTs, we used almost the same hyperparameters. Every
ensemble consists of 3 trees, each tree is built by performing hierarchical balanced
2-means clustering on label representations obtained as the average of all their
instances. The clustering is performed until the clusters reach a size smaller than
400. We represent instances using sparse TF-IDF features. Each tree node is
learned using LIBLINEAR [Fan et al., 2008] that solves a dual L2-regularized
logistic regression problem. We use two stopping criteria: a maximum number
of iterations equal to 100 and a minimal improvement in the loss objective that
we set to 0.01. After the training, the weights are sparsified by thresholding their
absolute value at 0.01 to reduce the model size as in [Babbar and Schölkopf, 2017].
The cost parameter of the solver that corresponds to regularization strength is set
to 32 for WikiLSHTC-325K, WikipediaLarge-500K, and Amazon-670K datasets
and 16 for the rest. These values were recommended by [Jasinska-Kobus et al.,
2020].

Similarly to PLTs, almost the same hyperparameters for BCA and Frank Wolfe
algorithms, except constant υ that we add the denominator of the optimized
metric. The best value of υ was selected using the validation set consisting of 30%
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Table B.1: Hyperparameters of probabilistic label trees training and Block
Coordinate Ascent and Frank Wolfe algorithms

Hyperparameter Value(s)

PLTs training

Number of trees in ensemble 3
Tree building method hierarchical balanced

2-means clustering
Maximum number of leaves per node 400
LIBLINEAR solver L2-regularized logistic

regression (dual)
Regularization strength (cost) t16, 32u
Minimal improvement in objective 0.01
Maximum number of iterations 100
Weights threshold 0.01

Block Coordinate Ascent

Minimal improvement in objective (ϵ) 1e-7
Maximum number of iterations 100
Objective denominator constant υ t1e-8, 1e-7, 1e-6, 1e-5u

Frank Wolfe

Minimal improvement in objective (ϵ) 1e-6
Maximum number of iterations 100
Minimal contribution of the new classifier (ϵα) 1e-3
Objective denominator constant υ t1e-8, 5e-7, 1e-7, 5e-6, 1e-6,

5e-5, 1e-5, 5e-4, 2e-4,
1e-4, 5e-3, 2e-3, 1e-3u

of the training set. The set of considered values of υ was bigger for the Frank
Wolfe algorithm than for BCA.

The napkinXC library was implemented in C++ and Python, and xCOLUMNs
was implemented in Python using numpy [Harris et al., 2020], Numba [Lam et al.,
2015], autograd [Maclaurin et al., 2015] and PyTorch [Paszke et al., 2019] libraries.

The experiments were performed on machines with 64, 96, or 128 GB of RAM
with Intel Xeon E5-2697, Intel Xeon Gold 5115, or Ryzen 3700X processors. All
the experiments can be replicated on a machine with 64 GB of RAM.

The code for replicating the results of the experiments presented in this thesis
can be found under experiments directories in the following two code repositories:

https://github.com/mwydmuch/napkinXC https://github.com/mwydmuch/xCOLUMNs

https://github.com/mwydmuch/napkinXC
https://github.com/mwydmuch/xCOLUMNs
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B.2 Extended results

B.2.1 Comparison of inference algorithms on datasets with
synthetic labels

Table B.2: Results (%) for k P t1, 3, 5u on synthetic versions of XMLC datasets
with ideal estimates of marginal conditional probabilities ηpxq “ pηpxq. Each
experiments was repeated 5 times with mean and standard deviation reported
after the ˘ sign. The green background indicates cells in which the inference
algorithm matches the metric it optimizes and the gray text indicates results
worse than those results for a given metric. The gray text indicates results worse
than those with green background for a given metric. The best results are in
bold, and the second best are in italic. * – because in this experiment we sample
labels independently, Top-k becomes the optimal strategy for recall@k as showed
in Theorem 3.3.1.

Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

Synthetic RCV1x-2K

Top-1 90.62
˘ 0.02

93.95
˘ 0.45

* 34.57
˘ 0.01

19.72
˘ 0.13

1.49
˘ 0.01

50.75
˘ 0.00

2.11
˘ 0.01

1.41
˘ 0.01

24.80
˘ 0.10

PS-1 89.35
˘ 0.02

96.21
˘ 0.10

34.35
˘ 0.01

56.01
˘ 0.06

19.38
˘ 0.11

59.69
˘ 0.05

22.39
˘ 0.09

13.98
˘ 0.07

93.48
˘ 0.10

Pow-1β“0.25
84.38
˘ 0.01

93.05
˘ 0.05

33.13
˘ 0.01

49.16
˘ 0.15

23.68
˘ 0.08

61.84
˘ 0.04

26.63
˘ 0.07

16.64
˘ 0.05

95.87
˘ 0.15

Pow-1β“0.5
76.73
˘ 0.02

86.09
˘ 0.05

30.87
˘ 0.01

39.15
˘ 0.11

29.20
˘ 0.09

64.60
˘ 0.05

26.82
˘ 0.06

16.74
˘ 0.04

97.00
˘ 0.09

Log-1 85.37
˘ 0.02

93.31
˘ 0.04

33.29
˘ 0.01

52.40
˘ 0.13

15.82
˘ 0.05

57.91
˘ 0.03

21.54
˘ 0.06

13.12
˘ 0.04

90.75
˘ 0.19

Macro-Rprior-1
51.89
˘ 0.02

60.41
˘ 0.05

20.72
˘ 0.01

22.41
˘ 0.07

32.36
˘ 0.10

66.17
˘ 0.05

17.24
˘ 0.03

10.19
˘ 0.02

96.85
˘ 0.10

Macro-BAprior-1
52.60
˘ 0.02

61.17
˘ 0.04

21.07
˘ 0.01

22.50
˘ 0.07

32.36
˘ 0.10

66.17
˘ 0.05

17.31
˘ 0.03

10.23
˘ 0.02

96.83
˘ 0.09

BCA(Macro-P@1) 67.60
˘ 0.02

69.33
˘ 0.14

25.75
˘ 0.01

74.84
˘ 0.79

3.30
˘ 0.10

51.64
˘ 0.05

5.35
˘ 0.15

3.07
˘ 0.09

88.56
˘ 0.95

BCA(Macro-R@1) 39.96
˘ 0.02

47.79
˘ 0.02

15.06
˘ 0.01

20.24
˘ 0.04

33.07
˘ 0.13

66.52
˘ 0.06

14.34
˘ 0.03

8.36
˘ 0.02

97.77
˘ 0.21

BCA(Macro-BA@1) 41.09
˘ 0.02

48.96
˘ 0.02

15.64
˘ 0.01

20.32
˘ 0.03

33.06
˘ 0.13

66.52
˘ 0.07

14.40
˘ 0.03

8.40
˘ 0.02

97.77
˘ 0.21

BCA(Macro-F1@1) 73.91
˘ 0.02

82.99
˘ 0.05

30.03
˘ 0.01

43.32
˘ 0.10

26.74
˘ 0.11

63.37
˘ 0.05

30.06
˘ 0.10

18.65
˘ 0.08

99.58
˘ 0.10

BCA(Macro-JS@1) 73.85
˘ 0.02

82.97
˘ 0.04

30.06
˘ 0.01

41.49
˘ 0.11

27.10
˘ 0.09

63.55
˘ 0.04

29.87
˘ 0.09

18.69
˘ 0.07

99.50
˘ 0.13

BCA(Cov@1) 1.84
˘ 0.01

3.87
˘ 0.01

0.27
˘ 0.00

17.78
˘ 0.02

20.91
˘ 0.07

60.43
˘ 0.03

5.27
˘ 0.02

2.83
˘ 0.01

99.85
˘ 0.09

FW(Macro-P@1) 63.96
˘ 0.01

65.94
˘ 0.08

24.49
˘ 0.01

68.78
˘ 0.60

3.50
˘ 0.09

51.74
˘ 0.05

5.46
˘ 0.13

3.13
˘ 0.08

82.26
˘ 0.71

FW(Macro-R@1) 39.80
˘ 0.01

47.60
˘ 0.02

14.89
˘ 0.01

20.18
˘ 0.04

32.99
˘ 0.13

66.48
˘ 0.07

14.30
˘ 0.02

8.36
˘ 0.02

97.73
˘ 0.15

FW(Macro-BA@1) 40.89
˘ 0.02

48.74
˘ 0.02

15.47
˘ 0.01

20.27
˘ 0.04

32.99
˘ 0.13

66.48
˘ 0.07

14.34
˘ 0.02

8.39
˘ 0.02

97.77
˘ 0.15

FW(Macro-F1@1) 73.90
˘ 0.03

82.96
˘ 0.04

30.02
˘ 0.01

42.62
˘ 0.11

26.58
˘ 0.12

63.29
˘ 0.06

29.66
˘ 0.11

18.38
˘ 0.09

99.25
˘ 0.14

FW(Macro-JS@1) 73.98
˘ 0.02

83.10
˘ 0.04

30.12
˘ 0.01

41.63
˘ 0.08

26.95
˘ 0.08

63.47
˘ 0.04

29.71
˘ 0.09

18.57
˘ 0.07

99.17
˘ 0.09
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

Synthetic EURLex-4K

Top-1 88.02
˘ 0.10

157.69
˘ 0.18

* 21.73
˘ 0.06

28.12
˘ 0.10

7.86
˘ 0.03

53.93
˘ 0.01

11.01
˘ 0.04

7.29
˘ 0.02

34.32
˘ 0.07

PS-1 77.28
˘ 0.10

212.54
˘ 0.32

18.74
˘ 0.02

55.25
˘ 0.25

37.67
˘ 0.12

68.83
˘ 0.06

38.48
˘ 0.14

28.58
˘ 0.11

79.59
˘ 0.16

Pow-1β“0.25
78.42
˘ 0.11

211.44
˘ 0.34

19.03
˘ 0.02

54.44
˘ 0.28

35.66
˘ 0.17

67.83
˘ 0.08

37.17
˘ 0.17

27.59
˘ 0.13

76.94
˘ 0.26

Pow-1β“0.5
69.16
˘ 0.15

202.41
˘ 0.33

16.38
˘ 0.04

52.40
˘ 0.13

38.11
˘ 0.13

69.05
˘ 0.07

37.57
˘ 0.10

27.69
˘ 0.09

79.94
˘ 0.11

Log-1 81.71
˘ 0.12

204.82
˘ 0.24

19.95
˘ 0.05

50.47
˘ 0.19

28.72
˘ 0.22

64.36
˘ 0.11

31.75
˘ 0.14

23.33
˘ 0.13

67.92
˘ 0.24

Macro-Rprior-1
57.45
˘ 0.19

186.15
˘ 0.46

13.24
˘ 0.06

46.92
˘ 0.13

39.82
˘ 0.17

69.90
˘ 0.09

35.26
˘ 0.14

25.51
˘ 0.14

79.89
˘ 0.08

Macro-BAprior-1
57.49
˘ 0.18

186.21
˘ 0.45

13.26
˘ 0.05

46.98
˘ 0.12

39.82
˘ 0.17

69.90
˘ 0.09

35.27
˘ 0.14

25.51
˘ 0.14

79.96
˘ 0.08

BCA(Macro-P@1) 39.03
˘ 0.11

86.13
˘ 0.43

8.85
˘ 0.02

67.60
˘ 0.39

18.30
˘ 0.19

59.14
˘ 0.09

21.82
˘ 0.12

15.34
˘ 0.09

78.53
˘ 0.39

BCA(Macro-R@1) 57.73
˘ 0.20

186.99
˘ 0.52

13.36
˘ 0.06

46.99
˘ 0.13

41.52
˘ 0.13

70.76
˘ 0.07

36.19
˘ 0.10

25.97
˘ 0.10

82.49
˘ 0.23

BCA(Macro-BA@1) 57.73
˘ 0.18

186.95
˘ 0.47

13.36
˘ 0.06

46.88
˘ 0.12

41.52
˘ 0.15

70.75
˘ 0.07

36.17
˘ 0.11

25.96
˘ 0.09

82.35
˘ 0.22

BCA(Macro-F1@1) 70.77
˘ 0.13

203.94
˘ 0.30

16.94
˘ 0.03

57.01
˘ 0.17

39.02
˘ 0.09

69.50
˘ 0.05

41.38
˘ 0.07

30.05
˘ 0.08

86.34
˘ 0.17

BCA(Macro-JS@1) 70.45
˘ 0.17

205.29
˘ 0.39

16.83
˘ 0.05

55.74
˘ 0.26

39.60
˘ 0.03

69.79
˘ 0.01

41.14
˘ 0.12

30.22
˘ 0.12

85.48
˘ 0.24

BCA(Cov@1) 26.37
˘ 0.06

105.21
˘ 0.19

5.98
˘ 0.01

47.02
˘ 0.06

33.26
˘ 0.23

66.62
˘ 0.11

24.94
˘ 0.01

16.60
˘ 0.03

88.29
˘ 0.22

FW(Macro-P@1) 34.62
˘ 0.09

80.83
˘ 0.20

7.76
˘ 0.01

58.09
˘ 0.16

17.93
˘ 0.22

58.96
˘ 0.11

20.11
˘ 0.14

14.23
˘ 0.13

69.53
˘ 0.27

FW(Macro-R@1) 57.55
˘ 0.17

187.37
˘ 0.47

13.32
˘ 0.05

47.14
˘ 0.06

41.15
˘ 0.16

70.57
˘ 0.08

35.92
˘ 0.10

25.83
˘ 0.08

82.12
˘ 0.18

FW(Macro-BA@1) 57.44
˘ 0.15

187.18
˘ 0.43

13.28
˘ 0.05

47.15
˘ 0.07

41.14
˘ 0.15

70.57
˘ 0.08

35.92
˘ 0.10

25.83
˘ 0.08

82.15
˘ 0.19

FW(Macro-F1@1) 70.74
˘ 0.14

204.75
˘ 0.38

16.94
˘ 0.03

56.36
˘ 0.21

38.68
˘ 0.12

69.33
˘ 0.06

40.48
˘ 0.13

29.47
˘ 0.12

84.88
˘ 0.23

FW(Macro-JS@1) 70.41
˘ 0.14

205.93
˘ 0.44

16.82
˘ 0.04

55.40
˘ 0.22

39.23
˘ 0.15

69.61
˘ 0.08

40.44
˘ 0.14

29.73
˘ 0.13

84.49
˘ 0.10

Synthetic EURLex-4.3K

Top-1 93.71
˘ 0.04

134.19
˘ 0.07

* 23.37
˘ 0.05

27.70
˘ 0.15

6.27
˘ 0.03

53.14
˘ 0.01

9.20
˘ 0.03

6.02
˘ 0.02

32.15
˘ 0.12

PS-1 85.12
˘ 0.05

175.98
˘ 0.26

20.95
˘ 0.05

59.73
˘ 0.26

43.82
˘ 0.24

71.91
˘ 0.12

43.92
˘ 0.19

32.99
˘ 0.18

84.24
˘ 0.16

Pow-1β“0.25
84.65
˘ 0.04

175.14
˘ 0.18

20.77
˘ 0.05

59.13
˘ 0.26

41.79
˘ 0.26

70.90
˘ 0.13

42.78
˘ 0.22

32.14
˘ 0.21

82.35
˘ 0.18

Pow-1β“0.5
79.05
˘ 0.05

171.21
˘ 0.17

19.15
˘ 0.04

57.42
˘ 0.31

45.31
˘ 0.25

72.65
˘ 0.12

43.99
˘ 0.19

32.92
˘ 0.18

85.02
˘ 0.22

Log-1 87.28
˘ 0.05

170.95
˘ 0.19

21.50
˘ 0.05

54.94
˘ 0.12

32.72
˘ 0.15

66.36
˘ 0.08

35.97
˘ 0.12

26.70
˘ 0.13

72.31
˘ 0.11

Macro-Rprior-1
70.47
˘ 0.05

160.27
˘ 0.19

16.83
˘ 0.04

52.58
˘ 0.17

46.82
˘ 0.26

73.41
˘ 0.13

41.42
˘ 0.13

30.48
˘ 0.13

85.55
˘ 0.19

Macro-BAprior-1
70.53
˘ 0.05

160.34
˘ 0.19

16.84
˘ 0.04

52.60
˘ 0.17

46.82
˘ 0.26

73.41
˘ 0.13

41.43
˘ 0.13

30.48
˘ 0.13

85.56
˘ 0.19

BCA(Macro-P@1) 53.48
˘ 0.05

80.46
˘ 0.12

12.42
˘ 0.01

71.07
˘ 0.07

19.11
˘ 0.21

59.55
˘ 0.10

22.02
˘ 0.16

15.54
˘ 0.18

83.09
˘ 0.17

BCA(Macro-R@1) 68.89
˘ 0.03

157.54
˘ 0.11

16.41
˘ 0.02

51.52
˘ 0.07

47.79
˘ 0.15

73.89
˘ 0.07

41.16
˘ 0.03

30.06
˘ 0.02

86.62
˘ 0.13

BCA(Macro-BA@1) 68.95
˘ 0.03

157.62
˘ 0.11

16.43
˘ 0.02

51.55
˘ 0.07

47.79
˘ 0.15

73.89
˘ 0.08

41.17
˘ 0.03

30.07
˘ 0.02

86.62
˘ 0.13

BCA(Macro-F1@1) 79.81
˘ 0.05

170.65
˘ 0.09

19.39
˘ 0.03

61.02
˘ 0.12

45.11
˘ 0.15

72.55
˘ 0.07

46.69
˘ 0.10

34.44
˘ 0.11

89.32
˘ 0.15

BCA(Macro-JS@1) 79.38
˘ 0.08

171.26
˘ 0.15

19.29
˘ 0.04

59.77
˘ 0.14

45.77
˘ 0.20

72.88
˘ 0.10

46.35
˘ 0.14

34.60
˘ 0.12

88.45
˘ 0.19

BCA(Cov@1) 15.50
˘ 0.04

56.11
˘ 0.17

3.45
˘ 0.01

42.43
˘ 0.11

35.41
˘ 0.20

67.69
˘ 0.10

23.12
˘ 0.07

15.36
˘ 0.07

90.87
˘ 0.11

FW(Macro-P@1) 55.60
˘ 0.05

83.57
˘ 0.10

12.97
˘ 0.01

64.16
˘ 0.12

18.71
˘ 0.22

59.35
˘ 0.11

20.83
˘ 0.16

14.76
˘ 0.16

76.04
˘ 0.20

FW(Macro-R@1) 69.16
˘ 0.03

158.37
˘ 0.08

16.47
˘ 0.03

51.71
˘ 0.12

47.47
˘ 0.23

73.73
˘ 0.12

40.99
˘ 0.09

29.96
˘ 0.08

86.37
˘ 0.17

FW(Macro-BA@1) 69.22
˘ 0.03

158.44
˘ 0.09

16.49
˘ 0.03

51.73
˘ 0.11

47.47
˘ 0.23

73.73
˘ 0.12

41.00
˘ 0.09

29.97
˘ 0.08

86.38
˘ 0.18

FW(Macro-F1@1) 79.72
˘ 0.07

170.95
˘ 0.11

19.37
˘ 0.03

60.41
˘ 0.11

44.70
˘ 0.24

72.35
˘ 0.12

45.82
˘ 0.15

33.83
˘ 0.13

88.07
˘ 0.13

FW(Macro-JS@1) 79.36
˘ 0.07

171.58
˘ 0.16

19.27
˘ 0.04

59.44
˘ 0.24

45.30
˘ 0.25

72.65
˘ 0.12

45.73
˘ 0.19

34.12
˘ 0.17

87.51
˘ 0.20
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

Synthetic AmazonCat-13K

Top-1 91.38
˘ 0.01

95.31
˘ 0.07

* 25.88
˘ 0.01

22.66
˘ 0.04

2.41
˘ 0.01

51.20
˘ 0.01

3.82
˘ 0.01

2.25
˘ 0.01

29.11
˘ 0.07

PS-1 86.03
˘ 0.01

111.09
˘ 0.05

24.49
˘ 0.00

55.02
˘ 0.11

46.96
˘ 0.12

73.48
˘ 0.06

43.26
˘ 0.11

31.13
˘ 0.09

90.60
˘ 0.13

Pow-1β“0.25
75.45
˘ 0.02

104.44
˘ 0.05

21.37
˘ 0.01

50.35
˘ 0.11

48.78
˘ 0.06

74.39
˘ 0.03

44.25
˘ 0.10

31.80
˘ 0.08

89.81
˘ 0.06

Pow-1β“0.5
66.55
˘ 0.01

96.67
˘ 0.03

18.34
˘ 0.01

44.51
˘ 0.07

54.96
˘ 0.11

77.48
˘ 0.06

43.20
˘ 0.08

30.74
˘ 0.07

92.02
˘ 0.11

Log-1 76.78
˘ 0.01

102.90
˘ 0.02

21.45
˘ 0.01

51.44
˘ 0.05

35.07
˘ 0.02

67.54
˘ 0.01

37.97
˘ 0.03

26.97
˘ 0.02

81.18
˘ 0.05

Macro-Rprior-1
53.02
˘ 0.01

82.40
˘ 0.03

13.59
˘ 0.00

35.70
˘ 0.08

57.32
˘ 0.08

78.66
˘ 0.04

36.98
˘ 0.06

25.60
˘ 0.05

92.29
˘ 0.10

Macro-BAprior-1
53.24
˘ 0.01

82.63
˘ 0.03

13.70
˘ 0.00

35.73
˘ 0.08

57.32
˘ 0.08

78.66
˘ 0.04

36.99
˘ 0.06

25.61
˘ 0.05

92.29
˘ 0.10

BCA(Macro-P@1) 77.19
˘ 0.01

80.00
˘ 0.51

21.25
˘ 0.00

72.72
˘ 0.18

10.94
˘ 0.08

55.47
˘ 0.04

13.17
˘ 0.09

8.28
˘ 0.06

87.38
˘ 0.22

BCA(Macro-R@1) 49.13
˘ 0.01

77.69
˘ 0.03

12.36
˘ 0.00

33.61
˘ 0.07

57.80
˘ 0.09

78.90
˘ 0.05

34.35
˘ 0.05

23.63
˘ 0.03

92.90
˘ 0.10

BCA(Macro-BA@1) 49.40
˘ 0.01

77.97
˘ 0.03

12.50
˘ 0.00

33.64
˘ 0.07

57.80
˘ 0.09

78.90
˘ 0.05

34.36
˘ 0.05

23.63
˘ 0.03

92.91
˘ 0.10

BCA(Macro-F1@1) 68.05
˘ 0.01

96.66
˘ 0.02

18.82
˘ 0.00

51.94
˘ 0.09

49.64
˘ 0.08

74.82
˘ 0.04

47.26
˘ 0.08

33.80
˘ 0.07

92.83
˘ 0.07

BCA(Macro-JS@1) 67.14
˘ 0.01

96.11
˘ 0.03

18.44
˘ 0.00

50.60
˘ 0.08

50.28
˘ 0.07

75.14
˘ 0.03

47.06
˘ 0.07

33.97
˘ 0.06

92.82
˘ 0.04

BCA(Cov@1) 4.00
˘ 0.00

10.28
˘ 0.02

0.77
˘ 0.00

20.30
˘ 0.04

30.42
˘ 0.12

65.21
˘ 0.06

11.02
˘ 0.05

6.33
˘ 0.03

94.54
˘ 0.17

FW(Macro-P@1) 77.26
˘ 0.01

80.15
˘ 0.45

21.27
˘ 0.00

70.75
˘ 0.17

10.83
˘ 0.07

55.42
˘ 0.03

12.92
˘ 0.08

8.14
˘ 0.06

84.65
˘ 0.20

FW(Macro-R@1) 49.28
˘ 0.01

77.86
˘ 0.03

12.42
˘ 0.00

33.62
˘ 0.07

57.72
˘ 0.09

78.86
˘ 0.04

34.31
˘ 0.06

23.60
˘ 0.04

92.87
˘ 0.10

FW(Macro-BA@1) 49.51
˘ 0.01

78.10
˘ 0.03

12.53
˘ 0.00

33.64
˘ 0.07

57.72
˘ 0.09

78.86
˘ 0.04

34.32
˘ 0.06

23.61
˘ 0.04

92.88
˘ 0.10

FW(Macro-F1@1) 68.02
˘ 0.01

96.63
˘ 0.03

18.81
˘ 0.00

51.75
˘ 0.10

49.49
˘ 0.10

74.75
˘ 0.05

47.04
˘ 0.09

33.64
˘ 0.08

92.63
˘ 0.09

FW(Macro-JS@1) 67.16
˘ 0.01

96.12
˘ 0.03

18.45
˘ 0.00

50.54
˘ 0.10

50.07
˘ 0.12

75.03
˘ 0.06

46.85
˘ 0.10

33.81
˘ 0.09

92.53
˘ 0.08

Synthetic AmazonCat-14K

Top-1 87.66
˘ 0.01

92.56
˘ 0.03

* 38.03
˘ 0.01

31.09
˘ 0.09

3.88
˘ 0.02

51.94
˘ 0.01

6.14
˘ 0.03

3.61
˘ 0.02

41.17
˘ 0.12

PS-1 83.40
˘ 0.01

103.46
˘ 0.02

36.67
˘ 0.00

50.70
˘ 0.06

41.55
˘ 0.07

70.77
˘ 0.03

39.67
˘ 0.06

27.87
˘ 0.05

87.46
˘ 0.10

Pow-1β“0.25
75.89
˘ 0.02

99.11
˘ 0.02

33.96
˘ 0.00

45.07
˘ 0.05

44.96
˘ 0.09

72.48
˘ 0.05

40.72
˘ 0.06

28.57
˘ 0.06

88.37
˘ 0.10

Pow-1β“0.5
66.51
˘ 0.02

90.88
˘ 0.03

29.45
˘ 0.01

36.72
˘ 0.06

51.35
˘ 0.06

75.67
˘ 0.03

37.73
˘ 0.04

26.12
˘ 0.05

90.43
˘ 0.11

Log-1 78.84
˘ 0.01

99.56
˘ 0.18

34.89
˘ 0.00

48.43
˘ 0.07

33.02
˘ 0.07

66.51
˘ 0.04

36.08
˘ 0.05

25.06
˘ 0.05

81.06
˘ 0.15

Macro-Rprior-1
43.19
˘ 0.01

66.91
˘ 0.02

12.96
˘ 0.00

28.01
˘ 0.05

54.25
˘ 0.07

77.12
˘ 0.03

30.29
˘ 0.05

20.47
˘ 0.05

91.12
˘ 0.06

Macro-BAprior-1
43.83
˘ 0.01

67.56
˘ 0.02

13.56
˘ 0.00

28.03
˘ 0.06

54.24
˘ 0.07

77.12
˘ 0.03

30.30
˘ 0.05

20.48
˘ 0.05

91.12
˘ 0.06

BCA(Macro-P@1) 61.90
˘ 0.01

63.75
˘ 0.04

28.80
˘ 0.01

71.88
˘ 0.30

7.09
˘ 0.13

53.54
˘ 0.06

9.97
˘ 0.13

6.35
˘ 0.11

81.04
˘ 0.31

BCA(Macro-R@1) 40.75
˘ 0.01

63.80
˘ 0.02

11.84
˘ 0.00

26.79
˘ 0.04

54.90
˘ 0.11

77.45
˘ 0.05

28.17
˘ 0.05

18.98
˘ 0.04

91.76
˘ 0.09

BCA(Macro-BA@1) 40.85
˘ 0.01

63.91
˘ 0.02

11.87
˘ 0.00

26.83
˘ 0.04

54.90
˘ 0.11

77.45
˘ 0.06

28.19
˘ 0.05

18.99
˘ 0.04

91.79
˘ 0.09

BCA(Macro-F1@1) 69.30
˘ 0.01

92.06
˘ 0.03

30.27
˘ 0.01

47.67
˘ 0.06

43.92
˘ 0.10

71.96
˘ 0.05

43.45
˘ 0.07

30.64
˘ 0.08

90.14
˘ 0.05

BCA(Macro-JS@1) 69.41
˘ 0.01

92.44
˘ 0.02

30.73
˘ 0.00

46.55
˘ 0.08

44.49
˘ 0.11

72.25
˘ 0.06

43.32
˘ 0.09

30.77
˘ 0.09

90.13
˘ 0.08

BCA(Cov@1) 2.66
˘ 0.01

7.14
˘ 0.02

0.67
˘ 0.00

19.16
˘ 0.02

28.12
˘ 0.09

64.06
˘ 0.05

7.71
˘ 0.02

4.32
˘ 0.02

93.07
˘ 0.05

FW(Macro-P@1) 60.34
˘ 0.01

62.30
˘ 0.04

28.20
˘ 0.01

64.40
˘ 0.20

6.90
˘ 0.07

53.45
˘ 0.04

9.14
˘ 0.07

5.78
˘ 0.06

73.03
˘ 0.20

FW(Macro-R@1) 40.56
˘ 0.01

63.61
˘ 0.02

11.69
˘ 0.00

26.75
˘ 0.05

54.77
˘ 0.07

77.38
˘ 0.04

28.08
˘ 0.05

18.91
˘ 0.04

91.66
˘ 0.06

FW(Macro-BA@1) 40.81
˘ 0.01

63.88
˘ 0.02

11.89
˘ 0.00

26.79
˘ 0.05

54.77
˘ 0.07

77.38
˘ 0.04

28.10
˘ 0.05

18.92
˘ 0.04

91.65
˘ 0.05

FW(Macro-F1@1) 69.19
˘ 0.01

91.94
˘ 0.02

30.20
˘ 0.01

47.33
˘ 0.07

43.68
˘ 0.13

71.84
˘ 0.07

43.03
˘ 0.09

30.32
˘ 0.09

89.55
˘ 0.11

FW(Macro-JS@1) 69.43
˘ 0.01

92.45
˘ 0.03

30.74
˘ 0.00

46.37
˘ 0.06

44.27
˘ 0.12

72.13
˘ 0.06

42.98
˘ 0.08

30.51
˘ 0.08

89.61
˘ 0.05
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

Synthetic Wiki10-31K

Top-1 94.41
˘ 0.11

108.45
˘ 0.22

* 9.36
˘ 0.02

1.84
˘ 0.01

0.15
˘ 0.00

50.07
˘ 0.00

0.25
˘ 0.00

0.14
˘ 0.00

1.99
˘ 0.00

PS-1 69.96
˘ 0.17

337.30
˘ 1.13

7.19
˘ 0.01

25.85
˘ 0.09

21.38
˘ 0.08

60.69
˘ 0.04

20.22
˘ 0.09

15.94
˘ 0.08

35.98
˘ 0.08

Pow-1β“0.25
67.91
˘ 0.13

334.49
˘ 0.94

6.70
˘ 0.01

25.88
˘ 0.07

20.79
˘ 0.08

60.40
˘ 0.04

19.90
˘ 0.08

15.63
˘ 0.08

35.99
˘ 0.07

Pow-1β“0.5
60.46
˘ 0.14

330.52
˘ 1.12

5.59
˘ 0.01

25.68
˘ 0.10

21.71
˘ 0.10

60.85
˘ 0.05

20.35
˘ 0.10

15.99
˘ 0.09

37.18
˘ 0.07

Log-1 68.82
˘ 0.18

318.48
˘ 1.01

6.47
˘ 0.02

24.78
˘ 0.10

17.98
˘ 0.06

58.99
˘ 0.03

17.89
˘ 0.06

13.86
˘ 0.05

33.81
˘ 0.10

Macro-Rprior-1
50.50
˘ 0.19

316.33
˘ 1.47

4.23
˘ 0.01

23.48
˘ 0.15

21.86
˘ 0.11

60.93
˘ 0.06

19.69
˘ 0.12

15.35
˘ 0.11

36.30
˘ 0.11

Macro-BAprior-1
50.56
˘ 0.19

316.41
˘ 1.45

4.25
˘ 0.01

23.49
˘ 0.15

21.86
˘ 0.11

60.93
˘ 0.06

19.69
˘ 0.12

15.35
˘ 0.11

36.30
˘ 0.11

BCA(Macro-P@1) 71.14
˘ 0.12

258.30
˘ 0.63

7.29
˘ 0.02

58.82
˘ 0.16

17.87
˘ 0.06

58.94
˘ 0.03

23.85
˘ 0.08

16.97
˘ 0.08

62.40
˘ 0.14

BCA(Macro-R@1) 48.93
˘ 0.08

288.38
˘ 0.59

4.04
˘ 0.01

25.88
˘ 0.05

26.66
˘ 0.03

63.33
˘ 0.01

23.40
˘ 0.06

18.73
˘ 0.06

40.15
˘ 0.04

BCA(Macro-BA@1) 48.98
˘ 0.07

288.38
˘ 0.47

4.05
˘ 0.01

25.93
˘ 0.05

26.65
˘ 0.03

63.32
˘ 0.02

23.42
˘ 0.05

18.74
˘ 0.05

40.17
˘ 0.05

BCA(Macro-F1@1) 53.01
˘ 0.17

287.63
˘ 1.00

4.52
˘ 0.02

48.62
˘ 0.23

24.01
˘ 0.07

62.01
˘ 0.04

28.59
˘ 0.11

21.30
˘ 0.08

60.12
˘ 0.19

BCA(Macro-JS@1) 52.36
˘ 0.16

292.80
˘ 0.78

4.43
˘ 0.02

41.08
˘ 0.16

25.57
˘ 0.03

62.79
˘ 0.02

27.85
˘ 0.08

21.40
˘ 0.06

53.43
˘ 0.12

BCA(Cov@1) 51.30
˘ 0.14

262.10
˘ 0.95

4.22
˘ 0.01

53.95
˘ 0.20

19.94
˘ 0.09

59.97
˘ 0.04

25.88
˘ 0.12

18.40
˘ 0.10

66.82
˘ 0.09

FW(Macro-P@1) 74.98
˘ 0.19

254.96
˘ 1.27

7.68
˘ 0.02

38.36
˘ 0.21

16.69
˘ 0.15

58.34
˘ 0.07

19.42
˘ 0.16

14.34
˘ 0.16

44.83
˘ 0.19

FW(Macro-R@1) 48.83
˘ 0.15

299.19
˘ 1.11

4.03
˘ 0.01

25.58
˘ 0.09

24.66
˘ 0.05

62.33
˘ 0.03

22.05
˘ 0.07

17.46
˘ 0.07

39.22
˘ 0.07

FW(Macro-BA@1) 48.86
˘ 0.16

299.21
˘ 1.11

4.04
˘ 0.01

25.59
˘ 0.09

24.66
˘ 0.06

62.33
˘ 0.03

22.05
˘ 0.08

17.45
˘ 0.07

39.23
˘ 0.06

FW(Macro-F1@1) 52.65
˘ 0.12

298.27
˘ 1.27

4.46
˘ 0.01

37.68
˘ 0.13

22.36
˘ 0.10

61.18
˘ 0.05

24.35
˘ 0.10

18.32
˘ 0.08

50.18
˘ 0.11

FW(Macro-JS@1) 52.42
˘ 0.08

304.27
˘ 0.82

4.44
˘ 0.01

34.44
˘ 0.12

23.66
˘ 0.09

61.83
˘ 0.05

24.38
˘ 0.09

18.84
˘ 0.08

46.72
˘ 0.13

Synthetic WikiLSHTC-325K

Top-1 63.44
˘ 0.01

127.36
˘ 0.03

* 35.44
˘ 0.00

22.58
˘ 0.02

17.64
˘ 0.02

58.82
˘ 0.01

16.98
˘ 0.02

11.72
˘ 0.02

42.45
˘ 0.03

PS-1 56.78
˘ 0.01

155.91
˘ 0.02

32.24
˘ 0.01

36.67
˘ 0.02

43.42
˘ 0.03

71.71
˘ 0.02

35.31
˘ 0.03

25.45
˘ 0.02

73.57
˘ 0.06

Pow-1β“0.25
55.59
˘ 0.01

154.55
˘ 0.04

31.52
˘ 0.01

35.66
˘ 0.04

40.96
˘ 0.04

70.48
˘ 0.02

34.05
˘ 0.04

24.52
˘ 0.03

71.01
˘ 0.06

Pow-1β“0.5
51.94
˘ 0.01

152.85
˘ 0.05

29.57
˘ 0.01

35.54
˘ 0.03

45.60
˘ 0.04

72.80
˘ 0.02

35.72
˘ 0.03

25.63
˘ 0.02

75.58
˘ 0.07

Log-1 58.81
˘ 0.01

146.18
˘ 0.05

33.09
˘ 0.00

30.50
˘ 0.03

28.46
˘ 0.02

64.23
˘ 0.01

25.98
˘ 0.02

18.34
˘ 0.02

57.76
˘ 0.04

Macro-Rprior-1
47.57
˘ 0.02

147.14
˘ 0.04

27.20
˘ 0.01

33.44
˘ 0.03

47.12
˘ 0.04

73.56
˘ 0.02

34.85
˘ 0.03

24.77
˘ 0.03

76.95
˘ 0.06

Macro-BAprior-1
47.57
˘ 0.02

147.14
˘ 0.04

27.20
˘ 0.01

33.44
˘ 0.03

47.12
˘ 0.04

73.56
˘ 0.02

34.85
˘ 0.03

24.77
˘ 0.03

76.95
˘ 0.06

BCA(Macro-P@1) 30.74
˘ 0.01

65.41
˘ 0.07

14.37
˘ 0.00

50.17
˘ 0.06

24.68
˘ 0.06

62.34
˘ 0.03

24.57
˘ 0.05

17.47
˘ 0.04

71.22
˘ 0.08

BCA(Macro-R@1) 43.48
˘ 0.01

138.63
˘ 0.05

24.94
˘ 0.01

31.52
˘ 0.03

48.48
˘ 0.04

74.24
˘ 0.02

33.00
˘ 0.03

22.98
˘ 0.03

78.97
˘ 0.06

BCA(Macro-BA@1) 43.49
˘ 0.01

138.64
˘ 0.05

24.94
˘ 0.01

31.52
˘ 0.03

48.48
˘ 0.04

74.24
˘ 0.02

33.00
˘ 0.03

22.98
˘ 0.03

78.97
˘ 0.06

BCA(Macro-F1@1) 51.27
˘ 0.02

147.58
˘ 0.03

29.29
˘ 0.00

40.61
˘ 0.04

44.71
˘ 0.03

72.36
˘ 0.02

38.98
˘ 0.04

28.10
˘ 0.03

79.57
˘ 0.07

BCA(Macro-JS@1) 51.24
˘ 0.01

148.27
˘ 0.03

29.28
˘ 0.01

40.13
˘ 0.04

45.01
˘ 0.04

72.50
˘ 0.02

38.87
˘ 0.04

28.11
˘ 0.03

79.27
˘ 0.08

BCA(Cov@1) 16.69
˘ 0.00

71.56
˘ 0.06

8.01
˘ 0.00

30.90
˘ 0.02

40.84
˘ 0.05

70.42
˘ 0.03

24.68
˘ 0.03

16.40
˘ 0.02

81.69
˘ 0.08

FW(Macro-P@1) 30.08
˘ 0.01

64.78
˘ 0.07

13.87
˘ 0.00

46.76
˘ 0.05

24.40
˘ 0.06

62.20
˘ 0.03

23.43
˘ 0.05

16.63
˘ 0.04

67.24
˘ 0.07

FW(Macro-R@1) 43.47
˘ 0.02

138.84
˘ 0.06

24.93
˘ 0.01

31.56
˘ 0.03

48.18
˘ 0.05

74.09
˘ 0.02

32.82
˘ 0.04

22.92
˘ 0.03

78.63
˘ 0.06

FW(Macro-BA@1) 43.47
˘ 0.02

138.84
˘ 0.06

24.93
˘ 0.01

31.56
˘ 0.03

48.18
˘ 0.05

74.09
˘ 0.02

32.82
˘ 0.04

22.92
˘ 0.03

78.63
˘ 0.06

FW(Macro-F1@1) 51.23
˘ 0.01

147.78
˘ 0.02

29.27
˘ 0.01

40.05
˘ 0.03

44.24
˘ 0.04

72.12
˘ 0.02

38.15
˘ 0.03

27.46
˘ 0.03

78.41
˘ 0.08

FW(Macro-JS@1) 51.21
˘ 0.01

148.43
˘ 0.03

29.26
˘ 0.01

39.68
˘ 0.02

44.57
˘ 0.03

72.29
˘ 0.02

38.14
˘ 0.02

27.55
˘ 0.01

78.25
˘ 0.06
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

Synthetic WikipediaLarge-500K

Top-1 69.48
˘ 0.02

147.17
˘ 0.05

* 30.30
˘ 0.01

23.73
˘ 0.02

13.28
˘ 0.01

56.64
˘ 0.00

14.57
˘ 0.01

10.01
˘ 0.01

38.33
˘ 0.02

PS-1 60.57
˘ 0.02

197.01
˘ 0.07

27.03
˘ 0.01

46.17
˘ 0.03

41.28
˘ 0.01

70.64
˘ 0.00

37.96
˘ 0.02

27.67
˘ 0.02

79.33
˘ 0.03

Pow-1β“0.25
60.34
˘ 0.02

195.54
˘ 0.09

26.75
˘ 0.01

44.82
˘ 0.03

38.41
˘ 0.01

69.21
˘ 0.01

36.25
˘ 0.02

26.40
˘ 0.02

75.89
˘ 0.03

Pow-1β“0.5
56.08
˘ 0.01

194.14
˘ 0.06

24.72
˘ 0.01

45.16
˘ 0.04

43.16
˘ 0.01

71.58
˘ 0.00

38.54
˘ 0.02

27.95
˘ 0.02

81.76
˘ 0.04

Log-1 64.40
˘ 0.02

181.89
˘ 0.06

28.30
˘ 0.01

37.31
˘ 0.03

25.38
˘ 0.01

62.69
˘ 0.01

26.48
˘ 0.02

18.81
˘ 0.02

59.74
˘ 0.03

Macro-Rprior-1
51.04
˘ 0.01

187.33
˘ 0.06

22.16
˘ 0.01

42.68
˘ 0.03

44.60
˘ 0.01

72.30
˘ 0.00

37.85
˘ 0.01

27.15
˘ 0.01

83.44
˘ 0.03

Macro-BAprior-1
51.05
˘ 0.01

187.33
˘ 0.06

22.16
˘ 0.01

42.68
˘ 0.03

44.60
˘ 0.01

72.30
˘ 0.00

37.85
˘ 0.01

27.15
˘ 0.01

83.44
˘ 0.03

BCA(Macro-P@1) 38.85
˘ 0.02

93.96
˘ 0.05

14.00
˘ 0.01

62.71
˘ 0.04

23.43
˘ 0.02

61.71
˘ 0.01

26.82
˘ 0.02

18.53
˘ 0.02

83.24
˘ 0.03

BCA(Macro-R@1) 46.59
˘ 0.01

175.97
˘ 0.05

19.94
˘ 0.01

41.02
˘ 0.03

46.89
˘ 0.01

73.45
˘ 0.00

36.88
˘ 0.02

25.90
˘ 0.02

86.69
˘ 0.01

BCA(Macro-BA@1) 46.60
˘ 0.01

175.98
˘ 0.05

19.95
˘ 0.01

41.02
˘ 0.03

46.89
˘ 0.01

73.45
˘ 0.00

36.88
˘ 0.02

25.90
˘ 0.02

86.69
˘ 0.01

BCA(Macro-F1@1) 54.48
˘ 0.02

185.85
˘ 0.06

24.08
˘ 0.01

51.53
˘ 0.03

43.67
˘ 0.01

71.84
˘ 0.00

42.69
˘ 0.02

30.69
˘ 0.02

90.38
˘ 0.02

BCA(Macro-JS@1) 54.44
˘ 0.02

187.35
˘ 0.08

24.09
˘ 0.01

50.42
˘ 0.04

44.31
˘ 0.01

72.15
˘ 0.01

42.47
˘ 0.03

30.79
˘ 0.03

89.28
˘ 0.03

BCA(Cov@1) 27.31
˘ 0.02

117.19
˘ 0.06

10.07
˘ 0.01

41.01
˘ 0.03

40.04
˘ 0.02

70.02
˘ 0.01

29.84
˘ 0.02

19.81
˘ 0.02

92.42
˘ 0.02

FW(Macro-P@1) 38.21
˘ 0.02

93.61
˘ 0.06

13.58
˘ 0.01

57.94
˘ 0.03

23.01
˘ 0.01

61.51
˘ 0.00

25.43
˘ 0.02

17.63
˘ 0.02

77.29
˘ 0.02

FW(Macro-R@1) 46.59
˘ 0.01

176.67
˘ 0.05

19.93
˘ 0.01

41.05
˘ 0.03

46.28
˘ 0.01

73.14
˘ 0.01

36.54
˘ 0.01

25.69
˘ 0.01

86.07
˘ 0.01

FW(Macro-BA@1) 46.59
˘ 0.01

176.67
˘ 0.05

19.93
˘ 0.01

41.05
˘ 0.03

46.28
˘ 0.01

73.14
˘ 0.00

36.54
˘ 0.01

25.69
˘ 0.01

86.07
˘ 0.01

FW(Macro-F1@1) 54.45
˘ 0.02

186.53
˘ 0.08

24.06
˘ 0.01

50.96
˘ 0.04

42.93
˘ 0.01

71.47
˘ 0.00

41.53
˘ 0.02

29.87
˘ 0.02

88.56
˘ 0.03

FW(Macro-JS@1) 54.43
˘ 0.02

187.94
˘ 0.08

24.08
˘ 0.01

50.08
˘ 0.03

43.59
˘ 0.01

71.79
˘ 0.00

41.52
˘ 0.02

30.09
˘ 0.02

87.81
˘ 0.03

Synthetic Amazon-670K

Top-1 53.48
˘ 0.03

285.61
˘ 0.17

* 18.13
˘ 0.01

19.30
˘ 0.01

14.63
˘ 0.01

57.32
˘ 0.01

14.74
˘ 0.01

10.52
˘ 0.01

31.92
˘ 0.02

PS-1 48.56
˘ 0.03

360.89
˘ 0.25

16.48
˘ 0.02

24.82
˘ 0.01

23.52
˘ 0.01

61.76
˘ 0.00

21.05
˘ 0.01

15.57
˘ 0.01

42.08
˘ 0.01

Pow-1β“0.25
50.02
˘ 0.04

358.33
˘ 0.28

16.99
˘ 0.02

25.23
˘ 0.01

22.47
˘ 0.01

61.23
˘ 0.00

20.72
˘ 0.01

15.27
˘ 0.01

41.99
˘ 0.01

Pow-1β“0.5
47.69
˘ 0.02

359.75
˘ 0.16

16.16
˘ 0.01

24.44
˘ 0.01

23.82
˘ 0.01

61.91
˘ 0.00

20.98
˘ 0.00

15.52
˘ 0.01

41.88
˘ 0.02

Log-1 52.47
˘ 0.02

332.94
˘ 0.15

17.79
˘ 0.01

23.66
˘ 0.00

18.84
˘ 0.01

59.42
˘ 0.00

18.41
˘ 0.01

13.35
˘ 0.01

38.73
˘ 0.02

Macro-Rprior-1
45.57
˘ 0.03

355.03
˘ 0.19

15.33
˘ 0.02

23.08
˘ 0.01

24.24
˘ 0.01

62.12
˘ 0.00

20.54
˘ 0.01

15.18
˘ 0.01

40.73
˘ 0.02

Macro-BAprior-1
45.57
˘ 0.03

355.03
˘ 0.19

15.33
˘ 0.02

23.08
˘ 0.01

24.24
˘ 0.01

62.12
˘ 0.00

20.54
˘ 0.01

15.18
˘ 0.01

40.73
˘ 0.02

BCA(Macro-P@1) 39.19
˘ 0.03

261.11
˘ 0.27

12.26
˘ 0.01

53.50
˘ 0.07

18.87
˘ 0.03

59.43
˘ 0.01

23.85
˘ 0.03

16.59
˘ 0.02

61.96
˘ 0.08

BCA(Macro-R@1) 43.88
˘ 0.03

332.55
˘ 0.30

14.70
˘ 0.01

24.03
˘ 0.03

26.54
˘ 0.02

63.27
˘ 0.01

22.11
˘ 0.02

16.35
˘ 0.02

43.32
˘ 0.03

BCA(Macro-BA@1) 43.88
˘ 0.03

332.55
˘ 0.30

14.70
˘ 0.01

24.03
˘ 0.03

26.54
˘ 0.02

63.27
˘ 0.01

22.11
˘ 0.02

16.35
˘ 0.02

43.32
˘ 0.03

BCA(Macro-F1@1) 46.94
˘ 0.04

330.54
˘ 0.31

15.84
˘ 0.01

46.57
˘ 0.05

23.94
˘ 0.02

61.97
˘ 0.01

28.04
˘ 0.03

19.82
˘ 0.02

65.55
˘ 0.06

BCA(Macro-JS@1) 46.69
˘ 0.02

336.72
˘ 0.19

15.75
˘ 0.01

41.71
˘ 0.03

24.97
˘ 0.01

62.48
˘ 0.01

27.61
˘ 0.02

19.89
˘ 0.01

60.34
˘ 0.03

BCA(Cov@1) 41.40
˘ 0.04

303.57
˘ 0.27

14.06
˘ 0.02

47.37
˘ 0.04

22.35
˘ 0.02

61.17
˘ 0.01

26.49
˘ 0.02

18.26
˘ 0.02

69.00
˘ 0.04

FW(Macro-P@1) 38.06
˘ 0.02

256.13
˘ 0.24

11.74
˘ 0.01

38.63
˘ 0.04

17.70
˘ 0.02

58.85
˘ 0.01

20.29
˘ 0.02

14.27
˘ 0.02

49.60
˘ 0.03

FW(Macro-R@1) 43.84
˘ 0.03

339.51
˘ 0.32

14.69
˘ 0.01

23.86
˘ 0.03

25.47
˘ 0.02

62.74
˘ 0.01

21.33
˘ 0.02

15.77
˘ 0.02

42.20
˘ 0.03

FW(Macro-BA@1) 43.84
˘ 0.03

339.52
˘ 0.33

14.69
˘ 0.01

23.86
˘ 0.03

25.47
˘ 0.02

62.74
˘ 0.01

21.34
˘ 0.02

15.77
˘ 0.02

42.20
˘ 0.03

FW(Macro-F1@1) 46.80
˘ 0.03

336.53
˘ 0.27

15.78
˘ 0.01

38.77
˘ 0.03

23.06
˘ 0.02

61.53
˘ 0.01

24.91
˘ 0.02

17.70
˘ 0.02

57.08
˘ 0.02

FW(Macro-JS@1) 46.62
˘ 0.05

343.55
˘ 0.42

15.74
˘ 0.02

36.15
˘ 0.05

24.08
˘ 0.04

62.04
˘ 0.02

25.04
˘ 0.04

18.12
˘ 0.03

53.92
˘ 0.05
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

Synthetic RCV1x-2K

Top-3 73.88
˘ 0.01

76.57
˘ 0.12

* 68.05
˘ 0.02

31.58
˘ 0.10

8.39
˘ 0.04

54.18
˘ 0.02

9.85
˘ 0.04

6.39
˘ 0.03

56.74
˘ 0.07

PS-3 73.24
˘ 0.01

77.68
˘ 0.11

67.82
˘ 0.02

48.64
˘ 0.08

36.52
˘ 0.11

68.24
˘ 0.06

34.84
˘ 0.07

22.59
˘ 0.06

99.38
˘ 0.08

Pow-3β“0.25
70.47
˘ 0.01

76.06
˘ 0.04

66.43
˘ 0.02

42.75
˘ 0.10

43.98
˘ 0.12

71.97
˘ 0.06

38.68
˘ 0.08

25.23
˘ 0.07

99.55
˘ 0.07

Pow-3β“0.5
65.39
˘ 0.01

71.55
˘ 0.03

63.16
˘ 0.01

33.15
˘ 0.09

52.36
˘ 0.17

76.16
˘ 0.09

35.09
˘ 0.09

22.47
˘ 0.07

99.76
˘ 0.07

Log-3 70.98
˘ 0.01

76.26
˘ 0.13

66.59
˘ 0.02

46.79
˘ 0.07

34.11
˘ 0.09

67.04
˘ 0.04

35.62
˘ 0.07

22.99
˘ 0.06

97.90
˘ 0.10

Macro-Rprior-3
45.99
˘ 0.01

52.06
˘ 0.05

46.07
˘ 0.01

20.16
˘ 0.03

57.95
˘ 0.20

78.94
˘ 0.10

21.01
˘ 0.03

12.74
˘ 0.02

99.84
˘ 0.09

Macro-BAprior-3
46.74
˘ 0.01

52.80
˘ 0.05

46.86
˘ 0.01

20.24
˘ 0.03

57.94
˘ 0.20

78.94
˘ 0.10

21.11
˘ 0.03

12.80
˘ 0.02

99.84
˘ 0.09

BCA(Macro-P@3) 47.38
˘ 0.01

47.85
˘ 0.11

45.47
˘ 0.00

74.97
˘ 0.64

4.88
˘ 0.13

52.41
˘ 0.06

7.15
˘ 0.15

4.23
˘ 0.10

92.39
˘ 0.58

BCA(Macro-R@3) 37.70
˘ 0.01

43.45
˘ 0.03

37.59
˘ 0.01

19.14
˘ 0.03

58.74
˘ 0.15

79.33
˘ 0.08

18.56
˘ 0.02

11.19
˘ 0.01

99.85
˘ 0.07

BCA(Macro-BA@3) 38.69
˘ 0.01

44.44
˘ 0.02

38.69
˘ 0.01

19.20
˘ 0.03

58.74
˘ 0.16

79.33
˘ 0.08

18.63
˘ 0.02

11.24
˘ 0.01

99.85
˘ 0.07

BCA(Macro-F1@3) 65.89
˘ 0.01

71.66
˘ 0.06

63.27
˘ 0.01

46.14
˘ 0.07

44.47
˘ 0.11

72.21
˘ 0.05

43.16
˘ 0.05

28.52
˘ 0.04

99.72
˘ 0.10

BCA(Macro-JS@3) 66.21
˘ 0.01

72.00
˘ 0.11

63.50
˘ 0.01

45.57
˘ 0.07

44.61
˘ 0.09

72.29
˘ 0.05

43.04
˘ 0.06

28.54
˘ 0.04

99.68
˘ 0.09

BCA(Cov@3) 1.28
˘ 0.00

2.61
˘ 0.00

0.53
˘ 0.00

12.54
˘ 0.04

36.95
˘ 0.12

68.41
˘ 0.06

4.88
˘ 0.01

2.60
˘ 0.01

99.90
˘ 0.06

FW(Macro-P@3) 43.58
˘ 0.01

43.99
˘ 0.06

41.74
˘ 0.00

72.28
˘ 0.52

5.74
˘ 0.11

52.84
˘ 0.06

7.05
˘ 0.13

4.15
˘ 0.08

89.44
˘ 0.50

FW(Macro-R@3) 37.66
˘ 0.01

43.41
˘ 0.03

37.50
˘ 0.01

19.13
˘ 0.03

58.68
˘ 0.13

79.30
˘ 0.06

18.54
˘ 0.02

11.18
˘ 0.01

99.85
˘ 0.07

FW(Macro-BA@3) 38.66
˘ 0.01

44.42
˘ 0.03

38.64
˘ 0.01

19.19
˘ 0.03

58.68
˘ 0.14

79.30
˘ 0.07

18.61
˘ 0.02

11.23
˘ 0.01

99.85
˘ 0.07

FW(Macro-F1@3) 65.88
˘ 0.01

71.64
˘ 0.05

63.27
˘ 0.01

46.07
˘ 0.05

44.30
˘ 0.11

72.13
˘ 0.06

43.01
˘ 0.05

28.42
˘ 0.04

99.58
˘ 0.14

FW(Macro-JS@3) 66.21
˘ 0.01

71.98
˘ 0.10

63.50
˘ 0.01

45.59
˘ 0.05

44.47
˘ 0.13

72.21
˘ 0.07

42.95
˘ 0.06

28.48
˘ 0.05

99.58
˘ 0.10

Synthetic EURLex-4K

Top-3 77.15
˘ 0.04

147.00
˘ 0.11

* 53.96
˘ 0.05

45.07
˘ 0.11

31.58
˘ 0.07

65.78
˘ 0.03

34.83
˘ 0.05

25.77
˘ 0.08

63.89
˘ 0.20

PS-3 73.32
˘ 0.05

164.76
˘ 0.13

51.24
˘ 0.06

55.31
˘ 0.09

59.76
˘ 0.16

79.87
˘ 0.08

54.55
˘ 0.06

41.88
˘ 0.06

87.79
˘ 0.08

Pow-3β“0.25
73.22
˘ 0.06

164.37
˘ 0.18

51.17
˘ 0.04

55.66
˘ 0.12

58.73
˘ 0.14

79.35
˘ 0.07

54.38
˘ 0.07

41.84
˘ 0.08

87.21
˘ 0.13

Pow-3β“0.5
68.32
˘ 0.04

160.79
˘ 0.15

47.52
˘ 0.03

52.08
˘ 0.11

61.82
˘ 0.08

80.90
˘ 0.04

53.23
˘ 0.06

40.50
˘ 0.06

88.22
˘ 0.10

Log-3 74.30
˘ 0.06

163.25
˘ 0.13

51.93
˘ 0.06

55.90
˘ 0.21

55.20
˘ 0.11

77.59
˘ 0.06

52.89
˘ 0.11

40.70
˘ 0.10

85.00
˘ 0.15

Macro-Rprior-3
55.22
˘ 0.08

142.87
˘ 0.23

37.85
˘ 0.05

43.01
˘ 0.13

63.87
˘ 0.13

81.92
˘ 0.07

45.13
˘ 0.08

32.80
˘ 0.09

89.43
˘ 0.09

Macro-BAprior-3
55.30
˘ 0.08

142.98
˘ 0.24

37.91
˘ 0.05

43.07
˘ 0.14

63.87
˘ 0.13

81.92
˘ 0.07

45.17
˘ 0.08

32.83
˘ 0.09

89.45
˘ 0.09

BCA(Macro-P@3) 26.79
˘ 0.05

50.17
˘ 0.13

17.74
˘ 0.04

67.92
˘ 0.10

23.94
˘ 0.28

61.95
˘ 0.14

26.48
˘ 0.15

18.95
˘ 0.13

83.59
˘ 0.20

BCA(Macro-R@3) 54.60
˘ 0.08

141.86
˘ 0.22

37.36
˘ 0.04

41.75
˘ 0.03

64.77
˘ 0.13

82.37
˘ 0.07

44.21
˘ 0.03

31.87
˘ 0.02

89.99
˘ 0.15

BCA(Macro-BA@3) 54.66
˘ 0.08

141.96
˘ 0.21

37.41
˘ 0.04

41.75
˘ 0.03

64.78
˘ 0.14

82.38
˘ 0.07

44.25
˘ 0.03

31.89
˘ 0.02

89.97
˘ 0.15

BCA(Macro-F1@3) 70.67
˘ 0.05

161.30
˘ 0.14

49.22
˘ 0.04

56.94
˘ 0.13

59.70
˘ 0.18

79.84
˘ 0.09

55.98
˘ 0.10

43.13
˘ 0.09

88.45
˘ 0.19

BCA(Macro-JS@3) 70.64
˘ 0.05

161.59
˘ 0.14

49.17
˘ 0.01

56.81
˘ 0.13

59.77
˘ 0.15

79.87
˘ 0.07

55.94
˘ 0.08

43.19
˘ 0.08

88.38
˘ 0.17

BCA(Cov@3) 12.85
˘ 0.04

50.06
˘ 0.19

8.65
˘ 0.02

35.65
˘ 0.14

45.42
˘ 0.16

72.68
˘ 0.08

21.19
˘ 0.08

13.47
˘ 0.06

90.96
˘ 0.19

FW(Macro-P@3) 26.48
˘ 0.04

50.12
˘ 0.13

17.49
˘ 0.03

65.16
˘ 0.10

24.01
˘ 0.23

61.98
˘ 0.12

25.67
˘ 0.16

18.40
˘ 0.14

80.96
˘ 0.10

FW(Macro-R@3) 54.46
˘ 0.06

141.78
˘ 0.17

37.28
˘ 0.03

41.70
˘ 0.07

64.49
˘ 0.10

82.23
˘ 0.05

43.90
˘ 0.04

31.62
˘ 0.04

89.82
˘ 0.14

FW(Macro-BA@3) 53.97
˘ 0.05

141.10
˘ 0.15

36.89
˘ 0.03

41.44
˘ 0.06

64.49
˘ 0.11

82.23
˘ 0.06

43.68
˘ 0.05

31.43
˘ 0.04

89.78
˘ 0.14

FW(Macro-F1@3) 70.67
˘ 0.04

161.28
˘ 0.15

49.24
˘ 0.01

56.93
˘ 0.13

59.40
˘ 0.15

79.69
˘ 0.07

55.70
˘ 0.09

42.88
˘ 0.09

88.28
˘ 0.13

FW(Macro-JS@3) 70.69
˘ 0.06

161.71
˘ 0.18

49.23
˘ 0.01

56.83
˘ 0.13

59.48
˘ 0.16

79.73
˘ 0.08

55.71
˘ 0.09

42.99
˘ 0.08

88.11
˘ 0.11
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

Synthetic EURLex-4.3K

Top-3 86.11
˘ 0.04

128.59
˘ 0.12

* 60.79
˘ 0.07

45.22
˘ 0.14

27.94
˘ 0.13

63.97
˘ 0.06

32.20
˘ 0.14

23.84
˘ 0.15

60.75
˘ 0.12

PS-3 82.76
˘ 0.09

143.28
˘ 0.18

58.49
˘ 0.07

59.93
˘ 0.13

67.41
˘ 0.16

83.70
˘ 0.08

60.58
˘ 0.09

47.80
˘ 0.08

90.43
˘ 0.14

Pow-3β“0.25
81.82
˘ 0.09

142.85
˘ 0.15

57.82
˘ 0.07

59.90
˘ 0.14

66.90
˘ 0.14

83.44
˘ 0.07

60.48
˘ 0.10

47.81
˘ 0.11

89.94
˘ 0.14

Pow-3β“0.5
78.33
˘ 0.08

140.31
˘ 0.14

55.28
˘ 0.06

56.68
˘ 0.16

69.89
˘ 0.14

84.94
˘ 0.07

59.38
˘ 0.10

46.51
˘ 0.12

90.92
˘ 0.09

Log-3 82.67
˘ 0.07

142.08
˘ 0.13

58.40
˘ 0.07

60.10
˘ 0.18

61.79
˘ 0.19

80.89
˘ 0.09

58.28
˘ 0.14

46.02
˘ 0.12

87.23
˘ 0.15

Macro-Rprior-3
68.02
˘ 0.05

127.88
˘ 0.11

47.37
˘ 0.05

47.24
˘ 0.12

72.15
˘ 0.20

86.06
˘ 0.10

51.11
˘ 0.10

38.48
˘ 0.11

91.88
˘ 0.17

Macro-BAprior-3
68.18
˘ 0.05

128.07
˘ 0.11

47.51
˘ 0.04

47.32
˘ 0.13

72.15
˘ 0.20

86.06
˘ 0.10

51.19
˘ 0.10

38.54
˘ 0.11

91.88
˘ 0.17

BCA(Macro-P@3) 38.85
˘ 0.03

52.98
˘ 0.06

26.06
˘ 0.02

71.27
˘ 0.13

23.89
˘ 0.19

61.93
˘ 0.10

25.92
˘ 0.08

18.63
˘ 0.08

86.46
˘ 0.19

BCA(Macro-R@3) 66.05
˘ 0.07

125.14
˘ 0.20

45.88
˘ 0.05

45.61
˘ 0.17

72.66
˘ 0.14

86.32
˘ 0.07

49.38
˘ 0.13

36.86
˘ 0.13

92.25
˘ 0.17

BCA(Macro-BA@3) 66.23
˘ 0.07

125.34
˘ 0.19

46.04
˘ 0.05

45.66
˘ 0.17

72.66
˘ 0.14

86.32
˘ 0.07

49.43
˘ 0.13

36.91
˘ 0.13

92.25
˘ 0.17

BCA(Macro-F1@3) 80.01
˘ 0.08

140.88
˘ 0.18

56.42
˘ 0.06

61.31
˘ 0.09

67.80
˘ 0.13

83.89
˘ 0.06

62.04
˘ 0.04

49.17
˘ 0.05

91.02
˘ 0.18

BCA(Macro-JS@3) 79.80
˘ 0.10

140.82
˘ 0.19

56.28
˘ 0.07

61.15
˘ 0.09

67.89
˘ 0.14

83.94
˘ 0.07

61.97
˘ 0.06

49.22
˘ 0.07

90.95
˘ 0.19

BCA(Cov@3) 8.02
˘ 0.03

28.04
˘ 0.09

5.23
˘ 0.01

29.06
˘ 0.06

48.86
˘ 0.23

74.40
˘ 0.12

19.11
˘ 0.08

12.13
˘ 0.07

92.64
˘ 0.17

FW(Macro-P@3) 38.73
˘ 0.03

52.79
˘ 0.08

25.75
˘ 0.01

69.01
˘ 0.23

23.68
˘ 0.14

61.82
˘ 0.07

25.28
˘ 0.07

18.18
˘ 0.07

83.96
˘ 0.13

FW(Macro-R@3) 66.20
˘ 0.06

125.34
˘ 0.15

45.98
˘ 0.04

45.33
˘ 0.14

72.43
˘ 0.20

86.20
˘ 0.10

49.03
˘ 0.12

36.56
˘ 0.12

92.13
˘ 0.17

FW(Macro-BA@3) 66.36
˘ 0.06

125.54
˘ 0.14

46.11
˘ 0.04

45.37
˘ 0.14

72.43
˘ 0.19

86.20
˘ 0.10

49.08
˘ 0.12

36.60
˘ 0.12

92.13
˘ 0.17

FW(Macro-F1@3) 79.98
˘ 0.09

140.88
˘ 0.18

56.40
˘ 0.06

61.26
˘ 0.08

67.51
˘ 0.18

83.75
˘ 0.09

61.83
˘ 0.06

48.99
˘ 0.04

90.77
˘ 0.16

FW(Macro-JS@3) 79.79
˘ 0.09

140.84
˘ 0.17

56.27
˘ 0.06

61.10
˘ 0.08

67.64
˘ 0.18

83.81
˘ 0.09

61.79
˘ 0.06

49.06
˘ 0.04

90.73
˘ 0.18

Synthetic AmazonCat-13K

Top-3 77.60
˘ 0.01

83.98
˘ 0.04

* 60.10
˘ 0.01

42.03
˘ 0.16

17.83
˘ 0.05

58.91
˘ 0.02

21.53
˘ 0.06

14.47
˘ 0.04

63.11
˘ 0.14

PS-3 75.74
˘ 0.01

89.77
˘ 0.04

58.93
˘ 0.01

51.27
˘ 0.09

64.23
˘ 0.12

82.11
˘ 0.06

53.30
˘ 0.10

39.34
˘ 0.09

93.31
˘ 0.08

Pow-3β“0.25
70.10
˘ 0.01

86.98
˘ 0.05

55.34
˘ 0.01

47.50
˘ 0.09

68.91
˘ 0.12

84.45
˘ 0.06

53.82
˘ 0.09

39.66
˘ 0.08

93.14
˘ 0.10

Pow-3β“0.5
63.03
˘ 0.01

80.67
˘ 0.04

49.80
˘ 0.01

39.67
˘ 0.09

74.77
˘ 0.14

87.38
˘ 0.07

48.71
˘ 0.11

34.84
˘ 0.09

94.21
˘ 0.14

Log-3 70.60
˘ 0.01

86.74
˘ 0.02

55.48
˘ 0.01

50.21
˘ 0.12

58.80
˘ 0.08

79.40
˘ 0.04

52.12
˘ 0.10

38.68
˘ 0.08

89.00
˘ 0.08

Macro-Rprior-3
46.15
˘ 0.01

63.28
˘ 0.03

35.08
˘ 0.00

27.48
˘ 0.05

78.28
˘ 0.15

89.13
˘ 0.07

35.38
˘ 0.06

24.05
˘ 0.05

94.65
˘ 0.14

Macro-BAprior-3
46.52
˘ 0.01

63.64
˘ 0.03

35.51
˘ 0.00

27.51
˘ 0.05

78.28
˘ 0.15

89.13
˘ 0.07

35.41
˘ 0.06

24.08
˘ 0.05

94.65
˘ 0.14

BCA(Macro-P@3) 42.90
˘ 0.01

43.70
˘ 0.02

33.35
˘ 0.01

72.81
˘ 0.20

11.89
˘ 0.08

55.94
˘ 0.04

14.13
˘ 0.09

8.91
˘ 0.06

88.34
˘ 0.25

BCA(Macro-R@3) 42.11
˘ 0.01

58.72
˘ 0.02

31.69
˘ 0.00

26.31
˘ 0.03

78.75
˘ 0.13

89.37
˘ 0.07

33.12
˘ 0.04

22.61
˘ 0.03

94.99
˘ 0.16

BCA(Macro-BA@3) 42.48
˘ 0.01

59.09
˘ 0.03

32.15
˘ 0.00

26.33
˘ 0.03

78.75
˘ 0.13

89.37
˘ 0.07

33.14
˘ 0.04

22.62
˘ 0.03

94.99
˘ 0.16

BCA(Macro-F1@3) 67.36
˘ 0.00

83.70
˘ 0.04

53.32
˘ 0.01

53.07
˘ 0.09

64.43
˘ 0.08

82.21
˘ 0.04

56.50
˘ 0.09

42.34
˘ 0.09

93.40
˘ 0.06

BCA(Macro-JS@3) 67.26
˘ 0.01

83.63
˘ 0.03

53.25
˘ 0.01

52.96
˘ 0.09

64.49
˘ 0.08

82.24
˘ 0.04

56.48
˘ 0.09

42.35
˘ 0.09

93.39
˘ 0.06

BCA(Cov@3) 2.42
˘ 0.00

5.84
˘ 0.01

1.36
˘ 0.00

11.89
˘ 0.04

42.34
˘ 0.14

71.16
˘ 0.07

9.27
˘ 0.04

5.24
˘ 0.03

95.15
˘ 0.14

FW(Macro-P@3) 40.87
˘ 0.01

41.67
˘ 0.01

31.51
˘ 0.01

71.62
˘ 0.19

11.83
˘ 0.07

55.91
˘ 0.03

13.86
˘ 0.10

8.76
˘ 0.07

86.39
˘ 0.24

FW(Macro-R@3) 42.23
˘ 0.01

58.86
˘ 0.02

31.81
˘ 0.00

26.25
˘ 0.04

78.72
˘ 0.12

89.35
˘ 0.06

33.05
˘ 0.05

22.55
˘ 0.04

94.97
˘ 0.16

FW(Macro-BA@3) 42.60
˘ 0.01

59.23
˘ 0.03

32.25
˘ 0.00

26.28
˘ 0.04

78.72
˘ 0.12

89.35
˘ 0.06

33.07
˘ 0.05

22.57
˘ 0.04

94.97
˘ 0.16

FW(Macro-F1@3) 67.34
˘ 0.01

83.69
˘ 0.03

53.29
˘ 0.01

53.09
˘ 0.09

64.30
˘ 0.08

82.15
˘ 0.04

56.44
˘ 0.09

42.31
˘ 0.08

93.26
˘ 0.07

FW(Macro-JS@3) 67.25
˘ 0.01

83.60
˘ 0.04

53.23
˘ 0.01

52.98
˘ 0.09

64.36
˘ 0.08

82.17
˘ 0.04

56.42
˘ 0.09

42.32
˘ 0.08

93.24
˘ 0.06
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

Synthetic AmazonCat-14K

Top-3 66.89
˘ 0.00

73.87
˘ 0.01

* 68.62
˘ 0.01

40.94
˘ 0.08

22.07
˘ 0.05

61.03
˘ 0.03

25.15
˘ 0.04

16.88
˘ 0.04

68.28
˘ 0.13

PS-3 65.57
˘ 0.01

77.36
˘ 0.01

67.56
˘ 0.01

41.88
˘ 0.02

58.71
˘ 0.10

79.35
˘ 0.05

45.33
˘ 0.03

32.46
˘ 0.02

91.74
˘ 0.11

Pow-3β“0.25
61.37
˘ 0.00

74.91
˘ 0.01

63.90
˘ 0.00

38.06
˘ 0.04

63.87
˘ 0.07

81.93
˘ 0.03

45.23
˘ 0.02

32.28
˘ 0.03

91.68
˘ 0.08

Pow-3β“0.5
54.85
˘ 0.01

69.02
˘ 0.01

57.33
˘ 0.01

29.65
˘ 0.04

70.87
˘ 0.08

85.43
˘ 0.04

38.64
˘ 0.04

26.64
˘ 0.04

92.78
˘ 0.10

Log-3 62.78
˘ 0.00

75.62
˘ 0.01

65.09
˘ 0.00

42.08
˘ 0.09

54.08
˘ 0.09

77.04
˘ 0.05

45.34
˘ 0.06

32.76
˘ 0.06

87.67
˘ 0.09

Macro-Rprior-3
37.07
˘ 0.00

50.67
˘ 0.01

33.16
˘ 0.00

20.45
˘ 0.03

75.22
˘ 0.13

87.60
˘ 0.06

27.14
˘ 0.04

17.99
˘ 0.03

93.31
˘ 0.12

Macro-BAprior-3
37.39
˘ 0.00

51.00
˘ 0.01

33.96
˘ 0.00

20.46
˘ 0.02

75.22
˘ 0.12

87.60
˘ 0.06

27.16
˘ 0.04

18.01
˘ 0.03

93.31
˘ 0.12

BCA(Macro-P@3) 34.24
˘ 0.01

35.16
˘ 0.01

40.07
˘ 0.01

72.26
˘ 0.22

7.91
˘ 0.13

53.95
˘ 0.06

10.81
˘ 0.12

6.93
˘ 0.11

82.16
˘ 0.23

BCA(Macro-R@3) 35.10
˘ 0.01

48.36
˘ 0.01

30.35
˘ 0.00

20.18
˘ 0.03

75.84
˘ 0.08

87.91
˘ 0.04

26.11
˘ 0.03

17.43
˘ 0.03

93.79
˘ 0.07

BCA(Macro-BA@3) 35.58
˘ 0.01

48.85
˘ 0.01

31.38
˘ 0.00

20.20
˘ 0.03

75.84
˘ 0.07

87.91
˘ 0.04

26.15
˘ 0.03

17.45
˘ 0.03

93.79
˘ 0.07

BCA(Macro-F1@3) 60.74
˘ 0.00

73.34
˘ 0.01

63.23
˘ 0.00

48.83
˘ 0.06

56.02
˘ 0.14

78.01
˘ 0.07

51.01
˘ 0.08

37.35
˘ 0.08

91.13
˘ 0.07

BCA(Macro-JS@3) 60.70
˘ 0.00

73.31
˘ 0.01

63.18
˘ 0.00

48.78
˘ 0.06

56.05
˘ 0.14

78.02
˘ 0.07

50.99
˘ 0.08

37.34
˘ 0.08

91.12
˘ 0.08

BCA(Cov@3) 1.60
˘ 0.00

4.07
˘ 0.01

1.21
˘ 0.00

11.04
˘ 0.01

40.20
˘ 0.12

70.09
˘ 0.06

5.96
˘ 0.02

3.28
˘ 0.02

93.99
˘ 0.08

FW(Macro-P@3) 33.87
˘ 0.01

34.80
˘ 0.01

39.58
˘ 0.01

65.53
˘ 0.18

7.78
˘ 0.09

53.88
˘ 0.05

9.96
˘ 0.08

6.36
˘ 0.08

74.63
˘ 0.17

FW(Macro-R@3) 35.38
˘ 0.01

48.65
˘ 0.01

31.08
˘ 0.00

20.13
˘ 0.03

75.73
˘ 0.10

87.86
˘ 0.05

26.05
˘ 0.03

17.38
˘ 0.03

93.71
˘ 0.07

FW(Macro-BA@3) 35.26
˘ 0.01

48.52
˘ 0.01

30.80
˘ 0.00

20.13
˘ 0.03

75.74
˘ 0.10

87.86
˘ 0.05

26.04
˘ 0.03

17.38
˘ 0.03

93.72
˘ 0.07

FW(Macro-F1@3) 60.79
˘ 0.00

73.39
˘ 0.00

63.30
˘ 0.00

48.74
˘ 0.06

55.73
˘ 0.11

77.86
˘ 0.06

50.74
˘ 0.07

37.14
˘ 0.06

90.73
˘ 0.06

FW(Macro-JS@3) 60.72
˘ 0.00

73.33
˘ 0.01

63.22
˘ 0.00

48.71
˘ 0.07

55.76
˘ 0.13

77.87
˘ 0.06

50.74
˘ 0.08

37.15
˘ 0.07

90.72
˘ 0.07

Synthetic Wiki10-31K

Top-3 86.55
˘ 0.08

103.74
˘ 1.04

* 24.55
˘ 0.02

5.61
˘ 0.03

1.25
˘ 0.01

50.62
˘ 0.00

1.83
˘ 0.01

1.17
˘ 0.01

6.76
˘ 0.01

PS-3 67.31
˘ 0.11

283.40
˘ 0.57

19.80
˘ 0.02

51.82
˘ 0.13

52.03
˘ 0.08

76.01
˘ 0.04

45.98
˘ 0.10

36.75
˘ 0.09

76.36
˘ 0.11

Pow-3β“0.25
65.95
˘ 0.10

281.88
˘ 0.47

19.05
˘ 0.03

51.47
˘ 0.09

50.97
˘ 0.08

75.49
˘ 0.04

45.55
˘ 0.08

36.37
˘ 0.08

75.65
˘ 0.12

Pow-3β“0.5
58.78
˘ 0.12

277.87
˘ 0.59

16.11
˘ 0.04

49.94
˘ 0.15

52.82
˘ 0.08

76.41
˘ 0.04

45.67
˘ 0.11

36.28
˘ 0.11

77.51
˘ 0.12

Log-3 65.32
˘ 0.08

271.23
˘ 0.44

17.89
˘ 0.03

48.98
˘ 0.09

46.11
˘ 0.08

73.05
˘ 0.04

42.49
˘ 0.07

33.76
˘ 0.08

70.72
˘ 0.10

Macro-Rprior-3
49.23
˘ 0.10

265.34
˘ 0.52

12.23
˘ 0.03

45.26
˘ 0.15

53.27
˘ 0.10

76.63
˘ 0.05

43.34
˘ 0.11

33.89
˘ 0.10

77.29
˘ 0.14

Macro-BAprior-3
49.33
˘ 0.10

265.47
˘ 0.52

12.28
˘ 0.03

45.30
˘ 0.15

53.27
˘ 0.10

76.63
˘ 0.05

43.34
˘ 0.11

33.90
˘ 0.10

77.29
˘ 0.14

BCA(Macro-P@3) 63.21
˘ 0.09

181.94
˘ 0.45

17.64
˘ 0.03

64.76
˘ 0.18

35.44
˘ 0.06

67.72
˘ 0.03

38.77
˘ 0.10

29.28
˘ 0.09

81.09
˘ 0.18

BCA(Macro-R@3) 47.81
˘ 0.11

254.52
˘ 0.65

11.69
˘ 0.02

46.72
˘ 0.14

56.86
˘ 0.14

78.43
˘ 0.07

45.77
˘ 0.14

35.68
˘ 0.13

82.24
˘ 0.10

BCA(Macro-BA@3) 47.86
˘ 0.11

254.57
˘ 0.65

11.72
˘ 0.02

46.73
˘ 0.14

56.85
˘ 0.14

78.42
˘ 0.07

45.77
˘ 0.14

35.68
˘ 0.13

82.24
˘ 0.09

BCA(Macro-F1@3) 56.53
˘ 0.13

261.00
˘ 0.64

14.95
˘ 0.03

57.99
˘ 0.17

54.03
˘ 0.11

77.01
˘ 0.05

51.41
˘ 0.14

40.16
˘ 0.14

89.93
˘ 0.12

BCA(Macro-JS@3) 55.69
˘ 0.10

263.86
˘ 0.47

14.63
˘ 0.03

56.42
˘ 0.11

55.33
˘ 0.10

77.66
˘ 0.05

51.02
˘ 0.10

40.29
˘ 0.11

87.94
˘ 0.06

BCA(Cov@3) 46.04
˘ 0.09

239.67
˘ 0.48

10.97
˘ 0.02

51.31
˘ 0.11

53.63
˘ 0.10

76.81
˘ 0.05

46.72
˘ 0.10

35.34
˘ 0.09

91.01
˘ 0.16

FW(Macro-P@3) 62.69
˘ 0.06

180.63
˘ 0.47

17.48
˘ 0.02

58.01
˘ 0.16

34.34
˘ 0.09

67.17
˘ 0.04

36.23
˘ 0.11

27.59
˘ 0.11

73.85
˘ 0.18

FW(Macro-R@3) 47.82
˘ 0.10

259.29
˘ 0.55

11.69
˘ 0.03

46.35
˘ 0.17

54.60
˘ 0.14

77.30
˘ 0.07

44.34
˘ 0.12

34.59
˘ 0.11

79.98
˘ 0.12

FW(Macro-BA@3) 47.87
˘ 0.10

259.35
˘ 0.56

11.72
˘ 0.03

46.37
˘ 0.17

54.60
˘ 0.14

77.30
˘ 0.07

44.34
˘ 0.12

34.59
˘ 0.11

79.99
˘ 0.12

FW(Macro-F1@3) 56.63
˘ 0.14

266.42
˘ 0.62

14.97
˘ 0.04

56.51
˘ 0.17

51.59
˘ 0.09

75.79
˘ 0.05

48.53
˘ 0.13

38.02
˘ 0.13

85.01
˘ 0.16

FW(Macro-JS@3) 55.98
˘ 0.13

268.86
˘ 0.68

14.74
˘ 0.03

55.50
˘ 0.19

53.02
˘ 0.16

76.51
˘ 0.08

48.72
˘ 0.16

38.52
˘ 0.14

84.10
˘ 0.15
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

Synthetic WikiLSHTC-325K

Top-3 41.99
˘ 0.01

90.10
˘ 0.01

* 58.69
˘ 0.01

30.18
˘ 0.03

47.83
˘ 0.04

73.92
˘ 0.02

33.81
˘ 0.03

23.86
˘ 0.02

71.06
˘ 0.06

PS-3 40.39
˘ 0.01

95.85
˘ 0.02

57.36
˘ 0.01

32.57
˘ 0.04

63.58
˘ 0.05

81.79
˘ 0.02

40.39
˘ 0.04

28.75
˘ 0.04

82.82
˘ 0.06

Pow-3β“0.25
39.13
˘ 0.01

95.09
˘ 0.02

55.88
˘ 0.01

32.50
˘ 0.04

62.81
˘ 0.04

81.40
˘ 0.02

40.33
˘ 0.04

28.74
˘ 0.03

82.14
˘ 0.06

Pow-3β“0.5
36.54
˘ 0.01

93.06
˘ 0.02

52.46
˘ 0.01

30.00
˘ 0.04

65.45
˘ 0.06

82.72
˘ 0.03

38.58
˘ 0.05

27.10
˘ 0.04

83.41
˘ 0.07

Log-3 40.16
˘ 0.01

93.95
˘ 0.03

56.87
˘ 0.01

32.31
˘ 0.04

56.47
˘ 0.04

78.24
˘ 0.02

38.39
˘ 0.04

27.35
˘ 0.03

77.91
˘ 0.06

Macro-Rprior-3
32.98
˘ 0.01

88.68
˘ 0.03

48.03
˘ 0.01

25.92
˘ 0.04

66.68
˘ 0.07

83.34
˘ 0.03

34.38
˘ 0.04

23.57
˘ 0.04

83.83
˘ 0.08

Macro-BAprior-3
32.98
˘ 0.01

88.68
˘ 0.03

48.03
˘ 0.01

25.92
˘ 0.04

66.68
˘ 0.07

83.34
˘ 0.03

34.38
˘ 0.04

23.57
˘ 0.04

83.83
˘ 0.08

BCA(Macro-P@3) 17.10
˘ 0.00

32.22
˘ 0.05

21.84
˘ 0.00

50.46
˘ 0.06

29.16
˘ 0.06

64.58
˘ 0.03

27.43
˘ 0.06

19.49
˘ 0.05

75.42
˘ 0.08

BCA(Macro-R@3) 29.72
˘ 0.01

83.23
˘ 0.03

43.72
˘ 0.01

22.98
˘ 0.02

67.36
˘ 0.05

83.68
˘ 0.03

30.34
˘ 0.02

20.35
˘ 0.02

84.48
˘ 0.07

BCA(Macro-BA@3) 29.72
˘ 0.01

83.23
˘ 0.03

43.73
˘ 0.01

22.98
˘ 0.02

67.36
˘ 0.05

83.68
˘ 0.03

30.35
˘ 0.02

20.35
˘ 0.02

84.48
˘ 0.07

BCA(Macro-F1@3) 36.55
˘ 0.01

87.96
˘ 0.01

51.78
˘ 0.00

41.10
˘ 0.04

59.61
˘ 0.05

79.80
˘ 0.02

46.34
˘ 0.04

34.17
˘ 0.03

82.79
˘ 0.07

BCA(Macro-JS@3) 36.55
˘ 0.01

88.02
˘ 0.01

51.75
˘ 0.01

41.04
˘ 0.04

59.61
˘ 0.05

79.80
˘ 0.02

46.32
˘ 0.04

34.17
˘ 0.03

82.74
˘ 0.07

BCA(Cov@3) 7.88
˘ 0.00

32.74
˘ 0.02

10.54
˘ 0.00

22.41
˘ 0.01

53.00
˘ 0.06

76.50
˘ 0.03

19.99
˘ 0.01

12.73
˘ 0.01

84.98
˘ 0.08

FW(Macro-P@3) 17.19
˘ 0.00

32.38
˘ 0.02

21.94
˘ 0.00

49.18
˘ 0.06

28.89
˘ 0.06

64.45
˘ 0.03

26.71
˘ 0.06

19.01
˘ 0.05

73.05
˘ 0.08

FW(Macro-R@3) 29.72
˘ 0.01

83.30
˘ 0.03

43.73
˘ 0.01

22.87
˘ 0.02

67.18
˘ 0.06

83.59
˘ 0.03

30.06
˘ 0.02

20.20
˘ 0.02

84.31
˘ 0.08

FW(Macro-BA@3) 29.72
˘ 0.01

83.30
˘ 0.03

43.73
˘ 0.01

22.87
˘ 0.02

67.18
˘ 0.06

83.59
˘ 0.03

30.06
˘ 0.02

20.20
˘ 0.02

84.31
˘ 0.08

FW(Macro-F1@3) 36.56
˘ 0.01

87.94
˘ 0.01

51.80
˘ 0.00

41.04
˘ 0.04

59.17
˘ 0.05

79.59
˘ 0.02

46.04
˘ 0.04

33.95
˘ 0.03

82.39
˘ 0.07

FW(Macro-JS@3) 36.54
˘ 0.01

87.98
˘ 0.02

51.74
˘ 0.00

40.99
˘ 0.04

59.19
˘ 0.05

79.59
˘ 0.02

46.01
˘ 0.04

33.95
˘ 0.03

82.35
˘ 0.07

Synthetic WikipediaLarge-500K

Top-3 51.86
˘ 0.01

117.56
˘ 0.04

* 55.88
˘ 0.01

35.17
˘ 0.03

40.49
˘ 0.01

70.24
˘ 0.01

33.52
˘ 0.02

23.78
˘ 0.02

70.34
˘ 0.01

PS-3 48.35
˘ 0.01

134.46
˘ 0.04

53.61
˘ 0.01

43.95
˘ 0.03

67.25
˘ 0.01

83.63
˘ 0.00

49.62
˘ 0.02

36.28
˘ 0.02

92.53
˘ 0.01

Pow-3β“0.25
47.71
˘ 0.01

133.88
˘ 0.05

52.89
˘ 0.01

44.09
˘ 0.03

65.72
˘ 0.01

82.86
˘ 0.01

49.43
˘ 0.03

36.21
˘ 0.03

91.57
˘ 0.01

Pow-3β“0.5
45.10
˘ 0.01

132.27
˘ 0.04

50.15
˘ 0.01

41.32
˘ 0.02

69.14
˘ 0.01

84.57
˘ 0.00

48.29
˘ 0.02

34.89
˘ 0.02

93.12
˘ 0.00

Log-3 49.53
˘ 0.01

130.27
˘ 0.04

54.18
˘ 0.01

42.82
˘ 0.03

55.30
˘ 0.02

77.65
˘ 0.01

44.60
˘ 0.03

32.44
˘ 0.03

84.63
˘ 0.02

Macro-Rprior-3
40.94
˘ 0.02

127.00
˘ 0.05

45.51
˘ 0.01

36.89
˘ 0.02

70.44
˘ 0.01

85.22
˘ 0.00

44.54
˘ 0.02

31.37
˘ 0.02

93.55
˘ 0.00

Macro-BAprior-3
40.95
˘ 0.02

127.00
˘ 0.05

45.51
˘ 0.01

36.89
˘ 0.02

70.44
˘ 0.01

85.22
˘ 0.00

44.54
˘ 0.02

31.37
˘ 0.02

93.55
˘ 0.00

BCA(Macro-P@3) 24.07
˘ 0.00

49.61
˘ 0.01

22.34
˘ 0.00

62.98
˘ 0.02

28.78
˘ 0.01

64.39
˘ 0.01

30.96
˘ 0.02

21.64
˘ 0.02

87.39
˘ 0.03

BCA(Macro-R@3) 37.83
˘ 0.01

121.04
˘ 0.04

41.90
˘ 0.01

33.78
˘ 0.02

71.57
˘ 0.01

85.78
˘ 0.01

40.80
˘ 0.01

28.09
˘ 0.01

94.34
˘ 0.00

BCA(Macro-BA@3) 37.83
˘ 0.01

121.04
˘ 0.04

41.90
˘ 0.01

33.78
˘ 0.02

71.57
˘ 0.01

85.78
˘ 0.01

40.80
˘ 0.01

28.09
˘ 0.01

94.34
˘ 0.00

BCA(Macro-F1@3) 44.78
˘ 0.01

126.54
˘ 0.03

49.13
˘ 0.01

52.56
˘ 0.03

65.40
˘ 0.00

82.70
˘ 0.00

55.52
˘ 0.02

41.78
˘ 0.02

93.29
˘ 0.01

BCA(Macro-JS@3) 44.74
˘ 0.01

126.73
˘ 0.04

49.07
˘ 0.01

52.37
˘ 0.03

65.50
˘ 0.00

82.75
˘ 0.00

55.45
˘ 0.02

41.80
˘ 0.02

93.21
˘ 0.01

BCA(Cov@3) 14.26
˘ 0.00

59.47
˘ 0.02

14.11
˘ 0.01

30.33
˘ 0.01

56.29
˘ 0.02

78.15
˘ 0.01

26.93
˘ 0.01

17.35
˘ 0.01

94.88
˘ 0.00

FW(Macro-P@3) 24.25
˘ 0.01

49.90
˘ 0.01

22.35
˘ 0.01

61.26
˘ 0.03

28.36
˘ 0.01

64.18
˘ 0.01

29.93
˘ 0.02

21.00
˘ 0.02

84.10
˘ 0.03

FW(Macro-R@3) 37.83
˘ 0.01

121.18
˘ 0.04

41.89
˘ 0.01

33.78
˘ 0.02

71.27
˘ 0.01

85.64
˘ 0.01

40.69
˘ 0.02

28.01
˘ 0.02

94.18
˘ 0.01

FW(Macro-BA@3) 37.83
˘ 0.01

121.18
˘ 0.04

41.89
˘ 0.01

33.78
˘ 0.02

71.27
˘ 0.01

85.64
˘ 0.01

40.69
˘ 0.02

28.01
˘ 0.02

94.18
˘ 0.01

FW(Macro-F1@3) 44.75
˘ 0.01

126.57
˘ 0.04

49.10
˘ 0.01

52.55
˘ 0.03

64.92
˘ 0.01

82.46
˘ 0.00

55.16
˘ 0.02

41.52
˘ 0.02

92.91
˘ 0.01

FW(Macro-JS@3) 44.73
˘ 0.01

126.75
˘ 0.04

49.05
˘ 0.01

52.36
˘ 0.03

65.04
˘ 0.01

82.52
˘ 0.00

55.12
˘ 0.02

41.56
˘ 0.03

92.84
˘ 0.01



188 B Technical details of the experiments and extended results

Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

Synthetic Amazon-670K

Top-3 47.56
˘ 0.01

269.66
˘ 0.06

* 44.35
˘ 0.01

36.63
˘ 0.01

43.27
˘ 0.01

71.63
˘ 0.01

36.29
˘ 0.01

26.76
˘ 0.01

67.89
˘ 0.02

PS-3 44.98
˘ 0.01

302.09
˘ 0.10

41.99
˘ 0.01

41.04
˘ 0.02

55.43
˘ 0.02

77.71
˘ 0.01

42.78
˘ 0.02

31.73
˘ 0.02

81.01
˘ 0.02

Pow-3β“0.25
45.91
˘ 0.01

300.64
˘ 0.09

42.87
˘ 0.01

41.48
˘ 0.02

53.73
˘ 0.02

76.87
˘ 0.01

42.63
˘ 0.02

31.68
˘ 0.02

79.87
˘ 0.02

Pow-3β“0.5
44.48
˘ 0.01

301.64
˘ 0.11

41.49
˘ 0.01

40.67
˘ 0.02

55.89
˘ 0.02

77.94
˘ 0.01

42.56
˘ 0.02

31.51
˘ 0.02

81.21
˘ 0.02

Log-3 47.13
˘ 0.01

289.36
˘ 0.05

43.96
˘ 0.01

40.00
˘ 0.01

48.78
˘ 0.01

74.39
˘ 0.00

40.18
˘ 0.01

29.80
˘ 0.01

74.83
˘ 0.01

Macro-Rprior-3
42.83
˘ 0.02

298.31
˘ 0.13

39.76
˘ 0.02

39.12
˘ 0.02

56.61
˘ 0.02

78.31
˘ 0.01

41.32
˘ 0.02

30.38
˘ 0.02

80.77
˘ 0.02

Macro-BAprior-3
42.83
˘ 0.02

298.31
˘ 0.13

39.76
˘ 0.02

39.12
˘ 0.02

56.61
˘ 0.02

78.31
˘ 0.01

41.32
˘ 0.02

30.38
˘ 0.02

80.77
˘ 0.02

BCA(Macro-P@3) 27.71
˘ 0.00

170.25
˘ 0.04

23.55
˘ 0.01

56.57
˘ 0.02

34.39
˘ 0.02

67.19
˘ 0.01

36.47
˘ 0.01

26.25
˘ 0.01

79.40
˘ 0.02

BCA(Macro-R@3) 41.82
˘ 0.02

289.97
˘ 0.13

38.72
˘ 0.02

39.07
˘ 0.02

58.38
˘ 0.03

79.19
˘ 0.01

41.56
˘ 0.02

30.31
˘ 0.02

83.18
˘ 0.03

BCA(Macro-BA@3) 41.82
˘ 0.02

289.97
˘ 0.13

38.72
˘ 0.02

39.07
˘ 0.02

58.38
˘ 0.03

79.19
˘ 0.01

41.56
˘ 0.02

30.31
˘ 0.02

83.18
˘ 0.03

BCA(Macro-F1@3) 44.09
˘ 0.02

286.09
˘ 0.13

40.45
˘ 0.01

50.22
˘ 0.03

54.29
˘ 0.02

77.14
˘ 0.01

48.60
˘ 0.02

35.98
˘ 0.02

89.34
˘ 0.02

BCA(Macro-JS@3) 44.07
˘ 0.02

288.92
˘ 0.14

40.48
˘ 0.02

49.29
˘ 0.03

54.94
˘ 0.02

77.47
˘ 0.01

48.34
˘ 0.02

36.03
˘ 0.02

88.56
˘ 0.02

BCA(Cov@3) 34.19
˘ 0.02

253.01
˘ 0.18

32.65
˘ 0.02

43.53
˘ 0.02

54.47
˘ 0.02

77.23
˘ 0.01

41.40
˘ 0.03

29.22
˘ 0.02

91.16
˘ 0.01

FW(Macro-P@3) 26.90
˘ 0.01

169.68
˘ 0.04

22.79
˘ 0.01

52.24
˘ 0.02

33.67
˘ 0.02

66.84
˘ 0.01

34.52
˘ 0.01

24.95
˘ 0.01

74.38
˘ 0.02

FW(Macro-R@3) 41.82
˘ 0.02

292.31
˘ 0.15

38.72
˘ 0.02

39.18
˘ 0.03

57.49
˘ 0.02

78.74
˘ 0.01

41.13
˘ 0.03

30.08
˘ 0.02

81.96
˘ 0.02

FW(Macro-BA@3) 41.83
˘ 0.02

292.32
˘ 0.15

38.72
˘ 0.02

39.18
˘ 0.03

57.49
˘ 0.02

78.74
˘ 0.01

41.13
˘ 0.03

30.08
˘ 0.02

81.96
˘ 0.02

FW(Macro-F1@3) 43.99
˘ 0.02

288.38
˘ 0.14

40.33
˘ 0.01

49.57
˘ 0.03

53.10
˘ 0.02

76.55
˘ 0.01

46.92
˘ 0.02

34.82
˘ 0.02

86.52
˘ 0.02

FW(Macro-JS@3) 43.98
˘ 0.01

290.88
˘ 0.12

40.35
˘ 0.01

48.96
˘ 0.03

53.84
˘ 0.01

76.92
˘ 0.01

46.96
˘ 0.02

35.09
˘ 0.02

86.01
˘ 0.02

Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic RCV1x-2K

Top-5 54.70
˘ 0.01

57.18
˘ 0.12

* 76.75
˘ 0.02

32.50
˘ 0.27

17.05
˘ 0.05

58.48
˘ 0.02

17.35
˘ 0.07

10.78
˘ 0.04

76.95
˘ 0.09

PS-5 54.32
˘ 0.01

57.88
˘ 0.11

76.55
˘ 0.02

38.15
˘ 0.06

45.91
˘ 0.10

72.91
˘ 0.05

36.11
˘ 0.07

23.32
˘ 0.05

99.70
˘ 0.07

Pow-5β“0.25
52.66
˘ 0.01

56.90
˘ 0.05

75.37
˘ 0.02

33.83
˘ 0.06

53.57
˘ 0.11

76.74
˘ 0.06

37.38
˘ 0.07

24.25
˘ 0.05

99.70
˘ 0.06

Pow-5β“0.5
49.42
˘ 0.01

54.08
˘ 0.04

72.42
˘ 0.02

25.39
˘ 0.05

62.15
˘ 0.15

81.02
˘ 0.07

31.06
˘ 0.04

19.74
˘ 0.03

99.84
˘ 0.06

Log-5 52.99
˘ 0.01

57.10
˘ 0.04

75.52
˘ 0.02

37.81
˘ 0.11

44.77
˘ 0.12

72.34
˘ 0.06

37.00
˘ 0.08

23.92
˘ 0.06

98.94
˘ 0.09

Macro-Rprior-5
36.69
˘ 0.01

41.37
˘ 0.06

56.73
˘ 0.01

17.31
˘ 0.02

68.59
˘ 0.14

84.23
˘ 0.07

19.86
˘ 0.02

12.20
˘ 0.01

99.90
˘ 0.06

Macro-BAprior-5
37.13
˘ 0.01

41.79
˘ 0.05

57.43
˘ 0.01

17.36
˘ 0.02

68.58
˘ 0.14

84.23
˘ 0.07

19.92
˘ 0.02

12.24
˘ 0.01

99.90
˘ 0.06

BCA(Macro-P@5) 32.75
˘ 0.01

33.19
˘ 0.05

49.34
˘ 0.01

74.72
˘ 0.58

5.46
˘ 0.13

52.68
˘ 0.06

7.57
˘ 0.14

4.50
˘ 0.09

92.61
˘ 0.49

BCA(Macro-R@5) 31.98
˘ 0.01

36.47
˘ 0.03

49.79
˘ 0.01

16.98
˘ 0.02

69.30
˘ 0.11

84.58
˘ 0.06

18.40
˘ 0.02

11.28
˘ 0.01

99.90
˘ 0.06

BCA(Macro-BA@5) 32.66
˘ 0.01

37.13
˘ 0.02

50.92
˘ 0.01

17.02
˘ 0.02

69.30
˘ 0.11

84.58
˘ 0.06

18.46
˘ 0.02

11.33
˘ 0.01

99.90
˘ 0.06

BCA(Macro-F1@5) 49.19
˘ 0.01

53.35
˘ 0.07

71.05
˘ 0.01

46.34
˘ 0.07

50.10
˘ 0.13

75.00
˘ 0.06

46.56
˘ 0.06

31.35
˘ 0.04

99.69
˘ 0.12

BCA(Macro-JS@5) 49.24
˘ 0.01

53.40
˘ 0.04

71.02
˘ 0.01

46.07
˘ 0.07

50.14
˘ 0.12

75.02
˘ 0.06

46.47
˘ 0.05

31.36
˘ 0.04

99.68
˘ 0.13

BCA(Cov@5) 1.14
˘ 0.00

2.22
˘ 0.00

0.77
˘ 0.00

11.12
˘ 0.02

44.85
˘ 0.11

72.32
˘ 0.05

4.78
˘ 0.02

2.54
˘ 0.01

99.90
˘ 0.06

FW(Macro-P@5) 30.63
˘ 0.01

31.08
˘ 0.05

46.21
˘ 0.01

72.33
˘ 0.53

6.22
˘ 0.12

53.05
˘ 0.06

7.36
˘ 0.14

4.37
˘ 0.09

89.88
˘ 0.51

FW(Macro-R@5) 31.93
˘ 0.01

36.42
˘ 0.03

49.69
˘ 0.01

16.98
˘ 0.02

69.29
˘ 0.11

84.57
˘ 0.05

18.39
˘ 0.02

11.28
˘ 0.01

99.90
˘ 0.06

FW(Macro-BA@5) 32.62
˘ 0.01

37.09
˘ 0.02

50.85
˘ 0.01

17.02
˘ 0.02

69.28
˘ 0.11

84.57
˘ 0.05

18.45
˘ 0.02

11.32
˘ 0.01

99.90
˘ 0.06

FW(Macro-F1@5) 49.17
˘ 0.01

53.31
˘ 0.08

71.06
˘ 0.02

46.11
˘ 0.07

49.85
˘ 0.12

74.88
˘ 0.06

46.24
˘ 0.07

31.14
˘ 0.05

99.57
˘ 0.17

FW(Macro-JS@5) 49.22
˘ 0.01

53.37
˘ 0.08

71.00
˘ 0.01

45.89
˘ 0.07

49.88
˘ 0.14

74.89
˘ 0.07

46.21
˘ 0.07

31.19
˘ 0.06

99.54
˘ 0.17
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic EURLex-4K

Top-5 65.85
˘ 0.03

130.35
˘ 0.07

* 73.84
˘ 0.05

51.16
˘ 0.17

57.70
˘ 0.11

78.83
˘ 0.05

52.42
˘ 0.09

40.40
˘ 0.09

82.77
˘ 0.13

PS-5 64.83
˘ 0.03

134.08
˘ 0.09

72.77
˘ 0.06

49.35
˘ 0.07

67.84
˘ 0.13

83.90
˘ 0.06

55.17
˘ 0.06

42.29
˘ 0.05

88.41
˘ 0.09

Pow-5β“0.25
64.74
˘ 0.03

133.95
˘ 0.10

72.67
˘ 0.06

50.22
˘ 0.06

67.31
˘ 0.13

83.63
˘ 0.06

55.66
˘ 0.03

42.82
˘ 0.02

88.15
˘ 0.10

Pow-5β“0.5
62.14
˘ 0.04

132.08
˘ 0.13

69.81
˘ 0.07

45.55
˘ 0.08

69.69
˘ 0.08

84.82
˘ 0.04

52.64
˘ 0.04

39.72
˘ 0.04

88.85
˘ 0.12

Log-5 65.05
˘ 0.03

133.80
˘ 0.10

73.02
˘ 0.05

51.46
˘ 0.09

66.08
˘ 0.16

83.02
˘ 0.08

56.13
˘ 0.05

43.38
˘ 0.05

87.69
˘ 0.11

Macro-Rprior-5
49.94
˘ 0.05

116.20
˘ 0.11

56.13
˘ 0.06

34.98
˘ 0.06

72.05
˘ 0.19

85.99
˘ 0.09

41.78
˘ 0.05

29.80
˘ 0.05

90.12
˘ 0.13

Macro-BAprior-5
50.06
˘ 0.05

116.37
˘ 0.11

56.29
˘ 0.06

35.03
˘ 0.06

72.04
˘ 0.19

85.99
˘ 0.09

41.84
˘ 0.05

29.84
˘ 0.05

90.12
˘ 0.13

BCA(Macro-P@5) 20.47
˘ 0.03

36.54
˘ 0.12

22.48
˘ 0.03

67.71
˘ 0.11

24.95
˘ 0.31

62.44
˘ 0.15

27.13
˘ 0.15

19.45
˘ 0.12

84.04
˘ 0.24

BCA(Macro-R@5) 49.33
˘ 0.04

115.16
˘ 0.09

55.38
˘ 0.04

34.11
˘ 0.07

72.83
˘ 0.18

86.38
˘ 0.09

40.79
˘ 0.09

28.96
˘ 0.07

90.70
˘ 0.14

BCA(Macro-BA@5) 49.46
˘ 0.04

115.34
˘ 0.09

55.53
˘ 0.04

34.17
˘ 0.07

72.82
˘ 0.19

86.38
˘ 0.09

40.87
˘ 0.08

29.03
˘ 0.07

90.68
˘ 0.16

BCA(Macro-F1@5) 62.65
˘ 0.03

129.11
˘ 0.09

69.84
˘ 0.04

56.06
˘ 0.11

64.88
˘ 0.16

82.42
˘ 0.08

58.51
˘ 0.06

45.85
˘ 0.06

88.66
˘ 0.16

BCA(Macro-JS@5) 62.66
˘ 0.03

129.12
˘ 0.10

69.81
˘ 0.03

56.07
˘ 0.12

64.86
˘ 0.14

82.41
˘ 0.07

58.50
˘ 0.06

45.85
˘ 0.06

88.66
˘ 0.16

BCA(Cov@5) 9.12
˘ 0.03

34.62
˘ 0.11

10.19
˘ 0.03

28.67
˘ 0.08

49.89
˘ 0.11

74.89
˘ 0.06

17.65
˘ 0.06

10.85
˘ 0.07

91.39
˘ 0.18

FW(Macro-P@5) 19.72
˘ 0.04

35.46
˘ 0.14

21.61
˘ 0.05

65.70
˘ 0.11

24.74
˘ 0.29

62.33
˘ 0.14

26.31
˘ 0.17

18.86
˘ 0.15

82.03
˘ 0.12

FW(Macro-R@5) 48.42
˘ 0.04

113.96
˘ 0.10

54.32
˘ 0.04

33.54
˘ 0.05

72.47
˘ 0.15

86.20
˘ 0.07

40.05
˘ 0.04

28.34
˘ 0.04

90.44
˘ 0.12

FW(Macro-BA@5) 48.54
˘ 0.04

114.13
˘ 0.10

54.46
˘ 0.04

33.60
˘ 0.04

72.47
˘ 0.14

86.20
˘ 0.07

40.11
˘ 0.03

28.40
˘ 0.03

90.48
˘ 0.13

FW(Macro-F1@5) 62.61
˘ 0.04

129.04
˘ 0.11

69.80
˘ 0.04

55.94
˘ 0.14

64.69
˘ 0.14

82.32
˘ 0.07

58.27
˘ 0.08

45.63
˘ 0.07

88.48
˘ 0.15

FW(Macro-JS@5) 62.62
˘ 0.04

129.07
˘ 0.13

69.78
˘ 0.03

55.94
˘ 0.13

64.69
˘ 0.15

82.32
˘ 0.07

58.25
˘ 0.08

45.63
˘ 0.07

88.44
˘ 0.12

Synthetic EURLex-4.3K

Top-5 73.79
˘ 0.05

114.28
˘ 0.18

* 82.02
˘ 0.07

52.29
˘ 0.21

57.28
˘ 0.17

78.62
˘ 0.08

52.71
˘ 0.15

41.14
˘ 0.14

81.34
˘ 0.09

PS-5 72.93
˘ 0.07

118.07
˘ 0.22

81.21
˘ 0.08

53.49
˘ 0.12

75.26
˘ 0.21

87.61
˘ 0.10

60.50
˘ 0.11

47.67
˘ 0.13

90.93
˘ 0.18

Pow-5β“0.25
72.53
˘ 0.07

117.97
˘ 0.14

80.83
˘ 0.08

53.93
˘ 0.10

75.15
˘ 0.19

87.56
˘ 0.10

60.91
˘ 0.08

48.11
˘ 0.10

90.80
˘ 0.19

Pow-5β“0.5
70.68
˘ 0.07

116.64
˘ 0.11

78.94
˘ 0.07

49.28
˘ 0.10

77.53
˘ 0.16

88.75
˘ 0.08

57.61
˘ 0.09

44.74
˘ 0.12

91.40
˘ 0.17

Log-5 72.77
˘ 0.07

117.81
˘ 0.12

81.06
˘ 0.08

55.25
˘ 0.15

73.25
˘ 0.22

86.61
˘ 0.11

61.26
˘ 0.12

48.61
˘ 0.12

90.07
˘ 0.17

Macro-Rprior-5
61.88
˘ 0.06

106.33
˘ 0.17

69.15
˘ 0.05

38.49
˘ 0.12

79.85
˘ 0.17

89.90
˘ 0.09

46.66
˘ 0.12

34.52
˘ 0.10

92.32
˘ 0.21

Macro-BAprior-5
62.04
˘ 0.06

106.52
˘ 0.18

69.33
˘ 0.05

38.55
˘ 0.12

79.85
˘ 0.18

89.90
˘ 0.09

46.72
˘ 0.12

34.57
˘ 0.10

92.32
˘ 0.21

BCA(Macro-P@5) 30.93
˘ 0.02

41.34
˘ 0.07

33.80
˘ 0.03

70.96
˘ 0.18

24.92
˘ 0.13

62.43
˘ 0.06

26.70
˘ 0.06

19.23
˘ 0.07

86.62
˘ 0.16

BCA(Macro-R@5) 60.15
˘ 0.07

104.09
˘ 0.13

67.17
˘ 0.05

37.05
˘ 0.13

80.19
˘ 0.14

90.07
˘ 0.07

44.89
˘ 0.13

32.99
˘ 0.12

92.60
˘ 0.16

BCA(Macro-BA@5) 60.32
˘ 0.07

104.29
˘ 0.14

67.38
˘ 0.06

37.10
˘ 0.13

80.18
˘ 0.14

90.07
˘ 0.07

44.95
˘ 0.13

33.04
˘ 0.12

92.60
˘ 0.16

BCA(Macro-F1@5) 70.77
˘ 0.06

114.91
˘ 0.10

78.50
˘ 0.07

60.70
˘ 0.06

73.15
˘ 0.18

86.56
˘ 0.09

64.76
˘ 0.06

52.36
˘ 0.05

91.10
˘ 0.18

BCA(Macro-JS@5) 70.70
˘ 0.06

114.84
˘ 0.09

78.40
˘ 0.07

60.69
˘ 0.06

73.15
˘ 0.17

86.56
˘ 0.09

64.75
˘ 0.06

52.38
˘ 0.05

91.10
˘ 0.17

BCA(Cov@5) 5.83
˘ 0.02

19.72
˘ 0.08

6.28
˘ 0.02

22.97
˘ 0.04

53.56
˘ 0.21

76.72
˘ 0.10

16.62
˘ 0.06

10.38
˘ 0.04

92.89
˘ 0.22

FW(Macro-P@5) 30.84
˘ 0.02

41.04
˘ 0.09

33.69
˘ 0.03

68.89
˘ 0.22

24.64
˘ 0.13

62.29
˘ 0.06

26.06
˘ 0.07

18.77
˘ 0.07

84.32
˘ 0.15

FW(Macro-R@5) 60.22
˘ 0.06

104.17
˘ 0.11

67.23
˘ 0.05

36.91
˘ 0.11

80.05
˘ 0.18

90.00
˘ 0.09

44.69
˘ 0.12

32.84
˘ 0.10

92.52
˘ 0.18

FW(Macro-BA@5) 60.39
˘ 0.06

104.40
˘ 0.15

67.43
˘ 0.05

36.96
˘ 0.11

80.05
˘ 0.18

90.00
˘ 0.09

44.74
˘ 0.12

32.89
˘ 0.10

92.52
˘ 0.18

FW(Macro-F1@5) 70.76
˘ 0.05

114.94
˘ 0.10

78.50
˘ 0.07

60.62
˘ 0.07

72.96
˘ 0.19

86.46
˘ 0.10

64.60
˘ 0.07

52.22
˘ 0.05

90.92
˘ 0.20

FW(Macro-JS@5) 70.69
˘ 0.05

114.85
˘ 0.08

78.40
˘ 0.07

60.60
˘ 0.07

72.98
˘ 0.20

86.47
˘ 0.10

64.57
˘ 0.07

52.23
˘ 0.05

90.95
˘ 0.18
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic AmazonCat-13K

Top-5 63.16
˘ 0.01

71.34
˘ 0.17

* 76.12
˘ 0.01

45.39
˘ 0.10

47.71
˘ 0.06

73.85
˘ 0.03

42.12
˘ 0.06

30.42
˘ 0.06

82.48
˘ 0.11

PS-5 62.63
˘ 0.01

72.70
˘ 0.14

75.72
˘ 0.01

43.95
˘ 0.09

71.44
˘ 0.15

85.71
˘ 0.07

51.43
˘ 0.10

37.33
˘ 0.08

93.86
˘ 0.13

Pow-5β“0.25
59.86
˘ 0.01

71.35
˘ 0.02

73.51
˘ 0.01

40.80
˘ 0.09

75.01
˘ 0.12

87.50
˘ 0.06

50.70
˘ 0.10

36.52
˘ 0.08

93.79
˘ 0.12

Pow-5β“0.5
54.68
˘ 0.01

66.80
˘ 0.03

68.01
˘ 0.01

31.75
˘ 0.07

80.13
˘ 0.18

90.06
˘ 0.09

42.63
˘ 0.08

29.53
˘ 0.07

94.44
˘ 0.15

Log-5 59.92
˘ 0.01

71.18
˘ 0.02

73.44
˘ 0.01

44.13
˘ 0.09

69.47
˘ 0.07

84.73
˘ 0.04

52.08
˘ 0.09

37.99
˘ 0.08

92.03
˘ 0.04

Macro-Rprior-5
38.70
˘ 0.01

50.58
˘ 0.02

47.71
˘ 0.01

20.81
˘ 0.02

83.87
˘ 0.12

91.92
˘ 0.06

28.83
˘ 0.03

19.13
˘ 0.02

94.85
˘ 0.14

Macro-BAprior-5
39.08
˘ 0.01

50.96
˘ 0.02

48.34
˘ 0.01

20.84
˘ 0.02

83.87
˘ 0.12

91.92
˘ 0.06

28.86
˘ 0.03

19.15
˘ 0.02

94.85
˘ 0.14

BCA(Macro-P@5) 33.90
˘ 0.00

34.54
˘ 0.11

42.20
˘ 0.01

72.72
˘ 0.21

12.27
˘ 0.08

56.12
˘ 0.04

14.55
˘ 0.09

9.20
˘ 0.06

88.37
˘ 0.25

BCA(Macro-R@5) 35.31
˘ 0.01

46.89
˘ 0.01

43.42
˘ 0.01

20.54
˘ 0.03

84.33
˘ 0.13

92.15
˘ 0.06

27.82
˘ 0.04

18.62
˘ 0.03

95.11
˘ 0.14

BCA(Macro-BA@5) 35.68
˘ 0.01

47.25
˘ 0.00

44.04
˘ 0.00

20.56
˘ 0.03

84.33
˘ 0.13

92.15
˘ 0.06

27.84
˘ 0.04

18.64
˘ 0.03

95.11
˘ 0.14

BCA(Macro-F1@5) 57.09
˘ 0.00

67.75
˘ 0.01

69.94
˘ 0.01

52.89
˘ 0.09

66.34
˘ 0.09

83.16
˘ 0.04

57.45
˘ 0.09

43.31
˘ 0.09

93.41
˘ 0.06

BCA(Macro-JS@5) 56.98
˘ 0.00

67.65
˘ 0.03

69.76
˘ 0.01

52.87
˘ 0.09

66.35
˘ 0.09

83.17
˘ 0.04

57.44
˘ 0.09

43.31
˘ 0.09

93.41
˘ 0.06

BCA(Cov@5) 2.62
˘ 0.00

5.14
˘ 0.01

2.43
˘ 0.00

8.11
˘ 0.03

47.63
˘ 0.14

73.80
˘ 0.07

7.87
˘ 0.04

4.39
˘ 0.02

95.13
˘ 0.09

FW(Macro-P@5) 33.30
˘ 0.00

33.92
˘ 0.06

41.31
˘ 0.01

71.50
˘ 0.20

12.23
˘ 0.07

56.10
˘ 0.04

14.20
˘ 0.10

9.00
˘ 0.07

86.48
˘ 0.26

FW(Macro-R@5) 35.37
˘ 0.01

46.95
˘ 0.02

43.50
˘ 0.00

20.50
˘ 0.03

84.29
˘ 0.13

92.13
˘ 0.07

27.76
˘ 0.04

18.57
˘ 0.03

95.08
˘ 0.15

FW(Macro-BA@5) 35.74
˘ 0.01

47.31
˘ 0.01

44.13
˘ 0.00

20.52
˘ 0.03

84.29
˘ 0.13

92.13
˘ 0.07

27.78
˘ 0.04

18.59
˘ 0.03

95.08
˘ 0.15

FW(Macro-F1@5) 57.07
˘ 0.00

67.75
˘ 0.03

69.92
˘ 0.01

52.90
˘ 0.09

66.24
˘ 0.09

83.11
˘ 0.04

57.37
˘ 0.10

43.27
˘ 0.09

93.28
˘ 0.08

FW(Macro-JS@5) 56.94
˘ 0.00

67.62
˘ 0.03

69.72
˘ 0.01

52.86
˘ 0.10

66.24
˘ 0.09

83.11
˘ 0.05

57.35
˘ 0.10

43.26
˘ 0.09

93.27
˘ 0.08

Synthetic AmazonCat-14K

Top-5 52.43
˘ 0.00

60.15
˘ 0.01

* 83.00
˘ 0.01

37.63
˘ 0.04

50.29
˘ 0.11

75.13
˘ 0.05

40.68
˘ 0.06

29.11
˘ 0.05

81.49
˘ 0.16

PS-5 52.19
˘ 0.00

60.67
˘ 0.00

82.73
˘ 0.01

33.47
˘ 0.03

67.54
˘ 0.08

83.76
˘ 0.04

42.04
˘ 0.02

29.44
˘ 0.03

92.44
˘ 0.09

Pow-5β“0.25
50.84
˘ 0.00

59.90
˘ 0.01

81.10
˘ 0.01

30.73
˘ 0.04

70.56
˘ 0.09

85.27
˘ 0.05

40.55
˘ 0.03

28.03
˘ 0.03

92.41
˘ 0.09

Pow-5β“0.5
45.94
˘ 0.00

55.54
˘ 0.00

74.21
˘ 0.00

22.26
˘ 0.03

76.95
˘ 0.10

88.47
˘ 0.05

31.81
˘ 0.03

21.10
˘ 0.03

93.18
˘ 0.10

Log-5 51.45
˘ 0.00

60.22
˘ 0.01

81.85
˘ 0.01

34.67
˘ 0.04

63.84
˘ 0.09

81.91
˘ 0.05

43.04
˘ 0.03

30.29
˘ 0.03

90.11
˘ 0.09

Macro-Rprior-5
29.69
˘ 0.00

39.03
˘ 0.01

44.01
˘ 0.00

14.93
˘ 0.02

81.32
˘ 0.08

90.65
˘ 0.04

21.33
˘ 0.03

13.78
˘ 0.02

93.63
˘ 0.10

Macro-BAprior-5
29.92
˘ 0.00

39.26
˘ 0.01

44.84
˘ 0.00

14.94
˘ 0.02

81.32
˘ 0.08

90.65
˘ 0.04

21.35
˘ 0.03

13.79
˘ 0.02

93.63
˘ 0.10

BCA(Macro-P@5) 25.93
˘ 0.00

26.70
˘ 0.01

47.71
˘ 0.01

72.16
˘ 0.22

8.24
˘ 0.11

54.11
˘ 0.06

11.13
˘ 0.11

7.15
˘ 0.10

82.25
˘ 0.23

BCA(Macro-R@5) 26.50
˘ 0.00

35.59
˘ 0.01

36.55
˘ 0.01

14.90
˘ 0.02

81.95
˘ 0.07

90.96
˘ 0.04

20.75
˘ 0.03

13.52
˘ 0.02

94.00
˘ 0.08

BCA(Macro-BA@5) 29.48
˘ 0.00

38.66
˘ 0.01

43.27
˘ 0.00

15.24
˘ 0.02

81.93
˘ 0.07

90.95
˘ 0.04

21.28
˘ 0.03

13.91
˘ 0.02

94.00
˘ 0.08

BCA(Macro-F1@5) 48.73
˘ 0.00

56.60
˘ 0.00

77.80
˘ 0.00

48.69
˘ 0.05

57.31
˘ 0.14

78.65
˘ 0.07

51.58
˘ 0.08

37.86
˘ 0.07

91.22
˘ 0.07

BCA(Macro-JS@5) 48.60
˘ 0.00

56.44
˘ 0.00

77.54
˘ 0.01

48.74
˘ 0.05

57.27
˘ 0.14

78.63
˘ 0.07

51.58
˘ 0.07

37.86
˘ 0.07

91.22
˘ 0.07

BCA(Cov@5) 1.36
˘ 0.00

3.29
˘ 0.00

1.72
˘ 0.00

7.76
˘ 0.02

46.83
˘ 0.11

73.40
˘ 0.06

5.20
˘ 0.02

2.84
˘ 0.02

94.08
˘ 0.09

FW(Macro-P@5) 25.83
˘ 0.00

26.60
˘ 0.01

47.52
˘ 0.01

65.54
˘ 0.17

8.15
˘ 0.08

54.07
˘ 0.04

10.28
˘ 0.08

6.57
˘ 0.08

74.90
˘ 0.17

FW(Macro-R@5) 26.50
˘ 0.00

35.58
˘ 0.01

36.56
˘ 0.01

14.86
˘ 0.02

81.86
˘ 0.10

90.92
˘ 0.05

20.71
˘ 0.03

13.49
˘ 0.02

93.95
˘ 0.09

FW(Macro-BA@5) 29.49
˘ 0.00

38.66
˘ 0.01

43.36
˘ 0.00

15.20
˘ 0.03

81.84
˘ 0.10

90.91
˘ 0.05

21.23
˘ 0.03

13.88
˘ 0.03

93.95
˘ 0.09

FW(Macro-F1@5) 48.72
˘ 0.00

56.59
˘ 0.00

77.79
˘ 0.01

48.62
˘ 0.06

57.02
˘ 0.12

78.50
˘ 0.06

51.33
˘ 0.07

37.67
˘ 0.07

90.85
˘ 0.07

FW(Macro-JS@5) 48.62
˘ 0.00

56.46
˘ 0.00

77.58
˘ 0.01

48.67
˘ 0.07

56.98
˘ 0.13

78.48
˘ 0.06

51.32
˘ 0.08

37.67
˘ 0.07

90.85
˘ 0.07
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic Wiki10-31K

Top-5 80.42
˘ 0.07

107.38
˘ 0.33

* 36.82
˘ 0.05

11.58
˘ 0.04

4.47
˘ 0.02

52.23
˘ 0.01

5.77
˘ 0.02

3.94
˘ 0.02

14.98
˘ 0.04

PS-5 65.29
˘ 0.09

245.24
˘ 0.35

30.97
˘ 0.04

58.14
˘ 0.15

68.79
˘ 0.08

84.39
˘ 0.04

58.06
˘ 0.11

46.82
˘ 0.11

89.24
˘ 0.11

Pow-5β“0.25
64.33
˘ 0.09

244.46
˘ 0.42

30.22
˘ 0.04

57.97
˘ 0.13

67.85
˘ 0.10

83.92
˘ 0.05

57.82
˘ 0.11

46.63
˘ 0.10

88.63
˘ 0.11

Pow-5β“0.5
57.78
˘ 0.08

240.67
˘ 0.36

26.07
˘ 0.04

55.13
˘ 0.13

69.86
˘ 0.08

84.93
˘ 0.04

57.01
˘ 0.11

45.55
˘ 0.10

89.73
˘ 0.10

Log-5 62.97
˘ 0.08

237.25
˘ 0.35

28.16
˘ 0.03

57.02
˘ 0.13

63.46
˘ 0.10

81.73
˘ 0.05

55.63
˘ 0.09

44.77
˘ 0.08

85.45
˘ 0.12

Macro-Rprior-5
48.22
˘ 0.07

228.66
˘ 0.45

19.74
˘ 0.03

49.34
˘ 0.15

70.47
˘ 0.12

85.23
˘ 0.06

53.21
˘ 0.13

41.54
˘ 0.11

89.97
˘ 0.13

Macro-BAprior-5
48.34
˘ 0.08

228.80
˘ 0.45

19.84
˘ 0.03

49.38
˘ 0.14

70.47
˘ 0.11

85.23
˘ 0.06

53.22
˘ 0.13

41.55
˘ 0.11

89.98
˘ 0.13

BCA(Macro-P@5) 54.89
˘ 0.06

136.56
˘ 0.55

24.32
˘ 0.02

65.09
˘ 0.22

41.01
˘ 0.09

70.50
˘ 0.05

42.85
˘ 0.14

32.79
˘ 0.14

84.99
˘ 0.21

BCA(Macro-R@5) 46.84
˘ 0.09

223.63
˘ 0.50

18.89
˘ 0.04

48.61
˘ 0.14

72.24
˘ 0.13

86.11
˘ 0.07

53.43
˘ 0.13

41.48
˘ 0.11

91.65
˘ 0.14

BCA(Macro-BA@5) 46.91
˘ 0.09

223.72
˘ 0.50

18.94
˘ 0.04

48.63
˘ 0.14

72.24
˘ 0.13

86.11
˘ 0.07

53.43
˘ 0.14

41.48
˘ 0.12

91.66
˘ 0.14

BCA(Macro-F1@5) 58.45
˘ 0.08

234.90
˘ 0.42

26.30
˘ 0.02

59.24
˘ 0.17

69.65
˘ 0.14

84.82
˘ 0.07

60.44
˘ 0.15

48.54
˘ 0.14

92.10
˘ 0.14

BCA(Macro-JS@5) 58.03
˘ 0.08

235.73
˘ 0.41

26.04
˘ 0.02

58.81
˘ 0.16

70.17
˘ 0.12

85.08
˘ 0.06

60.31
˘ 0.15

48.58
˘ 0.14

92.00
˘ 0.14

BCA(Cov@5) 39.75
˘ 0.09

200.86
˘ 0.52

15.32
˘ 0.03

45.30
˘ 0.13

69.04
˘ 0.14

84.52
˘ 0.07

49.05
˘ 0.13

37.02
˘ 0.11

92.59
˘ 0.13

FW(Macro-P@5) 55.28
˘ 0.05

137.62
˘ 0.37

24.48
˘ 0.02

62.12
˘ 0.14

40.24
˘ 0.10

70.12
˘ 0.05

41.41
˘ 0.13

31.77
˘ 0.14

81.43
˘ 0.16

FW(Macro-R@5) 46.87
˘ 0.10

225.21
˘ 0.53

18.90
˘ 0.04

48.68
˘ 0.16

71.05
˘ 0.14

85.52
˘ 0.07

53.02
˘ 0.14

41.23
˘ 0.12

90.79
˘ 0.15

FW(Macro-BA@5) 46.95
˘ 0.10

225.30
˘ 0.53

18.96
˘ 0.04

48.71
˘ 0.16

71.05
˘ 0.14

85.52
˘ 0.07

53.03
˘ 0.14

41.24
˘ 0.12

90.80
˘ 0.15

FW(Macro-F1@5) 58.47
˘ 0.08

236.58
˘ 0.44

26.30
˘ 0.02

58.99
˘ 0.20

68.19
˘ 0.15

84.09
˘ 0.07

59.18
˘ 0.16

47.50
˘ 0.15

90.87
˘ 0.16

FW(Macro-JS@5) 58.10
˘ 0.08

237.31
˘ 0.43

26.07
˘ 0.02

58.65
˘ 0.20

68.96
˘ 0.14

84.48
˘ 0.07

59.30
˘ 0.15

47.75
˘ 0.14

90.85
˘ 0.16

Synthetic WikiLSHTC-325K

Top-5 30.62
˘ 0.01

66.19
˘ 0.02

* 66.39
˘ 0.01

29.00
˘ 0.04

60.89
˘ 0.05

80.44
˘ 0.03

36.46
˘ 0.05

25.57
˘ 0.04

79.09
˘ 0.07

PS-5 30.07
˘ 0.01

67.97
˘ 0.02

65.75
˘ 0.01

27.15
˘ 0.04

69.14
˘ 0.06

84.57
˘ 0.03

36.46
˘ 0.05

25.33
˘ 0.04

83.92
˘ 0.08

Pow-5β“0.25
29.36
˘ 0.01

67.60
˘ 0.02

64.69
˘ 0.01

27.56
˘ 0.04

68.90
˘ 0.06

84.45
˘ 0.03

36.93
˘ 0.05

25.75
˘ 0.04

83.68
˘ 0.07

Pow-5β“0.5
27.18
˘ 0.01

65.76
˘ 0.02

60.37
˘ 0.01

23.85
˘ 0.04

70.52
˘ 0.07

85.26
˘ 0.03

33.19
˘ 0.05

22.61
˘ 0.03

84.19
˘ 0.08

Log-5 29.84
˘ 0.01

67.36
˘ 0.01

65.38
˘ 0.01

28.97
˘ 0.05

65.83
˘ 0.06

82.91
˘ 0.03

37.72
˘ 0.05

26.50
˘ 0.04

82.10
˘ 0.08

Macro-Rprior-5
24.42
˘ 0.01

62.44
˘ 0.02

55.21
˘ 0.01

19.39
˘ 0.03

71.55
˘ 0.07

85.77
˘ 0.03

27.81
˘ 0.03

18.40
˘ 0.03

84.44
˘ 0.08

Macro-BAprior-5
24.42
˘ 0.01

62.44
˘ 0.02

55.21
˘ 0.01

19.39
˘ 0.03

71.55
˘ 0.07

85.77
˘ 0.03

27.81
˘ 0.03

18.40
˘ 0.03

84.44
˘ 0.08

BCA(Macro-P@5) 12.48
˘ 0.00

22.64
˘ 0.02

25.90
˘ 0.01

50.21
˘ 0.06

29.82
˘ 0.06

64.91
˘ 0.03

27.75
˘ 0.06

19.73
˘ 0.05

75.65
˘ 0.08

BCA(Macro-R@5) 22.11
˘ 0.00

58.75
˘ 0.02

50.63
˘ 0.01

17.37
˘ 0.01

72.14
˘ 0.05

86.07
˘ 0.03

24.61
˘ 0.02

16.08
˘ 0.01

84.99
˘ 0.07

BCA(Macro-BA@5) 22.11
˘ 0.00

58.75
˘ 0.02

50.63
˘ 0.01

17.37
˘ 0.01

72.14
˘ 0.05

86.07
˘ 0.03

24.61
˘ 0.02

16.08
˘ 0.01

84.99
˘ 0.07

BCA(Macro-F1@5) 26.83
˘ 0.01

60.44
˘ 0.02

58.14
˘ 0.01

40.93
˘ 0.04

61.81
˘ 0.04

80.90
˘ 0.02

47.11
˘ 0.04

34.87
˘ 0.03

83.00
˘ 0.07

BCA(Macro-JS@5) 26.80
˘ 0.01

60.43
˘ 0.01

58.04
˘ 0.01

40.92
˘ 0.04

61.81
˘ 0.05

80.91
˘ 0.02

47.10
˘ 0.04

34.87
˘ 0.03

82.99
˘ 0.07

BCA(Cov@5) 5.40
˘ 0.00

21.92
˘ 0.01

11.72
˘ 0.00

17.97
˘ 0.01

56.52
˘ 0.06

78.26
˘ 0.03

16.81
˘ 0.01

10.53
˘ 0.01

85.33
˘ 0.06

FW(Macro-P@5) 12.49
˘ 0.00

22.68
˘ 0.02

25.88
˘ 0.00

49.06
˘ 0.06

29.52
˘ 0.06

64.76
˘ 0.03

27.07
˘ 0.06

19.28
˘ 0.05

73.41
˘ 0.07

FW(Macro-R@5) 22.11
˘ 0.00

58.79
˘ 0.02

50.63
˘ 0.01

17.14
˘ 0.01

71.95
˘ 0.06

85.97
˘ 0.03

24.23
˘ 0.02

15.84
˘ 0.01

84.83
˘ 0.08

FW(Macro-BA@5) 22.11
˘ 0.00

58.79
˘ 0.02

50.63
˘ 0.01

17.14
˘ 0.01

71.95
˘ 0.05

85.97
˘ 0.03

24.23
˘ 0.02

15.84
˘ 0.01

84.83
˘ 0.08

FW(Macro-F1@5) 26.83
˘ 0.01

60.42
˘ 0.01

58.13
˘ 0.01

40.88
˘ 0.04

61.40
˘ 0.05

80.70
˘ 0.02

46.84
˘ 0.04

34.68
˘ 0.03

82.65
˘ 0.07

FW(Macro-JS@5) 26.80
˘ 0.01

60.39
˘ 0.01

58.02
˘ 0.01

40.88
˘ 0.04

61.40
˘ 0.05

80.70
˘ 0.02

46.83
˘ 0.04

34.68
˘ 0.03

82.64
˘ 0.07
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Synthetic WikipediaLarge-500K

Top-5 40.85
˘ 0.01

94.06
˘ 0.03

* 66.37
˘ 0.01

36.15
˘ 0.02

57.46
˘ 0.01

78.73
˘ 0.00

40.26
˘ 0.02

28.53
˘ 0.02

82.97
˘ 0.02

PS-5 39.22
˘ 0.01

101.28
˘ 0.03

65.04
˘ 0.01

37.59
˘ 0.02

75.74
˘ 0.01

87.87
˘ 0.00

47.19
˘ 0.02

33.84
˘ 0.02

93.84
˘ 0.01

Pow-5β“0.25
38.71
˘ 0.01

100.97
˘ 0.02

64.39
˘ 0.01

38.15
˘ 0.02

75.03
˘ 0.01

87.52
˘ 0.00

47.66
˘ 0.02

34.30
˘ 0.02

93.52
˘ 0.01

Pow-5β“0.5
36.73
˘ 0.01

99.51
˘ 0.02

61.36
˘ 0.01

34.32
˘ 0.02

77.26
˘ 0.01

88.63
˘ 0.00

44.54
˘ 0.02

31.38
˘ 0.02

94.08
˘ 0.01

Log-5 39.65
˘ 0.01

99.69
˘ 0.03

65.28
˘ 0.01

39.33
˘ 0.02

68.74
˘ 0.01

84.37
˘ 0.01

46.76
˘ 0.02

33.74
˘ 0.03

90.67
˘ 0.01

Macro-Rprior-5
33.09
˘ 0.01

95.08
˘ 0.03

55.67
˘ 0.01

29.36
˘ 0.02

78.33
˘ 0.01

89.16
˘ 0.00

39.39
˘ 0.02

26.86
˘ 0.02

94.30
˘ 0.00

Macro-BAprior-5
33.10
˘ 0.01

95.09
˘ 0.03

55.68
˘ 0.01

29.36
˘ 0.02

78.33
˘ 0.01

89.16
˘ 0.00

39.39
˘ 0.02

26.86
˘ 0.02

94.30
˘ 0.00

BCA(Macro-P@5) 18.09
˘ 0.00

35.29
˘ 0.01

26.54
˘ 0.00

62.69
˘ 0.03

29.61
˘ 0.01

64.80
˘ 0.01

31.45
˘ 0.02

22.01
˘ 0.02

87.59
˘ 0.02

BCA(Macro-R@5) 30.78
˘ 0.01

91.07
˘ 0.03

51.96
˘ 0.01

26.83
˘ 0.02

79.06
˘ 0.01

89.53
˘ 0.00

35.80
˘ 0.02

24.03
˘ 0.02

94.80
˘ 0.00

BCA(Macro-BA@5) 30.78
˘ 0.01

91.08
˘ 0.03

51.96
˘ 0.01

26.83
˘ 0.02

79.06
˘ 0.01

89.53
˘ 0.00

35.80
˘ 0.02

24.03
˘ 0.02

94.80
˘ 0.00

BCA(Macro-F1@5) 36.12
˘ 0.01

93.43
˘ 0.02

58.71
˘ 0.01

52.39
˘ 0.03

70.51
˘ 0.01

85.25
˘ 0.00

57.81
˘ 0.02

44.01
˘ 0.03

93.47
˘ 0.01

BCA(Macro-JS@5) 36.08
˘ 0.01

93.43
˘ 0.02

58.59
˘ 0.01

52.34
˘ 0.03

70.53
˘ 0.01

85.26
˘ 0.00

57.79
˘ 0.02

44.02
˘ 0.02

93.45
˘ 0.01

BCA(Cov@5) 10.03
˘ 0.00

40.94
˘ 0.02

15.85
˘ 0.01

24.43
˘ 0.02

61.36
˘ 0.01

80.68
˘ 0.00

23.60
˘ 0.01

14.93
˘ 0.01

95.11
˘ 0.00

FW(Macro-P@5) 18.08
˘ 0.00

35.30
˘ 0.01

26.45
˘ 0.00

61.20
˘ 0.04

29.12
˘ 0.01

64.56
˘ 0.01

30.47
˘ 0.02

21.40
˘ 0.02

84.53
˘ 0.03

FW(Macro-R@5) 30.77
˘ 0.01

91.13
˘ 0.03

51.95
˘ 0.01

26.69
˘ 0.02

78.85
˘ 0.01

89.43
˘ 0.00

35.61
˘ 0.02

23.86
˘ 0.02

94.68
˘ 0.00

FW(Macro-BA@5) 30.78
˘ 0.01

91.13
˘ 0.03

51.96
˘ 0.01

26.69
˘ 0.02

78.85
˘ 0.01

89.43
˘ 0.00

35.61
˘ 0.02

23.86
˘ 0.02

94.68
˘ 0.00

FW(Macro-F1@5) 36.11
˘ 0.01

93.40
˘ 0.02

58.69
˘ 0.01

52.39
˘ 0.03

70.13
˘ 0.01

85.06
˘ 0.01

57.59
˘ 0.03

43.84
˘ 0.03

93.19
˘ 0.02

FW(Macro-JS@5) 36.08
˘ 0.01

93.41
˘ 0.02

58.58
˘ 0.01

52.34
˘ 0.03

70.15
˘ 0.01

85.07
˘ 0.01

57.56
˘ 0.03

43.85
˘ 0.03

93.17
˘ 0.02

Synthetic Amazon-670K

Top-5 42.57
˘ 0.01

246.20
˘ 0.08

* 62.77
˘ 0.01

41.75
˘ 0.02

67.00
˘ 0.02

83.50
˘ 0.01

48.10
˘ 0.02

35.83
˘ 0.02

86.01
˘ 0.01

PS-5 41.55
˘ 0.01

256.18
˘ 0.08

61.32
˘ 0.01

41.29
˘ 0.02

73.46
˘ 0.03

86.73
˘ 0.01

49.51
˘ 0.02

36.60
˘ 0.02

91.20
˘ 0.01

Pow-5β“0.25
41.99
˘ 0.01

255.56
˘ 0.09

61.96
˘ 0.01

41.99
˘ 0.02

72.39
˘ 0.03

86.20
˘ 0.01

49.87
˘ 0.03

37.03
˘ 0.02

90.49
˘ 0.01

Pow-5β“0.5
41.25
˘ 0.01

255.95
˘ 0.08

60.86
˘ 0.00

40.87
˘ 0.02

73.75
˘ 0.02

86.87
˘ 0.01

49.15
˘ 0.02

36.22
˘ 0.02

91.39
˘ 0.02

Log-5 42.44
˘ 0.01

251.91
˘ 0.08

62.59
˘ 0.01

42.22
˘ 0.02

69.76
˘ 0.03

84.88
˘ 0.01

49.31
˘ 0.02

36.74
˘ 0.02

88.41
˘ 0.02

Macro-Rprior-5
39.97
˘ 0.01

253.53
˘ 0.06

58.83
˘ 0.01

39.42
˘ 0.02

74.27
˘ 0.02

87.13
˘ 0.01

47.61
˘ 0.02

34.75
˘ 0.02

91.66
˘ 0.02

Macro-BAprior-5
39.97
˘ 0.01

253.53
˘ 0.06

58.83
˘ 0.01

39.42
˘ 0.02

74.27
˘ 0.02

87.13
˘ 0.01

47.61
˘ 0.02

34.75
˘ 0.02

91.66
˘ 0.02

BCA(Macro-P@5) 21.46
˘ 0.01

124.58
˘ 0.02

29.21
˘ 0.02

56.48
˘ 0.02

39.63
˘ 0.02

69.82
˘ 0.01

40.09
˘ 0.01

29.22
˘ 0.01

82.85
˘ 0.02

BCA(Macro-R@5) 39.23
˘ 0.01

249.80
˘ 0.07

57.68
˘ 0.01

38.64
˘ 0.02

75.05
˘ 0.02

87.52
˘ 0.01

46.83
˘ 0.02

33.98
˘ 0.02

92.45
˘ 0.02

BCA(Macro-BA@5) 39.23
˘ 0.01

249.80
˘ 0.07

57.68
˘ 0.01

38.64
˘ 0.02

75.05
˘ 0.02

87.52
˘ 0.01

46.83
˘ 0.02

33.98
˘ 0.02

92.45
˘ 0.02

BCA(Macro-F1@5) 39.91
˘ 0.01

242.67
˘ 0.07

57.03
˘ 0.02

50.02
˘ 0.02

70.14
˘ 0.01

85.07
˘ 0.01

55.56
˘ 0.02

42.38
˘ 0.02

91.91
˘ 0.02

BCA(Macro-JS@5) 39.92
˘ 0.01

243.11
˘ 0.07

57.02
˘ 0.02

49.86
˘ 0.02

70.20
˘ 0.01

85.10
˘ 0.01

55.48
˘ 0.02

42.39
˘ 0.02

91.76
˘ 0.01

BCA(Cov@5) 26.58
˘ 0.01

195.18
˘ 0.11

41.06
˘ 0.02

39.77
˘ 0.02

67.92
˘ 0.03

83.96
˘ 0.01

42.03
˘ 0.02

29.75
˘ 0.02

93.59
˘ 0.02

FW(Macro-P@5) 21.17
˘ 0.01

124.47
˘ 0.04

28.85
˘ 0.01

54.67
˘ 0.02

39.03
˘ 0.02

69.51
˘ 0.01

38.84
˘ 0.01

28.35
˘ 0.01

80.31
˘ 0.03

FW(Macro-R@5) 39.25
˘ 0.01

250.58
˘ 0.06

57.70
˘ 0.01

38.98
˘ 0.02

74.64
˘ 0.01

87.32
˘ 0.01

46.91
˘ 0.02

34.10
˘ 0.02

92.09
˘ 0.02

FW(Macro-BA@5) 39.25
˘ 0.01

250.58
˘ 0.06

57.70
˘ 0.01

38.98
˘ 0.02

74.64
˘ 0.01

87.32
˘ 0.01

46.91
˘ 0.02

34.10
˘ 0.02

92.09
˘ 0.02

FW(Macro-F1@5) 39.82
˘ 0.01

242.70
˘ 0.08

56.83
˘ 0.01

49.96
˘ 0.03

69.33
˘ 0.02

84.66
˘ 0.01

54.96
˘ 0.02

41.95
˘ 0.02

91.08
˘ 0.02

FW(Macro-JS@5) 39.83
˘ 0.01

243.04
˘ 0.07

56.82
˘ 0.01

49.83
˘ 0.02

69.41
˘ 0.02

84.71
˘ 0.01

54.93
˘ 0.02

42.00
˘ 0.02

90.91
˘ 0.01
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B.2.2 Comparison of inference algorithms on original datasets

Table B.3: Results (%) for k P t1, 3, 5u on original XMLC datasets with marginal
conditional probabilities coming from PLT model. Each experiments was re-
peated 5 times with mean and standard deviation reported after the ˘ sign. The
green background indicates cells in which the inference algorithm matches the
metric it optimizes and the gray text indicates results worse than those results for
a given metric. The best results are in bold, and the second best are in italic. * –
while Top-k in general is not optimal for recall@k, we expect it to be the closest
to the optimal solution, and we mark it blue background .

Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

RCV1x-2K

Top-1 89.99 96.94 * 40.31 10.04 1.24 50.62 1.74 1.18 12.42
PS-1 88.16 97.38 39.60 24.13 3.28 51.64 5.05 3.10 36.24
Pow-1β“0.25 83.82 94.05 37.72 23.00 4.06 52.02 6.17 3.74 40.55
Pow-1β“0.5 75.76 86.98 34.04 22.35 6.23 53.11 8.55 5.14 50.46
Log-1 84.23 94.16 37.87 21.52 3.43 51.71 5.25 3.22 35.59
Macro-Rprior-1 49.09 59.67 21.12 16.37 9.66 54.82 8.77 5.15 61.16
Macro-BAprior-1 49.89 60.52 21.55 16.45 9.66 54.82 8.80 5.17 61.16

BCA(Macro-P@1) 62.22
˘ 0.42

66.17
˘ 0.44

24.85
˘ 0.35

34.89
˘ 0.13

2.05
˘ 0.06

51.02
˘ 0.03

2.95
˘ 0.03

1.81
˘ 0.03

36.24
˘ 0.08

BCA(Macro-R@1) 20.16
˘ 0.00

27.82
˘ 0.00

6.64
˘ 0.00

14.81
˘ 0.00

9.98
˘ 0.00

54.97
˘ 0.00

7.02
˘ 0.00

4.00
˘ 0.00

64.58
˘ 0.00

BCA(Macro-BA@1) 39.18
˘ 0.00

48.74
˘ 0.00

16.13
˘ 0.00

15.26
˘ 0.00

9.98
˘ 0.00

54.98
˘ 0.00

8.06
˘ 0.00

4.70
˘ 0.00

63.64
˘ 0.00

BCA(Macro-F1@1) 70.26
˘ 0.01

80.95
˘ 0.01

31.35
˘ 0.00

23.68
˘ 0.08

6.65
˘ 0.04

53.32
˘ 0.02

9.70
˘ 0.04

5.71
˘ 0.03

57.30
˘ 0.20

BCA(Macro-JS@1) 70.94
˘ 0.00

81.75
˘ 0.01

31.84
˘ 0.00

23.45
˘ 0.08

6.59
˘ 0.04

53.29
˘ 0.02

9.59
˘ 0.05

5.75
˘ 0.03

56.16
˘ 0.13

BCA(Cov@1) 3.20
˘ 0.01

7.27
˘ 0.02

0.41
˘ 0.01

18.50
˘ 0.07

7.83
˘ 0.03

53.90
˘ 0.02

4.66
˘ 0.01

2.54
˘ 0.01

69.41
˘ 0.20

FW(Macro-P@1) 59.90
˘ 0.02

67.49
˘ 0.03

24.52
˘ 0.01

25.20
˘ 0.05

3.80
˘ 0.01

51.89
˘ 0.01

5.94
˘ 0.02

3.41
˘ 0.01

43.93
˘ 0.09

FW(Macro-R@1) 48.75
˘ 0.00

59.32
˘ 0.00

20.95
˘ 0.00

16.38
˘ 0.00

9.72
˘ 0.00

54.85
˘ 0.00

8.78
˘ 0.00

5.14
˘ 0.00

61.32
˘ 0.00

FW(Macro-BA@1) 49.58
˘ 0.00

60.20
˘ 0.00

21.40
˘ 0.00

16.43
˘ 0.00

9.72
˘ 0.00

54.85
˘ 0.00

8.81
˘ 0.00

5.17
˘ 0.00

61.32
˘ 0.00

FW(Macro-F1@1) 71.91
˘ 0.07

82.44
˘ 0.07

31.82
˘ 0.04

22.13
˘ 0.07

5.41
˘ 0.01

52.70
˘ 0.00

8.03
˘ 0.01

4.71
˘ 0.01

48.91
˘ 0.05

FW(Macro-JS@1) 72.82
˘ 0.00

83.51
˘ 0.00

32.54
˘ 0.00

21.81
˘ 0.04

5.46
˘ 0.00

52.72
˘ 0.00

8.05
˘ 0.00

4.76
˘ 0.00

48.39
˘ 0.06
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

EURLex-4K

Top-1 81.65 180.02 * 16.45 14.29 4.83 52.41 6.61 4.68 16.30
PS-1 78.34 224.76 15.77 22.39 9.98 54.99 12.42 9.44 25.52
Pow-1β“0.25 79.15 218.13 15.92 21.04 9.04 54.52 11.45 8.63 24.02
Pow-1β“0.5 74.56 231.73 15.02 23.77 11.44 55.71 13.81 10.68 27.55
Log-1 79.65 210.24 16.03 19.79 8.09 54.04 10.45 7.76 22.59
Macro-Rprior-1 57.05 214.35 11.42 23.19 12.86 56.43 14.42 11.23 27.97
Macro-BAprior-1 57.18 214.60 11.44 23.19 12.86 56.43 14.42 11.23 27.97

BCA(Macro-P@1) 43.17
˘ 0.46

153.63
˘ 1.45

8.56
˘ 0.10

31.87
˘ 0.16

9.80
˘ 0.15

54.89
˘ 0.08

12.93
˘ 0.15

9.70
˘ 0.15

32.42
˘ 0.18

BCA(Macro-R@1) 57.36
˘ 0.00

215.49
˘ 0.00

11.48
˘ 0.00

24.68
˘ 0.00

13.48
˘ 0.00

56.73
˘ 0.00

15.34
˘ 0.00

11.97
˘ 0.00

29.70
˘ 0.00

BCA(Macro-BA@1) 57.42
˘ 0.00

215.60
˘ 0.00

11.49
˘ 0.00

24.68
˘ 0.00

13.48
˘ 0.00

56.73
˘ 0.00

15.34
˘ 0.00

11.97
˘ 0.00

29.70
˘ 0.00

BCA(Macro-F1@1) 62.20
˘ 0.15

208.89
˘ 0.57

12.50
˘ 0.02

29.16
˘ 0.12

11.92
˘ 0.06

55.95
˘ 0.03

15.37
˘ 0.07

11.65
˘ 0.06

32.90
˘ 0.15

BCA(Macro-JS@1) 65.12
˘ 0.19

217.02
˘ 0.75

13.13
˘ 0.04

28.05
˘ 0.17

12.10
˘ 0.06

56.04
˘ 0.03

15.36
˘ 0.07

11.78
˘ 0.06

31.50
˘ 0.17

BCA(Cov@1) 50.49
˘ 0.25

181.84
˘ 1.01

9.96
˘ 0.07

27.55
˘ 0.15

11.07
˘ 0.10

55.53
˘ 0.05

13.61
˘ 0.09

10.01
˘ 0.08

34.21
˘ 0.22

FW(Macro-P@1) 75.85
˘ 0.18

205.61
˘ 0.59

15.24
˘ 0.03

21.84
˘ 0.08

8.54
˘ 0.02

54.27
˘ 0.01

11.14
˘ 0.03

8.20
˘ 0.02

24.81
˘ 0.07

FW(Macro-R@1) 57.92
˘ 0.00

216.62
˘ 0.00

11.59
˘ 0.00

23.42
˘ 0.00

12.94
˘ 0.00

56.46
˘ 0.00

14.52
˘ 0.00

11.30
˘ 0.00

28.22
˘ 0.00

FW(Macro-BA@1) 58.02
˘ 0.00

216.76
˘ 0.00

11.61
˘ 0.00

23.43
˘ 0.00

12.93
˘ 0.00

56.46
˘ 0.00

14.53
˘ 0.00

11.31
˘ 0.00

28.22
˘ 0.00

FW(Macro-F1@1) 63.31
˘ 0.13

213.07
˘ 0.32

12.61
˘ 0.03

23.53
˘ 0.19

11.43
˘ 0.02

55.71
˘ 0.01

13.61
˘ 0.04

10.36
˘ 0.02

28.63
˘ 0.22

FW(Macro-JS@1) 66.09
˘ 0.01

223.13
˘ 0.03

13.28
˘ 0.00

23.85
˘ 0.00

12.02
˘ 0.00

56.01
˘ 0.00

14.16
˘ 0.00

10.95
˘ 0.00

28.40
˘ 0.00

EURLex-4.3K

Top-1 91.40 151.59 * 20.81 14.39 4.45 52.22 6.16 4.37 15.62
PS-1 88.13 188.97 20.02 24.11 10.84 55.42 13.46 10.40 26.55
Pow-1β“0.25 88.40 186.24 20.03 23.03 10.12 55.06 12.71 9.75 25.47
Pow-1β“0.5 83.95 191.93 19.04 24.66 12.22 56.11 14.68 11.50 28.05
Log-1 89.45 181.73 20.32 21.53 9.00 54.50 11.51 8.72 23.65
Macro-Rprior-1 70.18 179.57 15.75 24.71 13.56 56.78 15.40 12.06 29.50
Macro-BAprior-1 70.30 179.79 15.80 24.75 13.58 56.79 15.43 12.09 29.52

BCA(Macro-P@1) 59.90
˘ 0.59

131.49
˘ 0.91

13.25
˘ 0.15

31.71
˘ 0.12

9.73
˘ 0.06

54.86
˘ 0.03

12.93
˘ 0.08

9.61
˘ 0.06

32.47
˘ 0.12

BCA(Macro-R@1) 61.82
˘ 0.00

164.09
˘ 0.00

13.87
˘ 0.00

24.92
˘ 0.00

13.93
˘ 0.00

56.96
˘ 0.00

15.65
˘ 0.00

12.26
˘ 0.00

29.95
˘ 0.00

BCA(Macro-BA@1) 61.87
˘ 0.00

164.15
˘ 0.00

13.88
˘ 0.00

24.96
˘ 0.00

13.93
˘ 0.00

56.96
˘ 0.00

15.66
˘ 0.00

12.26
˘ 0.00

29.97
˘ 0.00

BCA(Macro-F1@1) 76.55
˘ 0.07

178.92
˘ 0.06

17.31
˘ 0.02

29.54
˘ 0.07

12.72
˘ 0.01

56.36
˘ 0.01

16.24
˘ 0.01

12.36
˘ 0.01

33.11
˘ 0.08

BCA(Macro-JS@1) 77.70
˘ 0.05

182.29
˘ 0.24

17.58
˘ 0.01

28.04
˘ 0.06

12.83
˘ 0.04

56.41
˘ 0.02

16.01
˘ 0.05

12.39
˘ 0.04

31.62
˘ 0.06

BCA(Cov@1) 42.05
˘ 0.20

122.25
˘ 0.31

8.89
˘ 0.06

27.22
˘ 0.13

11.65
˘ 0.05

55.82
˘ 0.03

13.40
˘ 0.06

9.82
˘ 0.05

34.68
˘ 0.12

FW(Macro-P@1) 85.85
˘ 0.09

176.35
˘ 0.33

19.55
˘ 0.02

23.80
˘ 0.08

9.43
˘ 0.04

54.71
˘ 0.02

12.28
˘ 0.04

9.15
˘ 0.04

26.03
˘ 0.09

FW(Macro-R@1) 71.12
˘ 0.00

181.45
˘ 0.00

15.99
˘ 0.00

24.69
˘ 0.00

13.65
˘ 0.00

56.82
˘ 0.00

15.49
˘ 0.00

12.16
˘ 0.00

29.55
˘ 0.00

FW(Macro-BA@1) 71.22
˘ 0.00

181.59
˘ 0.00

16.03
˘ 0.00

24.71
˘ 0.00

13.66
˘ 0.00

56.82
˘ 0.00

15.50
˘ 0.00

12.17
˘ 0.00

29.55
˘ 0.00

FW(Macro-F1@1) 77.53
˘ 0.24

183.57
˘ 1.11

17.55
˘ 0.06

25.80
˘ 0.21

12.62
˘ 0.17

56.31
˘ 0.08

14.99
˘ 0.14

11.62
˘ 0.12

29.99
˘ 0.22

FW(Macro-JS@1) 74.31
˘ 0.01

183.42
˘ 0.04

16.75
˘ 0.00

25.02
˘ 0.01

13.21
˘ 0.00

56.60
˘ 0.00

15.16
˘ 0.00

11.83
˘ 0.00

29.56
˘ 0.01
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

AmazonCat-13K

Top-1 93.09 101.55 * 26.37 15.40 1.68 50.84 2.75 1.65 17.54
PS-1 87.66 135.18 24.57 56.29 28.40 64.20 33.92 25.96 69.82
Pow-1β“0.25 79.30 129.40 21.45 53.20 27.54 63.77 33.15 25.05 68.03
Pow-1β“0.5 70.07 128.12 18.27 52.09 35.40 67.70 38.52 29.71 74.88
Log-1 78.91 121.35 21.00 48.41 19.93 59.97 25.85 18.75 59.07
Macro-Rprior-1 55.40 117.65 13.41 45.21 42.35 71.17 38.81 29.57 80.02
Macro-BAprior-1 55.63 117.89 13.51 45.23 42.35 71.17 38.82 29.59 80.02

BCA(Macro-P@1) 75.27
˘ 0.05

89.75
˘ 0.05

20.92
˘ 0.01

70.53
˘ 0.03

13.45
˘ 0.01

56.73
˘ 0.00

18.53
˘ 0.01

13.41
˘ 0.01

71.05
˘ 0.03

BCA(Macro-R@1) 48.21
˘ 0.00

109.24
˘ 0.00

11.23
˘ 0.00

43.19
˘ 0.00

44.15
˘ 0.00

72.07
˘ 0.00

37.51
˘ 0.00

28.14
˘ 0.00

82.54
˘ 0.00

BCA(Macro-BA@1) 48.42
˘ 0.00

109.46
˘ 0.00

11.32
˘ 0.00

43.22
˘ 0.00

44.15
˘ 0.00

72.07
˘ 0.00

37.52
˘ 0.00

28.15
˘ 0.00

82.56
˘ 0.00

BCA(Macro-F1@1) 69.49
˘ 0.00

123.53
˘ 0.01

18.10
˘ 0.00

59.75
˘ 0.02

33.62
˘ 0.02

66.81
˘ 0.01

40.43
˘ 0.01

30.47
˘ 0.02

79.87
˘ 0.02

BCA(Macro-JS@1) 69.06
˘ 0.00

123.79
˘ 0.01

17.94
˘ 0.00

58.67
˘ 0.02

33.74
˘ 0.01

66.87
˘ 0.01

40.21
˘ 0.01

30.57
˘ 0.01

79.17
˘ 0.04

BCA(Cov@1) 14.68
˘ 0.02

51.60
˘ 0.04

2.65
˘ 0.00

41.13
˘ 0.04

33.95
˘ 0.02

66.97
˘ 0.01

25.12
˘ 0.02

17.23
˘ 0.02

85.41
˘ 0.04

FW(Macro-P@1) 77.09
˘ 0.02

117.41
˘ 0.03

21.13
˘ 0.01

58.54
˘ 0.01

24.36
˘ 0.02

62.18
˘ 0.01

31.22
˘ 0.01

22.89
˘ 0.02

69.99
˘ 0.02

FW(Macro-R@1) 55.02
˘ 0.00

117.36
˘ 0.00

13.31
˘ 0.00

44.91
˘ 0.00

42.81
˘ 0.00

71.40
˘ 0.00

38.72
˘ 0.00

29.42
˘ 0.00

80.47
˘ 0.00

FW(Macro-BA@1) 55.26
˘ 0.00

117.60
˘ 0.00

13.41
˘ 0.00

44.93
˘ 0.00

42.81
˘ 0.00

71.40
˘ 0.00

38.73
˘ 0.00

29.43
˘ 0.00

80.48
˘ 0.00

FW(Macro-F1@1) 55.76
˘ 0.01

115.87
˘ 0.03

13.37
˘ 0.01

46.38
˘ 0.07

40.26
˘ 0.03

70.13
˘ 0.01

37.93
˘ 0.04

28.56
˘ 0.04

80.40
˘ 0.11

FW(Macro-JS@1) 56.30
˘ 0.00

117.77
˘ 0.00

13.76
˘ 0.00

45.99
˘ 0.00

41.37
˘ 0.00

70.69
˘ 0.00

38.45
˘ 0.00

29.30
˘ 0.00

79.42
˘ 0.00

AmazonCat-14K

Top-1 89.28 94.08 * 39.40 25.19 2.74 51.37 4.54 2.66 30.25
PS-1 85.96 107.81 38.35 52.00 25.13 62.56 30.79 21.99 70.52
Pow-1β“0.25 80.24 105.84 36.06 48.68 27.76 63.88 32.72 23.57 71.39
Pow-1β“0.5 71.03 100.15 30.73 42.86 34.96 67.48 35.43 25.84 76.89
Log-1 81.90 103.84 36.42 48.07 20.61 60.31 26.75 18.60 64.52
Macro-Rprior-1 46.81 77.05 13.25 33.65 40.19 70.10 31.79 22.63 80.63
Macro-BAprior-1 47.45 77.71 13.86 33.66 40.19 70.10 31.80 22.64 80.63

BCA(Macro-P@1) 63.05
˘ 0.00

66.73
˘ 0.00

30.65
˘ 0.00

64.30
˘ 0.02

6.70
˘ 0.01

53.35
˘ 0.01

9.94
˘ 0.01

6.66
˘ 0.01

66.24
˘ 0.01

BCA(Macro-R@1) 42.58
˘ 0.02

71.95
˘ 0.01

11.31
˘ 0.02

32.11
˘ 0.00

41.33
˘ 0.00

70.66
˘ 0.00

29.99
˘ 0.00

21.13
˘ 0.00

82.25
˘ 0.01

BCA(Macro-BA@1) 42.68
˘ 0.04

72.05
˘ 0.04

11.40
˘ 0.03

32.11
˘ 0.01

41.32
˘ 0.00

70.66
˘ 0.00

29.99
˘ 0.00

21.13
˘ 0.00

82.24
˘ 0.01

BCA(Macro-F1@1) 70.35
˘ 0.00

97.13
˘ 0.00

29.56
˘ 0.00

48.31
˘ 0.01

31.28
˘ 0.01

65.64
˘ 0.00

35.97
˘ 0.00

25.59
˘ 0.00

78.47
˘ 0.03

BCA(Macro-JS@1) 71.01
˘ 0.00

98.18
˘ 0.01

30.51
˘ 0.00

47.75
˘ 0.04

31.35
˘ 0.01

65.68
˘ 0.01

35.90
˘ 0.02

25.75
˘ 0.01

77.99
˘ 0.03

BCA(Cov@1) 6.89
˘ 0.00

18.47
˘ 0.00

1.53
˘ 0.00

29.68
˘ 0.05

26.29
˘ 0.00

63.14
˘ 0.00

13.85
˘ 0.00

8.42
˘ 0.00

83.81
˘ 0.00

FW(Macro-P@1) 66.03
˘ 0.01

80.86
˘ 0.01

30.54
˘ 0.00

55.41
˘ 0.03

18.20
˘ 0.01

59.10
˘ 0.01

24.97
˘ 0.01

16.74
˘ 0.00

70.71
˘ 0.01

FW(Macro-R@1) 45.55
˘ 0.00

75.78
˘ 0.00

12.30
˘ 0.00

33.18
˘ 0.00

40.70
˘ 0.00

70.35
˘ 0.00

31.44
˘ 0.00

22.30
˘ 0.00

81.11
˘ 0.00

FW(Macro-BA@1) 46.06
˘ 0.00

76.29
˘ 0.00

12.78
˘ 0.00

33.19
˘ 0.00

40.70
˘ 0.00

70.35
˘ 0.00

31.45
˘ 0.00

22.31
˘ 0.00

81.11
˘ 0.00

FW(Macro-F1@1) 69.84
˘ 0.06

95.79
˘ 0.13

28.38
˘ 0.04

48.71
˘ 0.01

28.96
˘ 0.00

64.48
˘ 0.00

34.21
˘ 0.00

24.34
˘ 0.00

74.47
˘ 0.02

FW(Macro-JS@1) 53.70
˘ 0.00

83.38
˘ 0.00

17.61
˘ 0.00

38.80
˘ 0.00

35.59
˘ 0.00

67.79
˘ 0.00

33.49
˘ 0.00

24.30
˘ 0.00

76.54
˘ 0.00
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

Wiki10-31K

Top-1 83.86 108.68 * 4.93 1.08 0.09 50.04 0.16 0.09 1.13
PS-1 80.67 194.18 4.82 4.61 1.36 50.68 1.79 1.34 4.97
Pow-1β“0.25 80.49 192.23 4.83 4.35 1.18 50.59 1.61 1.16 4.75
Pow-1β“0.5 72.84 223.37 4.35 5.60 1.97 50.98 2.50 1.92 6.17
Log-1 78.43 181.15 4.70 3.87 0.93 50.47 1.32 0.92 4.29
Macro-Rprior-1 53.63 241.95 3.14 6.70 3.11 51.55 3.62 2.96 7.45
Macro-BAprior-1 53.84 242.00 3.15 6.70 3.11 51.55 3.62 2.96 7.45

BCA(Macro-P@1) 50.54
˘ 0.29

180.21
˘ 1.56

2.92
˘ 0.01

8.01
˘ 0.08

1.96
˘ 0.03

50.98
˘ 0.01

2.67
˘ 0.03

1.96
˘ 0.03

8.03
˘ 0.08

BCA(Macro-R@1) 37.18
˘ 0.00

195.80
˘ 0.00

2.14
˘ 0.00

6.35
˘ 0.00

2.82
˘ 0.00

51.41
˘ 0.00

3.42
˘ 0.00

2.75
˘ 0.00

6.86
˘ 0.00

BCA(Macro-BA@1) 37.23
˘ 0.00

195.85
˘ 0.00

2.14
˘ 0.00

6.35
˘ 0.00

2.82
˘ 0.00

51.41
˘ 0.00

3.42
˘ 0.00

2.75
˘ 0.00

6.85
˘ 0.00

BCA(Macro-F1@1) 50.49
˘ 0.11

204.40
˘ 0.84

2.95
˘ 0.01

8.01
˘ 0.02

2.32
˘ 0.01

51.16
˘ 0.01

3.10
˘ 0.01

2.32
˘ 0.01

8.40
˘ 0.01

BCA(Macro-JS@1) 52.05
˘ 0.08

208.60
˘ 0.79

3.05
˘ 0.00

7.87
˘ 0.02

2.32
˘ 0.01

51.16
˘ 0.01

3.11
˘ 0.01

2.31
˘ 0.01

8.34
˘ 0.01

BCA(Cov@1) 49.66
˘ 0.30

180.54
˘ 0.93

2.88
˘ 0.02

6.67
˘ 0.04

1.67
˘ 0.01

50.83
˘ 0.00

2.32
˘ 0.01

1.64
˘ 0.01

7.70
˘ 0.03

FW(Macro-P@1) 56.43
˘ 0.48

127.83
˘ 1.76

3.28
˘ 0.04

3.28
˘ 0.07

1.08
˘ 0.04

50.54
˘ 0.02

1.32
˘ 0.04

1.05
˘ 0.04

3.55
˘ 0.06

FW(Macro-R@1) 53.63
˘ 0.00

241.95
˘ 0.00

3.14
˘ 0.00

6.70
˘ 0.00

3.11
˘ 0.00

51.55
˘ 0.00

3.62
˘ 0.00

2.96
˘ 0.00

7.45
˘ 0.00

FW(Macro-BA@1) 53.84
˘ 0.00

242.00
˘ 0.00

3.15
˘ 0.00

6.70
˘ 0.00

3.11
˘ 0.00

51.55
˘ 0.00

3.62
˘ 0.00

2.96
˘ 0.00

7.45
˘ 0.00

FW(Macro-F1@1) 57.68
˘ 0.07

218.81
˘ 1.04

3.40
˘ 0.01

6.05
˘ 0.02

2.25
˘ 0.02

51.12
˘ 0.01

2.82
˘ 0.02

2.15
˘ 0.02

6.98
˘ 0.02

FW(Macro-JS@1) 52.26
˘ 0.01

238.92
˘ 0.01

3.05
˘ 0.00

6.65
˘ 0.00

3.11
˘ 0.00

51.55
˘ 0.00

3.61
˘ 0.00

2.96
˘ 0.00

7.41
˘ 0.00

WikiLSHTC-325K

Top-1 63.44 163.80 * 28.11 12.83 6.53 53.27 7.78 5.93 16.61
PS-1 64.60 207.38 29.19 19.12 10.58 55.29 12.39 9.63 24.47
Pow-1β“0.25 62.41 200.99 28.50 17.92 9.84 54.92 11.57 8.93 23.24
Pow-1β“0.5 61.53 221.59 28.49 20.77 12.31 56.16 14.14 11.06 27.37
Log-1 61.71 184.87 28.03 15.57 8.18 54.09 9.72 7.42 20.23
Macro-Rprior-1 57.87 240.94 27.31 23.40 15.47 57.74 16.95 13.36 32.31
Macro-BAprior-1 57.87 240.94 27.31 23.40 15.47 57.74 16.95 13.36 32.31

BCA(Macro-P@1) 28.83
˘ 0.04

124.49
˘ 0.08

10.76
˘ 0.03

32.33
˘ 0.01

10.78
˘ 0.01

55.39
˘ 0.01

13.90
˘ 0.01

10.62
˘ 0.01

32.75
˘ 0.02

BCA(Macro-R@1) 47.68
˘ 0.00

235.46
˘ 0.01

23.56
˘ 0.00

26.38
˘ 0.00

18.19
˘ 0.00

59.09
˘ 0.00

19.08
˘ 0.00

14.96
˘ 0.00

36.75
˘ 0.00

BCA(Macro-BA@1) 47.69
˘ 0.00

235.46
˘ 0.01

23.56
˘ 0.00

26.38
˘ 0.00

18.19
˘ 0.00

59.09
˘ 0.00

19.08
˘ 0.00

14.96
˘ 0.00

36.75
˘ 0.00

BCA(Macro-F1@1) 52.68
˘ 0.01

207.61
˘ 0.06

24.44
˘ 0.00

29.53
˘ 0.01

13.77
˘ 0.01

56.89
˘ 0.00

17.28
˘ 0.01

13.29
˘ 0.01

35.02
˘ 0.02

BCA(Macro-JS@1) 52.58
˘ 0.01

205.07
˘ 0.03

24.34
˘ 0.00

29.64
˘ 0.01

13.49
˘ 0.01

56.75
˘ 0.00

17.06
˘ 0.00

13.14
˘ 0.00

34.51
˘ 0.01

BCA(Cov@1) 39.30
˘ 0.01

188.91
˘ 0.05

16.62
˘ 0.01

23.42
˘ 0.01

13.85
˘ 0.01

56.93
˘ 0.00

15.32
˘ 0.01

11.50
˘ 0.01

34.76
˘ 0.01

FW(Macro-P@1) 55.34
˘ 0.00

180.56
˘ 0.02

24.48
˘ 0.00

18.92
˘ 0.01

9.27
˘ 0.00

54.63
˘ 0.00

11.25
˘ 0.00

8.58
˘ 0.00

23.53
˘ 0.01

FW(Macro-R@1) 56.89
˘ 0.00

244.84
˘ 0.00

26.91
˘ 0.00

24.33
˘ 0.00

16.31
˘ 0.00

58.15
˘ 0.00

17.70
˘ 0.00

14.00
˘ 0.00

33.42
˘ 0.00

FW(Macro-BA@1) 56.89
˘ 0.00

244.85
˘ 0.00

26.91
˘ 0.00

24.33
˘ 0.00

16.31
˘ 0.00

58.15
˘ 0.00

17.70
˘ 0.00

14.00
˘ 0.00

33.42
˘ 0.00

FW(Macro-F1@1) 53.17
˘ 0.00

197.44
˘ 0.00

24.16
˘ 0.00

20.22
˘ 0.00

11.19
˘ 0.00

55.59
˘ 0.00

13.07
˘ 0.00

10.04
˘ 0.00

27.02
˘ 0.00

FW(Macro-JS@1) 54.60
˘ 0.00

195.87
˘ 0.00

24.77
˘ 0.00

19.66
˘ 0.00

10.68
˘ 0.00

55.34
˘ 0.00

12.60
˘ 0.00

9.66
˘ 0.00

26.11
˘ 0.00
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Method Instance @1 Macro @1
P PS R P R BA F1 JS Cov

WikipediaLarge-500K

Top-1 66.83 187.95 * 21.86 13.09 6.64 53.32 7.84 6.03 16.58
PS-1 67.06 241.60 22.44 19.81 10.98 55.49 12.63 9.96 24.66
Pow-1β“0.25 65.55 232.96 22.02 18.49 10.07 55.03 11.67 9.13 23.29
Pow-1β“0.5 63.46 256.87 21.64 21.49 12.49 56.25 14.17 11.21 27.34
Log-1 65.58 213.15 21.83 16.01 8.29 54.14 9.75 7.53 20.22
Macro-Rprior-1 58.19 275.15 20.07 24.03 15.15 57.57 16.58 13.17 31.56
Macro-BAprior-1 58.19 275.15 20.07 24.03 15.15 57.57 16.58 13.17 31.56

BCA(Macro-P@1) 33.70
˘ 0.00

153.83
˘ 0.00

9.63
˘ 0.00

32.85
˘ 0.00

10.95
˘ 0.00

55.47
˘ 0.00

14.15
˘ 0.00

10.84
˘ 0.00

33.34
˘ 0.00

BCA(Macro-R@1) 45.77
˘ 0.00

260.53
˘ 0.00

16.29
˘ 0.00

27.17
˘ 0.00

17.17
˘ 0.00

58.59
˘ 0.00

18.50
˘ 0.00

14.63
˘ 0.00

35.68
˘ 0.00

BCA(Macro-BA@1) 45.77
˘ 0.00

260.51
˘ 0.00

16.29
˘ 0.00

27.18
˘ 0.00

17.17
˘ 0.00

58.59
˘ 0.00

18.50
˘ 0.00

14.62
˘ 0.00

35.68
˘ 0.00

BCA(Macro-F1@1) 50.85
˘ 0.01

225.61
˘ 0.10

17.05
˘ 0.00

30.96
˘ 0.02

13.19
˘ 0.01

56.60
˘ 0.00

16.74
˘ 0.01

12.90
˘ 0.01

35.11
˘ 0.02

BCA(Macro-JS@1) 52.31
˘ 0.02

230.21
˘ 0.08

17.56
˘ 0.01

30.24
˘ 0.02

13.21
˘ 0.01

56.60
˘ 0.00

16.64
˘ 0.01

12.88
˘ 0.01

34.44
˘ 0.02

BCA(Cov@1) 41.29
˘ 0.02

213.29
˘ 0.09

13.34
˘ 0.00

25.54
˘ 0.01

13.09
˘ 0.01

56.54
˘ 0.00

15.13
˘ 0.01

11.39
˘ 0.01

35.18
˘ 0.01

FW(Macro-P@1) 59.00
˘ 0.00

210.91
˘ 0.00

18.96
˘ 0.00

18.41
˘ 0.00

9.26
˘ 0.00

54.63
˘ 0.00

10.97
˘ 0.00

8.47
˘ 0.00

22.95
˘ 0.00

FW(Macro-R@1) 56.54
˘ 0.00

279.17
˘ 0.00

19.53
˘ 0.00

24.89
˘ 0.00

15.95
˘ 0.00

57.98
˘ 0.00

17.28
˘ 0.00

13.77
˘ 0.00

32.59
˘ 0.00

FW(Macro-BA@1) 56.55
˘ 0.00

279.16
˘ 0.00

19.53
˘ 0.00

24.89
˘ 0.00

15.95
˘ 0.00

57.98
˘ 0.00

17.28
˘ 0.00

13.77
˘ 0.00

32.58
˘ 0.00

FW(Macro-F1@1) 50.37
˘ 0.01

225.24
˘ 0.03

16.09
˘ 0.00

21.64
˘ 0.00

11.89
˘ 0.00

55.95
˘ 0.00

13.52
˘ 0.01

10.47
˘ 0.00

28.36
˘ 0.01

FW(Macro-JS@1) 50.60
˘ 0.00

226.07
˘ 0.00

16.16
˘ 0.00

21.56
˘ 0.00

11.95
˘ 0.00

55.97
˘ 0.00

13.46
˘ 0.00

10.45
˘ 0.00

28.06
˘ 0.00

Amazon-670K

Top-1 44.97 288.28 * 9.35 4.78 3.08 51.54 3.42 2.81 5.82
PS-1 43.79 340.26 9.23 5.95 4.03 52.02 4.41 3.75 6.89
Pow-1β“0.25 44.45 334.95 9.34 5.80 3.90 51.95 4.28 3.63 6.77
Pow-1β“0.5 43.23 348.91 9.18 6.11 4.23 52.12 4.59 3.95 6.99
Log-1 44.90 314.25 9.37 5.34 3.49 51.75 3.86 3.22 6.37
Macro-Rprior-1 40.26 351.00 8.67 6.09 4.44 52.22 4.72 4.12 6.80
Macro-BAprior-1 40.26 351.00 8.67 6.09 4.44 52.22 4.72 4.12 6.80

BCA(Macro-P@1) 40.31
˘ 0.03

311.20
˘ 0.26

8.42
˘ 0.01

8.46
˘ 0.01

3.79
˘ 0.00

51.90
˘ 0.00

4.69
˘ 0.01

3.79
˘ 0.00

8.47
˘ 0.01

BCA(Macro-R@1) 38.88
˘ 0.00

337.94
˘ 0.00

8.37
˘ 0.00

6.51
˘ 0.00

4.49
˘ 0.00

52.25
˘ 0.00

4.92
˘ 0.00

4.31
˘ 0.00

6.92
˘ 0.00

BCA(Macro-BA@1) 38.88
˘ 0.00

337.94
˘ 0.00

8.37
˘ 0.00

6.51
˘ 0.00

4.49
˘ 0.00

52.25
˘ 0.00

4.92
˘ 0.00

4.31
˘ 0.00

6.92
˘ 0.00

BCA(Macro-F1@1) 40.94
˘ 0.03

330.86
˘ 0.27

8.69
˘ 0.01

8.29
˘ 0.01

4.21
˘ 0.00

52.11
˘ 0.00

5.06
˘ 0.01

4.21
˘ 0.00

8.37
˘ 0.01

BCA(Macro-JS@1) 41.22
˘ 0.04

333.66
˘ 0.32

8.74
˘ 0.01

8.02
˘ 0.01

4.23
˘ 0.00

52.12
˘ 0.00

5.05
˘ 0.01

4.23
˘ 0.00

8.13
˘ 0.01

BCA(Cov@1) 41.01
˘ 0.04

311.79
˘ 0.30

8.35
˘ 0.01

7.55
˘ 0.01

3.68
˘ 0.00

51.84
˘ 0.00

4.44
˘ 0.00

3.54
˘ 0.00

8.37
˘ 0.01

FW(Macro-P@1) 41.76
˘ 0.05

301.02
˘ 0.48

8.67
˘ 0.01

6.01
˘ 0.01

3.42
˘ 0.01

51.71
˘ 0.00

3.93
˘ 0.01

3.21
˘ 0.01

6.80
˘ 0.01

FW(Macro-R@1) 39.63
˘ 0.00

351.28
˘ 0.00

8.58
˘ 0.00

6.04
˘ 0.00

4.48
˘ 0.00

52.24
˘ 0.00

4.73
˘ 0.00

4.14
˘ 0.00

6.73
˘ 0.00

FW(Macro-BA@1) 39.63
˘ 0.00

351.28
˘ 0.00

8.58
˘ 0.00

6.04
˘ 0.00

4.48
˘ 0.00

52.24
˘ 0.00

4.73
˘ 0.00

4.14
˘ 0.00

6.73
˘ 0.00

FW(Macro-F1@1) 41.82
˘ 0.03

318.95
˘ 0.26

8.65
˘ 0.01

6.17
˘ 0.01

3.72
˘ 0.00

51.86
˘ 0.00

4.23
˘ 0.01

3.49
˘ 0.01

7.10
˘ 0.01

FW(Macro-JS@1) 37.87
˘ 0.00

327.13
˘ 0.01

7.84
˘ 0.00

5.48
˘ 0.00

4.09
˘ 0.00

52.04
˘ 0.00

4.29
˘ 0.00

3.72
˘ 0.00

6.24
˘ 0.00
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

RCV1x-2K

Top-3 72.18 78.69 * 74.60 13.79 4.65 52.31 5.44 3.76 26.14
PS-3 71.39 78.92 74.02 24.27 8.26 54.11 10.33 6.67 47.76
Pow-3β“0.25 69.23 77.43 72.22 22.91 10.01 54.99 12.03 7.69 51.26
Pow-3β“0.5 64.23 73.19 67.70 20.51 14.51 57.23 14.93 9.49 61.28
Log-3 69.38 77.35 72.29 21.94 8.63 54.29 10.56 6.80 45.48
Macro-Rprior-3 44.00 52.70 47.01 15.60 21.81 60.87 13.63 8.30 76.14
Macro-BAprior-3 44.85 53.59 47.99 15.64 21.81 60.87 13.69 8.34 76.10

BCA(Macro-P@3) 42.75
˘ 1.01

45.50
˘ 1.09

42.65
˘ 1.51

36.29
˘ 0.09

2.92
˘ 0.06

51.42
˘ 0.03

3.57
˘ 0.06

2.26
˘ 0.05

38.62
˘ 0.07

BCA(Macro-R@3) 22.89
˘ 0.00

29.64
˘ 0.00

22.33
˘ 0.00

14.71
˘ 0.00

22.38
˘ 0.00

61.14
˘ 0.00

11.27
˘ 0.00

6.65
˘ 0.00

80.33
˘ 0.00

BCA(Macro-BA@3) 23.94
˘ 0.00

30.75
˘ 0.00

23.69
˘ 0.00

14.73
˘ 0.00

22.39
˘ 0.00

61.15
˘ 0.00

11.31
˘ 0.00

6.68
˘ 0.00

80.33
˘ 0.00

BCA(Macro-F1@3) 62.36
˘ 0.01

70.67
˘ 0.01

65.90
˘ 0.01

23.69
˘ 0.03

14.27
˘ 0.04

57.11
˘ 0.02

16.58
˘ 0.03

10.37
˘ 0.03

67.44
˘ 0.07

BCA(Macro-JS@3) 62.99
˘ 0.00

71.32
˘ 0.00

66.55
˘ 0.00

23.51
˘ 0.02

13.92
˘ 0.05

56.94
˘ 0.02

16.34
˘ 0.02

10.27
˘ 0.01

66.19
˘ 0.07

BCA(Cov@3) 2.04
˘ 0.00

4.90
˘ 0.00

0.71
˘ 0.00

15.37
˘ 0.08

16.95
˘ 0.02

58.42
˘ 0.01

5.41
˘ 0.01

2.95
˘ 0.01

81.57
˘ 0.07

FW(Macro-P@3) 52.03
˘ 0.00

57.90
˘ 0.00

54.38
˘ 0.00

28.21
˘ 0.01

8.79
˘ 0.00

54.36
˘ 0.00

11.45
˘ 0.00

7.05
˘ 0.00

55.02
˘ 0.04

FW(Macro-R@3) 43.75
˘ 0.00

52.43
˘ 0.00

46.76
˘ 0.00

15.58
˘ 0.00

21.91
˘ 0.00

60.92
˘ 0.00

13.61
˘ 0.00

8.27
˘ 0.00

76.34
˘ 0.00

FW(Macro-BA@3) 44.60
˘ 0.00

53.33
˘ 0.00

47.73
˘ 0.00

15.62
˘ 0.00

21.90
˘ 0.00

60.92
˘ 0.00

13.66
˘ 0.00

8.31
˘ 0.00

76.30
˘ 0.00

FW(Macro-F1@3) 63.58
˘ 0.00

71.67
˘ 0.00

66.65
˘ 0.00

24.31
˘ 0.02

11.50
˘ 0.01

55.73
˘ 0.00

14.48
˘ 0.01

9.17
˘ 0.00

56.96
˘ 0.03

FW(Macro-JS@3) 64.31
˘ 0.00

72.43
˘ 0.00

67.47
˘ 0.00

24.08
˘ 0.01

11.21
˘ 0.02

55.58
˘ 0.01

14.16
˘ 0.00

9.05
˘ 0.00

55.77
˘ 0.02

EURLex-4K

Top-3 68.50 157.08 * 40.52 23.10 14.26 57.12 16.62 12.69 29.60
PS-3 67.48 174.54 39.93 27.66 20.04 60.01 21.92 17.28 36.76
Pow-3β“0.25 67.88 172.65 40.13 27.18 19.08 59.53 21.19 16.66 35.71
Pow-3β“0.5 64.85 178.94 38.35 28.53 22.32 61.15 23.53 18.59 39.47
Log-3 68.23 169.26 40.32 25.95 17.80 58.89 20.00 15.64 33.88
Macro-Rprior-3 49.88 162.26 29.42 27.95 24.91 62.44 23.58 18.26 43.03
Macro-BAprior-3 50.04 162.56 29.51 28.00 24.92 62.44 23.62 18.30 43.00

BCA(Macro-P@3) 23.13
˘ 0.16

71.98
˘ 0.31

13.36
˘ 0.12

36.25
˘ 0.04

13.41
˘ 0.04

56.68
˘ 0.02

16.31
˘ 0.03

12.78
˘ 0.02

37.36
˘ 0.05

BCA(Macro-R@3) 49.60
˘ 0.00

161.78
˘ 0.00

29.16
˘ 0.00

27.76
˘ 0.00

25.47
˘ 0.00

62.72
˘ 0.00

23.93
˘ 0.00

18.54
˘ 0.00

43.75
˘ 0.00

BCA(Macro-BA@3) 49.67
˘ 0.00

161.85
˘ 0.00

29.21
˘ 0.00

27.74
˘ 0.00

25.45
˘ 0.00

62.70
˘ 0.00

23.93
˘ 0.00

18.54
˘ 0.00

43.73
˘ 0.00

BCA(Macro-F1@3) 60.35
˘ 0.05

169.69
˘ 0.15

35.69
˘ 0.03

31.35
˘ 0.03

22.76
˘ 0.03

61.36
˘ 0.02

24.91
˘ 0.04

19.56
˘ 0.04

42.35
˘ 0.05

BCA(Macro-JS@3) 59.71
˘ 0.04

164.96
˘ 0.08

35.31
˘ 0.03

32.92
˘ 0.07

21.73
˘ 0.05

60.85
˘ 0.02

24.87
˘ 0.05

19.79
˘ 0.05

41.66
˘ 0.08

BCA(Cov@3) 30.28
˘ 0.08

116.90
˘ 0.27

17.65
˘ 0.08

27.87
˘ 0.08

22.73
˘ 0.04

61.34
˘ 0.02

19.82
˘ 0.03

14.67
˘ 0.04

45.86
˘ 0.06

FW(Macro-P@3) 59.59
˘ 0.05

160.71
˘ 0.16

35.13
˘ 0.03

29.41
˘ 0.07

19.94
˘ 0.05

59.96
˘ 0.02

21.81
˘ 0.06

17.04
˘ 0.06

37.60
˘ 0.08

FW(Macro-R@3) 50.58
˘ 0.00

163.72
˘ 0.00

29.83
˘ 0.00

28.09
˘ 0.00

25.00
˘ 0.00

62.48
˘ 0.00

23.76
˘ 0.00

18.45
˘ 0.00

43.08
˘ 0.00

FW(Macro-BA@3) 50.69
˘ 0.00

163.84
˘ 0.00

29.91
˘ 0.00

28.07
˘ 0.00

24.99
˘ 0.00

62.48
˘ 0.00

23.76
˘ 0.00

18.45
˘ 0.00

43.03
˘ 0.00

FW(Macro-F1@3) 61.94
˘ 0.01

172.97
˘ 0.02

36.56
˘ 0.01

28.25
˘ 0.00

21.84
˘ 0.00

60.90
˘ 0.00

23.03
˘ 0.00

17.99
˘ 0.00

39.42
˘ 0.00

FW(Macro-JS@3) 62.95
˘ 0.01

171.24
˘ 0.02

37.18
˘ 0.01

28.43
˘ 0.00

20.95
˘ 0.00

60.46
˘ 0.00

22.53
˘ 0.00

17.61
˘ 0.00

38.67
˘ 0.00



B.2 Extended results 199

Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

EURLex-4.3K

Top-3 81.21 139.26 * 53.30 22.55 14.15 57.07 16.41 12.93 27.09
PS-3 80.15 152.03 52.62 28.67 20.63 60.31 22.81 18.45 35.14
Pow-3β“0.25 79.91 150.86 52.46 27.65 19.88 59.93 22.01 17.75 34.02
Pow-3β“0.5 76.81 153.65 50.46 29.39 23.18 61.58 24.58 19.95 37.60
Log-3 80.16 148.64 52.59 26.50 18.66 59.32 20.84 16.79 32.33
Macro-Rprior-3 64.22 141.21 41.88 28.60 25.61 62.79 24.73 19.63 41.00
Macro-BAprior-3 64.43 141.46 42.05 28.60 25.59 62.78 24.73 19.63 40.97

BCA(Macro-P@3) 34.71
˘ 0.22

67.19
˘ 0.25

22.08
˘ 0.04

36.47
˘ 0.03

13.19
˘ 0.03

56.57
˘ 0.02

15.93
˘ 0.02

12.49
˘ 0.02

37.57
˘ 0.11

BCA(Macro-R@3) 63.94
˘ 0.00

140.85
˘ 0.00

41.68
˘ 0.00

28.34
˘ 0.00

26.04
˘ 0.00

63.01
˘ 0.00

24.94
˘ 0.00

19.84
˘ 0.00

41.42
˘ 0.00

BCA(Macro-BA@3) 64.09
˘ 0.00

141.02
˘ 0.00

41.81
˘ 0.00

28.34
˘ 0.00

26.02
˘ 0.00

63.00
˘ 0.00

24.94
˘ 0.00

19.83
˘ 0.00

41.40
˘ 0.00

BCA(Macro-F1@3) 72.52
˘ 0.02

144.52
˘ 0.09

47.66
˘ 0.02

33.51
˘ 0.07

22.71
˘ 0.07

61.34
˘ 0.03

25.81
˘ 0.06

20.81
˘ 0.05

39.99
˘ 0.06

BCA(Macro-JS@3) 73.43
˘ 0.03

145.96
˘ 0.10

48.19
˘ 0.02

33.11
˘ 0.06

22.61
˘ 0.03

61.30
˘ 0.02

25.61
˘ 0.04

20.73
˘ 0.03

39.54
˘ 0.08

BCA(Cov@3) 22.11
˘ 0.03

70.51
˘ 0.07

13.49
˘ 0.04

28.23
˘ 0.06

21.68
˘ 0.02

60.81
˘ 0.01

18.37
˘ 0.02

13.74
˘ 0.02

43.71
˘ 0.05

FW(Macro-P@3) 73.54
˘ 0.03

143.78
˘ 0.08

47.98
˘ 0.02

30.51
˘ 0.07

21.38
˘ 0.03

60.68
˘ 0.02

23.41
˘ 0.04

18.72
˘ 0.04

37.18
˘ 0.04

FW(Macro-R@3) 64.89
˘ 0.00

142.31
˘ 0.00

42.34
˘ 0.00

28.56
˘ 0.00

25.66
˘ 0.00

62.82
˘ 0.00

24.78
˘ 0.00

19.68
˘ 0.00

40.95
˘ 0.00

FW(Macro-BA@3) 65.04
˘ 0.00

142.50
˘ 0.00

42.45
˘ 0.00

28.58
˘ 0.00

25.66
˘ 0.00

62.82
˘ 0.00

24.79
˘ 0.00

19.70
˘ 0.00

40.95
˘ 0.00

FW(Macro-F1@3) 75.57
˘ 0.19

147.85
˘ 0.25

49.66
˘ 0.13

28.69
˘ 0.06

22.00
˘ 0.16

60.99
˘ 0.08

23.60
˘ 0.06

18.93
˘ 0.06

36.72
˘ 0.08

FW(Macro-JS@3) 74.93
˘ 0.00

148.82
˘ 0.01

49.15
˘ 0.00

29.23
˘ 0.01

22.08
˘ 0.00

61.03
˘ 0.00

23.70
˘ 0.00

19.07
˘ 0.00

37.01
˘ 0.01

AmazonCat-13K

Top-3 78.63 93.42 * 59.53 35.46 12.31 56.15 16.32 11.35 43.52
PS-3 76.94 106.24 58.38 57.15 42.37 71.18 45.90 36.09 76.79
Pow-3β“0.25 73.02 104.46 55.25 54.72 43.59 71.79 46.25 36.39 75.76
Pow-3β“0.5 65.43 100.85 49.11 49.91 54.14 77.07 49.45 38.54 82.45
Log-3 72.89 101.29 54.80 52.86 35.39 67.69 40.09 31.07 69.06
Macro-Rprior-3 47.33 83.83 33.96 35.94 62.69 81.34 41.24 30.03 87.63
Macro-BAprior-3 47.71 84.23 34.39 35.97 62.69 81.34 41.27 30.06 87.63

BCA(Macro-P@3) 40.77
˘ 0.12

46.86
˘ 0.14

31.58
˘ 0.11

71.64
˘ 0.02

14.48
˘ 0.01

57.23
˘ 0.01

19.63
˘ 0.01

14.31
˘ 0.01

72.42
˘ 0.01

BCA(Macro-R@3) 40.26
˘ 0.00

75.43
˘ 0.00

28.23
˘ 0.00

34.01
˘ 0.00

63.64
˘ 0.00

81.81
˘ 0.00

38.59
˘ 0.00

27.96
˘ 0.00

89.16
˘ 0.00

BCA(Macro-BA@3) 40.62
˘ 0.00

75.80
˘ 0.00

28.66
˘ 0.00

34.04
˘ 0.00

63.64
˘ 0.00

81.82
˘ 0.00

38.61
˘ 0.00

27.97
˘ 0.00

89.16
˘ 0.00

BCA(Macro-F1@3) 66.94
˘ 0.00

100.18
˘ 0.00

50.45
˘ 0.00

55.04
˘ 0.01

52.30
˘ 0.01

76.15
˘ 0.00

51.19
˘ 0.01

40.10
˘ 0.01

84.71
˘ 0.01

BCA(Macro-JS@3) 67.89
˘ 0.00

98.84
˘ 0.00

51.19
˘ 0.00

61.52
˘ 0.01

46.77
˘ 0.01

73.38
˘ 0.00

51.05
˘ 0.01

40.15
˘ 0.01

83.89
˘ 0.01

BCA(Cov@3) 8.02
˘ 0.01

26.41
˘ 0.02

4.19
˘ 0.00

28.10
˘ 0.01

47.62
˘ 0.02

73.80
˘ 0.01

22.29
˘ 0.01

14.60
˘ 0.01

89.45
˘ 0.01

FW(Macro-P@3) 55.76
˘ 0.01

77.97
˘ 0.01

41.81
˘ 0.01

62.13
˘ 0.02

36.86
˘ 0.01

68.43
˘ 0.01

42.77
˘ 0.01

33.03
˘ 0.01

77.24
˘ 0.03

FW(Macro-R@3) 46.86
˘ 0.00

83.30
˘ 0.00

33.60
˘ 0.00

35.46
˘ 0.00

62.95
˘ 0.00

81.47
˘ 0.00

40.77
˘ 0.00

29.58
˘ 0.00

88.00
˘ 0.00

FW(Macro-BA@3) 47.24
˘ 0.00

83.69
˘ 0.00

34.04
˘ 0.00

35.49
˘ 0.00

62.95
˘ 0.00

81.47
˘ 0.00

40.79
˘ 0.00

29.60
˘ 0.00

88.00
˘ 0.00

FW(Macro-F1@3) 67.84
˘ 0.01

100.13
˘ 0.01

50.97
˘ 0.01

55.70
˘ 0.02

48.73
˘ 0.01

74.36
˘ 0.01

49.51
˘ 0.01

39.04
˘ 0.01

80.56
˘ 0.01

FW(Macro-JS@3) 68.34
˘ 0.00

99.85
˘ 0.00

51.33
˘ 0.00

56.98
˘ 0.00

46.68
˘ 0.00

73.34
˘ 0.00

48.90
˘ 0.00

38.61
˘ 0.00

79.52
˘ 0.00
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

AmazonCat-14K

Top-3 69.10 76.63 * 69.11 39.74 15.50 57.75 20.09 13.61 54.89
PS-3 68.18 81.39 68.38 47.42 37.91 68.95 39.90 29.65 76.69
Pow-3β“0.25 65.17 80.73 65.67 44.05 42.87 71.43 41.52 31.13 77.43
Pow-3β“0.5 58.45 75.64 58.80 35.44 51.78 75.89 39.89 29.10 82.10
Log-3 66.28 80.30 66.38 46.34 35.93 67.96 38.39 28.64 72.45
Macro-Rprior-3 39.60 56.96 33.43 24.50 58.57 79.28 30.35 20.91 85.83
Macro-BAprior-3 39.93 57.28 34.24 24.52 58.57 79.28 30.37 20.92 85.83

BCA(Macro-P@3) 34.18
˘ 0.09

34.97
˘ 0.01

40.16
˘ 0.11

65.01
˘ 0.03

8.58
˘ 0.00

54.29
˘ 0.00

12.62
˘ 0.00

8.36
˘ 0.00

70.21
˘ 0.02

BCA(Macro-R@3) 36.10
˘ 0.05

52.90
˘ 0.05

29.03
˘ 0.13

23.86
˘ 0.00

59.30
˘ 0.00

79.65
˘ 0.00

28.87
˘ 0.00

19.93
˘ 0.00

87.39
˘ 0.00

BCA(Macro-BA@3) 36.13
˘ 0.07

52.91
˘ 0.06

29.06
˘ 0.13

23.86
˘ 0.00

59.30
˘ 0.00

79.65
˘ 0.00

28.87
˘ 0.00

19.93
˘ 0.00

87.39
˘ 0.00

BCA(Macro-F1@3) 62.48
˘ 0.00

77.48
˘ 0.00

62.90
˘ 0.00

48.27
˘ 0.01

42.46
˘ 0.00

71.22
˘ 0.00

43.37
˘ 0.00

32.11
˘ 0.00

82.37
˘ 0.01

BCA(Macro-JS@3) 62.57
˘ 0.00

77.58
˘ 0.00

63.07
˘ 0.00

48.39
˘ 0.00

42.33
˘ 0.01

71.16
˘ 0.00

43.40
˘ 0.00

32.17
˘ 0.00

82.20
˘ 0.01

BCA(Cov@3) 3.77
˘ 0.00

9.62
˘ 0.00

2.49
˘ 0.00

19.57
˘ 0.00

37.18
˘ 0.01

68.58
˘ 0.01

11.30
˘ 0.00

6.65
˘ 0.00

87.62
˘ 0.00

FW(Macro-P@3) 41.91
˘ 0.00

48.78
˘ 0.01

46.21
˘ 0.00

56.03
˘ 0.04

22.66
˘ 0.02

61.32
˘ 0.01

29.25
˘ 0.02

20.00
˘ 0.02

73.93
˘ 0.05

FW(Macro-R@3) 38.67
˘ 0.00

56.03
˘ 0.00

31.78
˘ 0.00

24.12
˘ 0.00

58.97
˘ 0.00

79.48
˘ 0.00

29.86
˘ 0.00

20.53
˘ 0.00

86.38
˘ 0.00

FW(Macro-BA@3) 39.10
˘ 0.00

56.46
˘ 0.00

32.87
˘ 0.00

24.14
˘ 0.00

58.97
˘ 0.00

79.48
˘ 0.00

29.88
˘ 0.00

20.54
˘ 0.00

86.38
˘ 0.00

FW(Macro-F1@3) 62.98
˘ 0.00

77.09
˘ 0.02

63.33
˘ 0.00

47.29
˘ 0.00

42.71
˘ 0.00

71.35
˘ 0.00

42.72
˘ 0.00

31.78
˘ 0.00

79.39
˘ 0.03

FW(Macro-JS@3) 62.66
˘ 0.00

76.74
˘ 0.05

63.08
˘ 0.01

47.51
˘ 0.00

42.37
˘ 0.00

71.18
˘ 0.00

42.70
˘ 0.00

31.82
˘ 0.00

79.14
˘ 0.00

Wiki10-31K

Top-3 72.46 104.98 * 12.58 2.57 0.48 50.24 0.73 0.47 2.86
PS-3 69.78 150.53 12.24 6.82 2.75 51.37 3.47 2.66 7.80
Pow-3β“0.25 69.25 150.25 12.12 6.40 2.49 51.24 3.19 2.40 7.44
Pow-3β“0.5 61.20 173.63 10.74 8.69 4.35 52.17 5.19 4.11 10.34
Log-3 65.46 143.17 11.39 5.72 2.10 51.05 2.76 2.01 6.82
Macro-Rprior-3 43.30 181.78 7.52 10.82 6.67 53.33 7.26 5.90 13.62
Macro-BAprior-3 43.52 181.88 7.56 10.83 6.67 53.33 7.26 5.90 13.61

BCA(Macro-P@3) 38.10
˘ 0.09

126.65
˘ 0.43

6.52
˘ 0.02

12.62
˘ 0.04

4.70
˘ 0.04

52.34
˘ 0.02

5.82
˘ 0.04

4.69
˘ 0.04

12.70
˘ 0.05

BCA(Macro-R@3) 30.44
˘ 0.00

150.77
˘ 0.00

5.21
˘ 0.00

10.90
˘ 0.00

6.19
˘ 0.00

53.09
˘ 0.00

6.96
˘ 0.00

5.62
˘ 0.00

13.69
˘ 0.00

BCA(Macro-BA@3) 30.50
˘ 0.00

150.88
˘ 0.00

5.22
˘ 0.00

10.91
˘ 0.00

6.19
˘ 0.00

53.09
˘ 0.00

6.97
˘ 0.00

5.62
˘ 0.00

13.70
˘ 0.00

BCA(Macro-F1@3) 42.55
˘ 0.02

150.21
˘ 0.38

7.37
˘ 0.00

11.97
˘ 0.06

5.03
˘ 0.03

52.51
˘ 0.02

6.28
˘ 0.04

4.99
˘ 0.03

13.24
˘ 0.06

BCA(Macro-JS@3) 43.85
˘ 0.03

152.57
˘ 0.32

7.60
˘ 0.00

11.76
˘ 0.04

4.96
˘ 0.03

52.48
˘ 0.01

6.21
˘ 0.03

4.92
˘ 0.03

13.09
˘ 0.03

BCA(Cov@3) 33.60
˘ 0.04

139.66
˘ 0.17

5.73
˘ 0.01

9.90
˘ 0.00

4.69
˘ 0.01

52.34
˘ 0.00

5.55
˘ 0.01

4.21
˘ 0.01

13.40
˘ 0.01

FW(Macro-P@3) 38.26
˘ 0.33

95.62
˘ 1.17

6.54
˘ 0.06

5.50
˘ 0.07

2.69
˘ 0.06

51.34
˘ 0.03

3.07
˘ 0.05

2.44
˘ 0.05

6.91
˘ 0.09

FW(Macro-R@3) 43.26
˘ 0.00

181.71
˘ 0.00

7.51
˘ 0.00

10.81
˘ 0.00

6.67
˘ 0.00

53.33
˘ 0.00

7.26
˘ 0.00

5.90
˘ 0.00

13.61
˘ 0.00

FW(Macro-BA@3) 43.52
˘ 0.00

181.88
˘ 0.00

7.56
˘ 0.00

10.83
˘ 0.00

6.67
˘ 0.00

53.33
˘ 0.00

7.26
˘ 0.00

5.90
˘ 0.00

13.61
˘ 0.00

FW(Macro-F1@3) 41.41
˘ 0.20

154.83
˘ 1.29

7.13
˘ 0.03

9.26
˘ 0.07

5.05
˘ 0.05

52.52
˘ 0.03

5.75
˘ 0.05

4.56
˘ 0.05

11.94
˘ 0.08

FW(Macro-JS@3) 39.00
˘ 0.00

168.39
˘ 0.02

6.72
˘ 0.00

10.79
˘ 0.00

6.49
˘ 0.00

53.24
˘ 0.00

7.00
˘ 0.00

5.69
˘ 0.00

13.49
˘ 0.00
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

WikiLSHTC-325K

Top-3 41.94 118.44 * 47.00 18.61 15.71 57.85 15.19 11.59 29.71
PS-3 43.28 135.38 48.99 21.42 20.35 60.18 18.83 14.45 36.20
Pow-3β“0.25 41.90 132.25 47.86 20.74 19.48 59.74 18.13 13.89 34.97
Pow-3β“0.5 40.47 140.67 47.11 21.78 22.67 61.33 20.19 15.43 39.20
Log-3 41.55 125.38 47.20 19.66 17.49 58.74 16.62 12.70 32.23
Macro-Rprior-3 37.08 145.82 44.57 21.40 26.31 63.16 21.40 16.00 44.12
Macro-BAprior-3 37.08 145.82 44.57 21.40 26.31 63.16 21.40 16.00 44.12

BCA(Macro-P@3) 15.22
˘ 0.03

53.10
˘ 0.04

15.10
˘ 0.03

34.07
˘ 0.01

12.63
˘ 0.01

56.32
˘ 0.00

15.38
˘ 0.00

11.86
˘ 0.00

35.60
˘ 0.01

BCA(Macro-R@3) 29.31
˘ 0.00

135.03
˘ 0.00

37.44
˘ 0.00

22.22
˘ 0.00

28.55
˘ 0.00

64.27
˘ 0.00

21.82
˘ 0.00

16.10
˘ 0.00

49.01
˘ 0.00

BCA(Macro-BA@3) 29.31
˘ 0.00

135.02
˘ 0.00

37.44
˘ 0.00

22.22
˘ 0.00

28.55
˘ 0.00

64.27
˘ 0.00

21.82
˘ 0.00

16.10
˘ 0.00

49.01
˘ 0.00

BCA(Macro-F1@3) 34.74
˘ 0.00

127.05
˘ 0.01

40.20
˘ 0.00

27.95
˘ 0.00

23.39
˘ 0.00

61.70
˘ 0.00

23.23
˘ 0.00

17.86
˘ 0.00

45.30
˘ 0.01

BCA(Macro-JS@3) 34.23
˘ 0.00

121.71
˘ 0.01

39.24
˘ 0.00

29.51
˘ 0.01

22.17
˘ 0.00

61.08
˘ 0.00

23.12
˘ 0.00

17.87
˘ 0.00

44.36
˘ 0.01

BCA(Cov@3) 21.72
˘ 0.01

110.05
˘ 0.01

25.19
˘ 0.01

21.74
˘ 0.00

24.61
˘ 0.00

62.31
˘ 0.00

18.97
˘ 0.00

13.86
˘ 0.00

46.48
˘ 0.01

FW(Macro-P@3) 31.89
˘ 0.01

112.54
˘ 0.07

37.11
˘ 0.01

24.37
˘ 0.00

19.40
˘ 0.01

59.70
˘ 0.00

19.30
˘ 0.00

14.91
˘ 0.00

37.61
˘ 0.02

FW(Macro-R@3) 36.23
˘ 0.00

146.30
˘ 0.00

43.74
˘ 0.00

21.84
˘ 0.00

27.16
˘ 0.00

63.58
˘ 0.00

21.89
˘ 0.00

16.31
˘ 0.00

45.36
˘ 0.00

FW(Macro-BA@3) 36.24
˘ 0.00

146.30
˘ 0.00

43.74
˘ 0.00

21.84
˘ 0.00

27.16
˘ 0.00

63.58
˘ 0.00

21.89
˘ 0.00

16.31
˘ 0.00

45.36
˘ 0.00

FW(Macro-F1@3) 36.60
˘ 0.00

128.24
˘ 0.01

42.34
˘ 0.00

23.24
˘ 0.00

21.30
˘ 0.00

60.65
˘ 0.00

20.27
˘ 0.00

15.60
˘ 0.00

39.13
˘ 0.00

FW(Macro-JS@3) 37.18
˘ 0.01

128.47
˘ 0.04

42.71
˘ 0.01

23.05
˘ 0.00

21.17
˘ 0.00

60.58
˘ 0.00

20.09
˘ 0.00

15.46
˘ 0.00

38.91
˘ 0.00

WikipediaLarge-500K

Top-3 47.79 142.69 * 39.77 19.92 16.16 58.08 15.94 12.35 30.83
PS-3 48.38 164.30 40.94 23.94 21.31 60.66 20.28 15.79 38.30
Pow-3β“0.25 47.49 160.34 40.31 23.06 20.18 60.09 19.38 15.07 36.77
Pow-3β“0.5 45.52 171.09 39.48 24.89 23.53 61.77 21.85 16.96 41.46
Log-3 47.50 151.45 39.96 21.40 17.93 58.96 17.50 13.57 33.56
Macro-Rprior-3 40.63 176.57 36.30 25.36 27.11 63.55 23.56 18.00 46.58
Macro-BAprior-3 40.64 176.58 36.30 25.36 27.11 63.55 23.56 18.00 46.58

BCA(Macro-P@3) 18.64
˘ 0.04

68.89
˘ 0.08

13.54
˘ 0.03

36.20
˘ 0.01

13.72
˘ 0.01

56.86
˘ 0.00

16.67
˘ 0.00

13.03
˘ 0.00

37.63
˘ 0.01

BCA(Macro-R@3) 31.61
˘ 0.00

163.01
˘ 0.00

29.59
˘ 0.00

26.81
˘ 0.00

29.23
˘ 0.00

64.61
˘ 0.00

24.44
˘ 0.00

18.40
˘ 0.00

51.73
˘ 0.00

BCA(Macro-BA@3) 31.61
˘ 0.00

163.00
˘ 0.00

29.59
˘ 0.00

26.81
˘ 0.00

29.23
˘ 0.00

64.61
˘ 0.00

24.44
˘ 0.00

18.40
˘ 0.00

51.73
˘ 0.00

BCA(Macro-F1@3) 37.98
˘ 0.00

148.08
˘ 0.00

32.01
˘ 0.00

31.50
˘ 0.00

22.99
˘ 0.00

61.49
˘ 0.00

24.15
˘ 0.00

18.80
˘ 0.00

46.38
˘ 0.00

BCA(Macro-JS@3) 38.43
˘ 0.00

148.42
˘ 0.00

32.22
˘ 0.00

31.19
˘ 0.00

22.73
˘ 0.00

61.37
˘ 0.00

23.91
˘ 0.00

18.63
˘ 0.00

45.85
˘ 0.00

BCA(Cov@3) 24.55
˘ 0.00

134.12
˘ 0.01

21.64
˘ 0.00

26.23
˘ 0.00

25.26
˘ 0.00

62.63
˘ 0.00

21.59
˘ 0.00

16.08
˘ 0.00

50.06
˘ 0.01

FW(Macro-P@3) 37.23
˘ 0.00

137.13
˘ 0.00

30.29
˘ 0.00

25.67
˘ 0.00

19.89
˘ 0.00

59.94
˘ 0.00

19.68
˘ 0.00

15.32
˘ 0.00

38.09
˘ 0.00

FW(Macro-R@3) 39.60
˘ 0.00

177.57
˘ 0.00

35.49
˘ 0.00

25.87
˘ 0.00

28.08
˘ 0.00

64.04
˘ 0.00

24.05
˘ 0.00

18.30
˘ 0.00

47.91
˘ 0.00

FW(Macro-BA@3) 39.61
˘ 0.00

177.58
˘ 0.00

35.50
˘ 0.00

25.87
˘ 0.00

28.08
˘ 0.00

64.04
˘ 0.00

24.05
˘ 0.00

18.30
˘ 0.00

47.91
˘ 0.00

FW(Macro-F1@3) 38.52
˘ 0.00

150.09
˘ 0.00

32.79
˘ 0.00

25.19
˘ 0.00

21.45
˘ 0.00

60.73
˘ 0.00

20.86
˘ 0.00

16.23
˘ 0.00

40.55
˘ 0.00

FW(Macro-JS@3) 39.15
˘ 0.00

149.00
˘ 0.00

32.96
˘ 0.00

24.94
˘ 0.00

20.99
˘ 0.00

60.49
˘ 0.00

20.49
˘ 0.00

15.95
˘ 0.00

39.88
˘ 0.00
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Method Instance @3 Macro @3
P PS R P R BA F1 JS Cov

Amazon-670K

Top-3 40.20 273.84 * 23.31 10.46 9.04 54.52 9.01 7.60 13.78
PS-3 39.87 303.17 23.26 12.27 10.62 55.31 10.62 9.08 15.84
Pow-3β“0.25 40.18 299.30 23.42 11.99 10.35 55.17 10.38 8.87 15.48
Pow-3β“0.5 39.47 307.72 23.10 12.66 10.96 55.48 10.96 9.40 16.20
Log-3 40.30 287.86 23.41 11.22 9.70 54.85 9.70 8.24 14.64
Macro-Rprior-3 37.20 307.64 21.94 13.03 11.35 55.68 11.22 9.64 16.39
Macro-BAprior-3 37.20 307.64 21.94 13.03 11.35 55.68 11.22 9.64 16.39

BCA(Macro-P@3) 30.23
˘ 0.01

251.23
˘ 0.18

17.86
˘ 0.01

17.23
˘ 0.01

10.09
˘ 0.01

55.04
˘ 0.01

11.69
˘ 0.01

10.07
˘ 0.01

17.31
˘ 0.01

BCA(Macro-R@3) 35.80
˘ 0.00

298.22
˘ 0.00

21.14
˘ 0.00

14.35
˘ 0.00

11.44
˘ 0.00

55.72
˘ 0.00

11.80
˘ 0.00

10.21
˘ 0.00

16.93
˘ 0.00

BCA(Macro-BA@3) 35.80
˘ 0.00

298.22
˘ 0.00

21.14
˘ 0.00

14.35
˘ 0.00

11.44
˘ 0.00

55.72
˘ 0.00

11.80
˘ 0.00

10.21
˘ 0.00

16.93
˘ 0.00

BCA(Macro-F1@3) 35.13
˘ 0.01

280.38
˘ 0.06

20.69
˘ 0.01

16.89
˘ 0.00

10.68
˘ 0.00

55.34
˘ 0.00

12.22
˘ 0.00

10.54
˘ 0.00

17.71
˘ 0.00

BCA(Macro-JS@3) 35.44
˘ 0.01

282.83
˘ 0.09

20.86
˘ 0.01

16.63
˘ 0.01

10.71
˘ 0.00

55.36
˘ 0.00

12.17
˘ 0.01

10.56
˘ 0.01

17.49
˘ 0.01

BCA(Cov@3) 34.48
˘ 0.01

281.68
˘ 0.07

19.90
˘ 0.01

14.03
˘ 0.00

10.52
˘ 0.00

55.26
˘ 0.00

11.08
˘ 0.00

9.24
˘ 0.00

17.57
˘ 0.00

FW(Macro-P@3) 36.30
˘ 0.01

273.78
˘ 0.12

21.12
˘ 0.01

12.22
˘ 0.01

9.57
˘ 0.00

54.78
˘ 0.00

9.89
˘ 0.00

8.39
˘ 0.00

14.74
˘ 0.01

FW(Macro-R@3) 36.68
˘ 0.00

306.96
˘ 0.00

21.68
˘ 0.00

13.06
˘ 0.00

11.40
˘ 0.00

55.70
˘ 0.00

11.23
˘ 0.00

9.65
˘ 0.00

16.35
˘ 0.00

FW(Macro-BA@3) 36.68
˘ 0.00

306.96
˘ 0.00

21.68
˘ 0.00

13.06
˘ 0.00

11.40
˘ 0.00

55.70
˘ 0.00

11.23
˘ 0.00

9.65
˘ 0.00

16.35
˘ 0.00

FW(Macro-F1@3) 37.35
˘ 0.01

283.53
˘ 0.08

21.67
˘ 0.01

12.12
˘ 0.00

9.87
˘ 0.00

54.94
˘ 0.00

10.03
˘ 0.01

8.52
˘ 0.01

15.09
˘ 0.01

FW(Macro-JS@3) 37.56
˘ 0.00

281.88
˘ 0.00

21.79
˘ 0.00

11.90
˘ 0.00

9.75
˘ 0.00

54.87
˘ 0.00

9.88
˘ 0.00

8.40
˘ 0.00

14.78
˘ 0.00

Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

RCV1x-2K

Top-5 51.67 56.92 * 81.17 13.37 7.61 53.76 7.62 4.95 35.91
PS-5 51.23 57.21 80.69 19.38 12.18 56.04 12.33 7.83 53.99
Pow-5β“0.25 50.17 56.63 79.43 18.37 14.16 57.03 13.52 8.54 56.26
Pow-5β“0.5 47.40 54.47 76.03 16.57 19.80 59.85 15.56 9.87 65.34
Log-5 50.31 56.59 79.50 17.96 12.57 56.23 12.23 7.76 50.95
Macro-Rprior-5 34.89 41.94 57.92 14.00 29.11 64.49 14.25 8.75 80.09
Macro-BAprior-5 35.35 42.43 58.73 14.03 29.09 64.48 14.29 8.78 80.09

BCA(Macro-P@5) 28.43
˘ 0.13

30.36
˘ 0.13

45.70
˘ 0.47

36.36
˘ 0.04

3.30
˘ 0.04

51.57
˘ 0.02

3.70
˘ 0.04

2.35
˘ 0.03

39.20
˘ 0.15

BCA(Macro-R@5) 29.13
˘ 0.00

35.64
˘ 0.00

48.63
˘ 0.00

13.62
˘ 0.00

29.81
˘ 0.00

64.83
˘ 0.00

13.18
˘ 0.00

8.04
˘ 0.00

81.15
˘ 0.00

BCA(Macro-BA@5) 29.78
˘ 0.00

36.33
˘ 0.00

49.82
˘ 0.00

13.65
˘ 0.00

29.82
˘ 0.00

64.84
˘ 0.00

13.22
˘ 0.00

8.07
˘ 0.00

81.15
˘ 0.00

BCA(Macro-F1@5) 45.52
˘ 0.00

51.70
˘ 0.00

73.47
˘ 0.00

23.67
˘ 0.04

17.55
˘ 0.02

58.72
˘ 0.01

18.67
˘ 0.03

11.84
˘ 0.02

70.46
˘ 0.08

BCA(Macro-JS@5) 45.69
˘ 0.00

51.88
˘ 0.00

73.69
˘ 0.00

23.67
˘ 0.01

17.40
˘ 0.02

58.64
˘ 0.01

18.60
˘ 0.01

11.86
˘ 0.01

69.84
˘ 0.09

BCA(Cov@5) 1.70
˘ 0.00

4.01
˘ 0.00

0.96
˘ 0.00

12.90
˘ 0.06

22.05
˘ 0.03

60.92
˘ 0.02

5.21
˘ 0.01

2.82
˘ 0.01

84.63
˘ 0.02

FW(Macro-P@5) 35.32
˘ 0.00

39.16
˘ 0.00

57.07
˘ 0.01

29.04
˘ 0.01

8.77
˘ 0.00

54.32
˘ 0.00

11.69
˘ 0.00

7.24
˘ 0.00

53.50
˘ 0.03

FW(Macro-R@5) 34.78
˘ 0.00

41.82
˘ 0.00

57.75
˘ 0.00

14.00
˘ 0.00

29.11
˘ 0.00

64.49
˘ 0.00

14.23
˘ 0.00

8.73
˘ 0.00

80.21
˘ 0.00

FW(Macro-BA@5) 35.26
˘ 0.00

42.32
˘ 0.00

58.59
˘ 0.00

14.04
˘ 0.00

29.10
˘ 0.00

64.48
˘ 0.00

14.28
˘ 0.00

8.77
˘ 0.00

80.21
˘ 0.00

FW(Macro-F1@5) 46.05
˘ 0.00

52.22
˘ 0.00

73.71
˘ 0.00

23.12
˘ 0.01

15.51
˘ 0.01

57.70
˘ 0.00

17.20
˘ 0.01

11.09
˘ 0.00

61.55
˘ 0.02

FW(Macro-JS@5) 46.30
˘ 0.00

52.44
˘ 0.00

74.05
˘ 0.00

22.77
˘ 0.01

14.82
˘ 0.00

57.35
˘ 0.00

16.60
˘ 0.00

10.73
˘ 0.00

60.02
˘ 0.02
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

EURLex-4K

Top-5 57.47 135.71 * 55.66 25.30 22.05 61.00 22.41 17.65 36.71
PS-5 57.36 144.55 55.56 27.14 26.73 63.34 25.56 20.20 41.75
Pow-5β“0.25 57.48 142.87 55.67 26.60 25.67 62.81 24.85 19.62 40.57
Pow-5β“0.5 55.40 145.34 53.72 26.90 28.47 64.21 26.19 20.60 43.45
Log-5 57.57 141.35 55.75 26.16 24.76 62.35 24.20 19.11 39.44
Macro-Rprior-5 43.99 131.81 42.81 25.27 30.73 65.33 25.19 18.98 46.93
Macro-BAprior-5 44.09 131.97 42.91 25.27 30.74 65.34 25.21 19.00 46.93

BCA(Macro-P@5) 16.88
˘ 0.36

48.06
˘ 0.72

16.13
˘ 0.34

36.26
˘ 0.03

13.93
˘ 0.10

56.91
˘ 0.05

16.26
˘ 0.06

12.72
˘ 0.05

37.94
˘ 0.07

BCA(Macro-R@5) 43.29
˘ 0.00

131.10
˘ 0.00

42.14
˘ 0.00

25.07
˘ 0.00

31.32
˘ 0.00

65.62
˘ 0.00

25.34
˘ 0.00

19.17
˘ 0.00

47.66
˘ 0.00

BCA(Macro-BA@5) 43.39
˘ 0.00

131.24
˘ 0.00

42.23
˘ 0.00

25.07
˘ 0.00

31.32
˘ 0.00

65.62
˘ 0.00

25.35
˘ 0.00

19.18
˘ 0.00

47.66
˘ 0.00

BCA(Macro-F1@5) 50.38
˘ 0.02

133.52
˘ 0.08

48.85
˘ 0.02

30.46
˘ 0.02

27.68
˘ 0.04

63.81
˘ 0.02

27.36
˘ 0.02

21.46
˘ 0.02

45.61
˘ 0.05

BCA(Macro-JS@5) 51.27
˘ 0.02

134.54
˘ 0.08

49.63
˘ 0.02

30.41
˘ 0.04

27.48
˘ 0.06

63.71
˘ 0.03

27.23
˘ 0.04

21.41
˘ 0.03

45.32
˘ 0.08

BCA(Cov@5) 21.33
˘ 0.08

83.39
˘ 0.21

20.57
˘ 0.10

25.48
˘ 0.11

27.05
˘ 0.07

63.48
˘ 0.04

19.40
˘ 0.06

13.83
˘ 0.05

49.21
˘ 0.08

FW(Macro-P@5) 43.39
˘ 0.00

113.02
˘ 0.01

42.20
˘ 0.00

29.62
˘ 0.01

22.63
˘ 0.00

61.28
˘ 0.00

23.01
˘ 0.00

17.90
˘ 0.00

40.15
˘ 0.01

FW(Macro-R@5) 46.78
˘ 0.00

136.67
˘ 0.00

45.49
˘ 0.00

25.14
˘ 0.00

30.91
˘ 0.00

65.42
˘ 0.00

25.49
˘ 0.00

19.37
˘ 0.00

46.56
˘ 0.00

FW(Macro-BA@5) 46.89
˘ 0.00

136.83
˘ 0.00

45.61
˘ 0.00

25.15
˘ 0.00

30.91
˘ 0.00

65.42
˘ 0.00

25.50
˘ 0.00

19.39
˘ 0.00

46.56
˘ 0.00

FW(Macro-F1@5) 52.52
˘ 0.00

139.16
˘ 0.01

50.92
˘ 0.00

27.92
˘ 0.01

28.05
˘ 0.00

63.99
˘ 0.00

26.07
˘ 0.00

20.34
˘ 0.00

44.24
˘ 0.01

FW(Macro-JS@5) 53.82
˘ 0.00

140.96
˘ 0.01

52.11
˘ 0.00

27.09
˘ 0.00

27.75
˘ 0.00

63.85
˘ 0.00

25.69
˘ 0.00

19.98
˘ 0.00

43.75
˘ 0.01

EURLex-4.3K

Top-5 68.50 120.68 * 71.61 25.36 22.57 61.26 22.73 18.31 34.54
PS-5 68.40 125.92 71.55 27.67 26.79 63.37 26.04 21.19 38.91
Pow-5β“0.25 68.31 125.22 71.46 26.98 26.13 63.05 25.39 20.64 38.00
Pow-5β“0.5 66.58 126.40 69.83 27.31 28.84 64.40 26.79 21.68 40.62
Log-5 68.37 124.01 71.52 26.25 25.05 62.51 24.54 19.93 36.64
Macro-Rprior-5 57.69 117.55 60.74 26.10 31.35 65.65 26.37 20.73 43.74
Macro-BAprior-5 57.84 117.69 60.90 26.10 31.30 65.63 26.37 20.74 43.71

BCA(Macro-P@5) 26.08
˘ 0.23

47.89
˘ 0.26

27.05
˘ 0.26

36.64
˘ 0.05

14.09
˘ 0.04

57.00
˘ 0.02

16.48
˘ 0.03

12.97
˘ 0.03

38.27
˘ 0.04

BCA(Macro-R@5) 57.21
˘ 0.00

116.86
˘ 0.00

60.26
˘ 0.00

25.70
˘ 0.00

31.66
˘ 0.00

65.80
˘ 0.00

26.25
˘ 0.00

20.70
˘ 0.00

43.85
˘ 0.00

BCA(Macro-BA@5) 57.42
˘ 0.00

117.13
˘ 0.00

60.49
˘ 0.00

25.72
˘ 0.00

31.66
˘ 0.00

65.81
˘ 0.00

26.27
˘ 0.00

20.71
˘ 0.00

43.85
˘ 0.00

BCA(Macro-F1@5) 62.38
˘ 0.02

118.51
˘ 0.07

65.18
˘ 0.02

31.25
˘ 0.04

28.23
˘ 0.05

64.09
˘ 0.02

28.22
˘ 0.04

22.99
˘ 0.04

42.51
˘ 0.05

BCA(Macro-JS@5) 61.70
˘ 0.02

114.87
˘ 0.07

64.44
˘ 0.02

33.21
˘ 0.04

26.02
˘ 0.06

62.99
˘ 0.03

27.87
˘ 0.04

22.89
˘ 0.04

41.34
˘ 0.06

BCA(Cov@5) 15.26
˘ 0.04

49.12
˘ 0.09

15.29
˘ 0.05

26.18
˘ 0.05

25.11
˘ 0.04

62.50
˘ 0.02

18.02
˘ 0.02

13.22
˘ 0.02

45.83
˘ 0.05

FW(Macro-P@5) 57.05
˘ 0.00

104.01
˘ 0.01

59.83
˘ 0.00

30.92
˘ 0.00

22.27
˘ 0.00

61.11
˘ 0.00

24.13
˘ 0.00

19.54
˘ 0.00

37.25
˘ 0.01

FW(Macro-R@5) 58.16
˘ 0.00

118.31
˘ 0.00

61.21
˘ 0.00

26.07
˘ 0.00

31.43
˘ 0.00

65.69
˘ 0.00

26.42
˘ 0.00

20.79
˘ 0.00

43.71
˘ 0.00

FW(Macro-BA@5) 58.30
˘ 0.00

118.48
˘ 0.00

61.36
˘ 0.00

26.08
˘ 0.00

31.42
˘ 0.00

65.69
˘ 0.00

26.44
˘ 0.00

20.80
˘ 0.00

43.69
˘ 0.00

FW(Macro-F1@5) 64.13
˘ 0.01

120.41
˘ 0.03

67.01
˘ 0.01

29.46
˘ 0.02

27.16
˘ 0.02

63.56
˘ 0.01

26.85
˘ 0.02

21.86
˘ 0.02

40.04
˘ 0.01

FW(Macro-JS@5) 63.34
˘ 0.00

117.63
˘ 0.00

66.11
˘ 0.00

30.02
˘ 0.00

25.80
˘ 0.00

62.88
˘ 0.00

26.33
˘ 0.00

21.57
˘ 0.00

39.12
˘ 0.00
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

AmazonCat-13K

Top-5 63.96 81.53 * 74.90 46.66 32.98 66.48 35.32 27.15 63.81
PS-5 63.67 85.66 74.68 51.29 50.35 75.17 47.74 37.22 79.93
Pow-5β“0.25 61.78 84.76 72.76 49.36 51.36 75.67 47.67 37.05 79.23
Pow-5β“0.5 56.45 81.66 66.76 41.76 61.10 80.54 46.77 35.18 84.90
Log-5 61.51 83.17 72.20 50.12 45.50 72.74 44.99 35.04 74.83
Macro-Rprior-5 39.62 65.19 46.13 27.37 68.86 84.42 34.90 24.33 88.88
Macro-BAprior-5 39.99 65.58 46.75 27.40 68.86 84.42 34.93 24.36 88.88

BCA(Macro-P@5) 31.70
˘ 0.11

36.00
˘ 0.12

38.65
˘ 0.16

71.42
˘ 0.02

14.83
˘ 0.01

57.40
˘ 0.01

19.79
˘ 0.02

14.40
˘ 0.02

72.59
˘ 0.03

BCA(Macro-R@5) 35.39
˘ 0.00

60.42
˘ 0.00

40.97
˘ 0.00

27.06
˘ 0.00

69.39
˘ 0.00

84.68
˘ 0.00

33.97
˘ 0.00

23.89
˘ 0.00

89.35
˘ 0.00

BCA(Macro-BA@5) 35.75
˘ 0.00

60.80
˘ 0.00

41.60
˘ 0.00

27.08
˘ 0.00

69.39
˘ 0.00

84.68
˘ 0.00

33.99
˘ 0.00

23.91
˘ 0.00

89.35
˘ 0.00

BCA(Macro-F1@5) 56.70
˘ 0.02

77.43
˘ 0.02

66.88
˘ 0.03

60.91
˘ 0.02

49.11
˘ 0.01

74.54
˘ 0.01

52.15
˘ 0.02

41.08
˘ 0.01

84.85
˘ 0.02

BCA(Macro-JS@5) 56.56
˘ 0.02

77.29
˘ 0.02

66.65
˘ 0.03

60.95
˘ 0.01

49.07
˘ 0.01

74.53
˘ 0.01

52.15
˘ 0.01

41.11
˘ 0.01

84.79
˘ 0.01

BCA(Cov@5) 5.96
˘ 0.00

18.58
˘ 0.01

5.09
˘ 0.00

21.13
˘ 0.03

51.96
˘ 0.01

75.96
˘ 0.01

19.19
˘ 0.01

12.22
˘ 0.01

89.82
˘ 0.00

FW(Macro-P@5) 48.00
˘ 0.01

62.80
˘ 0.02

58.83
˘ 0.02

58.86
˘ 0.05

38.32
˘ 0.05

69.15
˘ 0.02

40.06
˘ 0.04

30.21
˘ 0.04

79.60
˘ 0.04

FW(Macro-R@5) 39.20
˘ 0.00

64.71
˘ 0.00

45.65
˘ 0.00

27.03
˘ 0.00

69.02
˘ 0.00

84.50
˘ 0.00

34.51
˘ 0.00

24.01
˘ 0.00

89.10
˘ 0.00

FW(Macro-BA@5) 39.58
˘ 0.00

65.10
˘ 0.00

46.28
˘ 0.00

27.06
˘ 0.00

69.02
˘ 0.00

84.50
˘ 0.00

34.54
˘ 0.00

24.04
˘ 0.00

89.10
˘ 0.00

FW(Macro-F1@5) 56.90
˘ 0.00

78.96
˘ 0.00

66.95
˘ 0.00

54.31
˘ 0.00

53.89
˘ 0.00

76.93
˘ 0.00

51.31
˘ 0.00

40.26
˘ 0.00

83.86
˘ 0.00

FW(Macro-JS@5) 56.05
˘ 0.00

78.75
˘ 0.00

67.09
˘ 0.00

50.68
˘ 0.00

55.71
˘ 0.00

77.85
˘ 0.00

49.82
˘ 0.00

38.77
˘ 0.00

84.75
˘ 0.00

AmazonCat-14K

Top-5 54.63 63.18 * 83.63 41.83 36.67 68.33 36.57 27.14 69.59
PS-5 54.61 64.14 83.57 38.93 47.22 73.60 40.47 29.90 79.29
Pow-5β“0.25 53.57 64.04 82.16 36.10 49.80 74.89 39.75 29.10 79.61
Pow-5β“0.5 48.58 60.28 75.18 26.96 57.95 78.97 34.54 24.09 84.12
Log-5 54.05 64.15 82.61 39.68 45.08 72.53 39.95 29.60 76.51
Macro-Rprior-5 31.64 43.57 44.32 17.82 64.21 82.09 24.33 16.16 87.11
Macro-BAprior-5 31.87 43.80 45.17 17.84 64.21 82.09 24.35 16.17 87.11

BCA(Macro-P@5) 25.91
˘ 0.06

26.45
˘ 0.14

47.73
˘ 0.08

65.03
˘ 0.00

8.92
˘ 0.00

54.45
˘ 0.00

12.89
˘ 0.01

8.54
˘ 0.01

70.53
˘ 0.02

BCA(Macro-R@5) 29.63
˘ 0.08

41.21
˘ 0.07

39.83
˘ 0.25

17.94
˘ 0.00

64.64
˘ 0.00

82.31
˘ 0.00

23.87
˘ 0.01

16.02
˘ 0.00

88.18
˘ 0.00

BCA(Macro-BA@5) 29.94
˘ 0.07

41.52
˘ 0.07

40.58
˘ 0.11

17.98
˘ 0.01

64.64
˘ 0.00

82.31
˘ 0.00

23.91
˘ 0.02

16.06
˘ 0.01

88.18
˘ 0.01

BCA(Macro-F1@5) 49.73
˘ 0.00

59.48
˘ 0.00

77.24
˘ 0.00

47.74
˘ 0.01

43.79
˘ 0.00

71.89
˘ 0.00

43.76
˘ 0.00

32.44
˘ 0.00

83.29
˘ 0.01

BCA(Macro-JS@5) 49.70
˘ 0.00

59.44
˘ 0.00

77.20
˘ 0.00

47.78
˘ 0.01

43.77
˘ 0.01

71.88
˘ 0.00

43.76
˘ 0.00

32.45
˘ 0.00

83.23
˘ 0.01

BCA(Cov@5) 2.90
˘ 0.00

7.09
˘ 0.00

3.19
˘ 0.00

14.33
˘ 0.01

41.88
˘ 0.00

70.92
˘ 0.00

9.46
˘ 0.01

5.46
˘ 0.00

88.26
˘ 0.01

FW(Macro-P@5) 36.75
˘ 0.01

42.09
˘ 0.01

59.38
˘ 0.02

54.56
˘ 0.07

25.06
˘ 0.03

62.52
˘ 0.02

30.50
˘ 0.04

20.94
˘ 0.03

76.98
˘ 0.05

FW(Macro-R@5) 31.09
˘ 0.00

43.06
˘ 0.00

42.96
˘ 0.00

17.64
˘ 0.00

64.48
˘ 0.00

82.23
˘ 0.00

24.04
˘ 0.00

15.96
˘ 0.00

87.50
˘ 0.00

FW(Macro-BA@5) 31.38
˘ 0.00

43.35
˘ 0.00

44.09
˘ 0.00

17.65
˘ 0.00

64.48
˘ 0.00

82.23
˘ 0.00

24.06
˘ 0.00

15.98
˘ 0.00

87.50
˘ 0.00

FW(Macro-F1@5) 49.63
˘ 0.00

57.60
˘ 0.00

77.08
˘ 0.00

47.53
˘ 0.00

43.33
˘ 0.00

71.66
˘ 0.00

43.08
˘ 0.00

32.05
˘ 0.00

80.22
˘ 0.00

FW(Macro-JS@5) 49.58
˘ 0.00

57.59
˘ 0.00

77.00
˘ 0.00

47.61
˘ 0.00

43.28
˘ 0.00

71.63
˘ 0.00

43.09
˘ 0.00

32.08
˘ 0.00

80.10
˘ 0.00
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Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

Wiki10-31K

Top-5 63.00 97.56 * 17.98 3.73 1.00 50.50 1.42 0.96 4.38
PS-5 61.83 128.33 17.82 7.91 3.69 51.84 4.51 3.49 9.47
Pow-5β“0.25 61.06 127.25 17.56 7.40 3.39 51.69 4.19 3.20 9.01
Pow-5β“0.5 54.03 146.97 15.61 10.03 5.94 52.97 6.77 5.39 12.75
Log-5 56.16 120.69 15.98 6.61 2.91 51.45 3.67 2.72 8.33
Macro-Rprior-5 38.04 150.76 10.94 12.04 8.73 54.36 9.03 7.23 16.77
Macro-BAprior-5 38.28 150.94 11.01 12.05 8.72 54.35 9.03 7.23 16.75

BCA(Macro-P@5) 34.35
˘ 0.21

102.57
˘ 0.27

9.69
˘ 0.06

14.44
˘ 0.01

6.18
˘ 0.02

53.08
˘ 0.01

7.41
˘ 0.02

6.15
˘ 0.02

14.62
˘ 0.01

BCA(Macro-R@5) 27.57
˘ 0.00

129.69
˘ 0.00

7.85
˘ 0.00

12.35
˘ 0.00

8.48
˘ 0.00

54.23
˘ 0.00

8.98
˘ 0.00

7.21
˘ 0.00

17.43
˘ 0.00

BCA(Macro-BA@5) 27.64
˘ 0.00

129.78
˘ 0.00

7.87
˘ 0.00

12.35
˘ 0.00

8.48
˘ 0.00

54.23
˘ 0.00

8.98
˘ 0.00

7.21
˘ 0.00

17.43
˘ 0.00

BCA(Macro-F1@5) 41.01
˘ 0.07

127.82
˘ 0.25

11.75
˘ 0.02

13.68
˘ 0.03

6.67
˘ 0.03

53.33
˘ 0.01

8.08
˘ 0.03

6.58
˘ 0.03

15.39
˘ 0.03

BCA(Macro-JS@5) 41.75
˘ 0.07

128.82
˘ 0.16

11.96
˘ 0.03

13.50
˘ 0.02

6.59
˘ 0.00

53.29
˘ 0.00

8.00
˘ 0.00

6.50
˘ 0.00

15.24
˘ 0.02

BCA(Cov@5) 26.95
˘ 0.05

117.21
˘ 0.22

7.62
˘ 0.02

11.15
˘ 0.02

6.92
˘ 0.02

53.45
˘ 0.01

7.46
˘ 0.02

5.78
˘ 0.02

16.53
˘ 0.03

FW(Macro-P@5) 42.77
˘ 0.02

126.18
˘ 0.05

12.23
˘ 0.01

8.46
˘ 0.00

4.82
˘ 0.00

52.41
˘ 0.00

5.61
˘ 0.00

4.22
˘ 0.00

12.36
˘ 0.01

FW(Macro-R@5) 38.02
˘ 0.00

150.74
˘ 0.00

10.94
˘ 0.00

12.04
˘ 0.00

8.73
˘ 0.00

54.36
˘ 0.00

9.03
˘ 0.00

7.24
˘ 0.00

16.77
˘ 0.00

FW(Macro-BA@5) 38.23
˘ 0.00

150.85
˘ 0.00

11.00
˘ 0.00

12.05
˘ 0.00

8.73
˘ 0.00

54.36
˘ 0.00

9.03
˘ 0.00

7.24
˘ 0.00

16.75
˘ 0.00

FW(Macro-F1@5) 31.55
˘ 0.00

122.28
˘ 0.01

8.98
˘ 0.00

11.31
˘ 0.00

7.74
˘ 0.00

53.86
˘ 0.00

7.81
˘ 0.00

6.30
˘ 0.00

15.25
˘ 0.00

FW(Macro-JS@5) 35.10
˘ 0.00

128.67
˘ 0.01

10.05
˘ 0.00

11.62
˘ 0.00

7.77
˘ 0.00

53.88
˘ 0.00

7.98
˘ 0.00

6.43
˘ 0.00

15.41
˘ 0.00

WikiLSHTC-325K

Top-5 31.14 90.78 * 54.58 18.73 20.72 60.36 17.30 12.97 35.53
PS-5 32.18 101.06 56.72 19.62 25.45 62.72 19.69 14.64 41.44
Pow-5β“0.25 31.43 98.92 55.82 19.35 24.47 62.23 19.18 14.30 40.15
Pow-5β“0.5 29.97 103.63 54.41 19.12 27.76 63.88 20.28 14.90 44.18
Log-5 31.19 94.56 55.11 19.01 22.36 61.18 18.14 13.58 37.52
Macro-Rprior-5 27.35 105.72 51.42 17.50 31.21 65.60 20.16 14.33 48.56
Macro-BAprior-5 27.36 105.72 51.42 17.50 31.21 65.60 20.16 14.33 48.56

BCA(Macro-P@5) 10.70
˘ 0.01

34.79
˘ 0.02

16.98
˘ 0.03

33.85
˘ 0.01

13.08
˘ 0.00

56.54
˘ 0.00

15.37
˘ 0.00

11.82
˘ 0.00

36.13
˘ 0.01

BCA(Macro-R@5) 21.79
˘ 0.00

96.91
˘ 0.00

43.59
˘ 0.00

18.23
˘ 0.00

32.81
˘ 0.00

66.40
˘ 0.00

20.28
˘ 0.00

14.43
˘ 0.00

52.70
˘ 0.00

BCA(Macro-BA@5) 21.79
˘ 0.00

96.91
˘ 0.00

43.59
˘ 0.00

18.23
˘ 0.00

32.81
˘ 0.00

66.40
˘ 0.00

20.28
˘ 0.00

14.43
˘ 0.00

52.70
˘ 0.00

BCA(Macro-F1@5) 24.87
˘ 0.00

87.14
˘ 0.01

44.61
˘ 0.00

26.86
˘ 0.00

26.24
˘ 0.00

63.12
˘ 0.00

23.75
˘ 0.00

18.03
˘ 0.00

48.59
˘ 0.00

BCA(Macro-JS@5) 24.29
˘ 0.00

82.10
˘ 0.00

43.20
˘ 0.01

28.79
˘ 0.00

24.34
˘ 0.00

62.17
˘ 0.00

23.69
˘ 0.00

18.15
˘ 0.00

46.97
˘ 0.00

BCA(Cov@5) 15.20
˘ 0.00

78.05
˘ 0.01

28.45
˘ 0.01

19.08
˘ 0.00

29.12
˘ 0.00

64.56
˘ 0.00

17.97
˘ 0.00

12.72
˘ 0.00

50.61
˘ 0.00

FW(Macro-P@5) 23.91
˘ 0.00

78.62
˘ 0.10

43.47
˘ 0.00

24.18
˘ 0.00

22.06
˘ 0.00

61.03
˘ 0.00

20.09
˘ 0.00

15.32
˘ 0.00

40.17
˘ 0.00

FW(Macro-R@5) 26.75
˘ 0.00

105.58
˘ 0.00

50.52
˘ 0.00

17.61
˘ 0.00

31.88
˘ 0.00

65.94
˘ 0.00

20.38
˘ 0.00

14.42
˘ 0.00

49.60
˘ 0.00

FW(Macro-BA@5) 26.75
˘ 0.00

105.58
˘ 0.00

50.52
˘ 0.00

17.61
˘ 0.00

31.88
˘ 0.00

65.94
˘ 0.00

20.38
˘ 0.00

14.42
˘ 0.00

49.60
˘ 0.00

FW(Macro-F1@5) 27.13
˘ 0.00

92.61
˘ 0.00

48.82
˘ 0.00

22.14
˘ 0.00

25.88
˘ 0.00

62.94
˘ 0.00

21.21
˘ 0.00

15.87
˘ 0.00

44.13
˘ 0.00

FW(Macro-JS@5) 27.28
˘ 0.00

93.04
˘ 0.00

48.93
˘ 0.00

21.82
˘ 0.00

26.03
˘ 0.00

63.02
˘ 0.00

21.05
˘ 0.00

15.69
˘ 0.00

44.32
˘ 0.00



206 B Technical details of the experiments and extended results

Method Instance @5 Macro @5
P PS R P R BA F1 JS Cov

WikipediaLarge-500K

Top-5 37.41 113.72 * 48.07 21.04 21.83 60.92 18.99 14.51 37.87
PS-5 38.04 127.08 49.50 23.18 27.08 63.54 22.27 16.91 44.82
Pow-5β“0.25 37.51 124.47 48.93 22.72 25.88 62.94 21.59 16.42 43.28
Pow-5β“0.5 35.89 130.97 47.83 23.31 29.38 64.69 23.31 17.55 47.76
Log-5 37.43 118.72 48.47 21.80 23.53 61.77 20.12 15.35 40.18
Macro-Rprior-5 31.75 132.99 43.96 22.48 33.03 66.51 23.95 17.60 52.56
Macro-BAprior-5 31.75 132.99 43.96 22.48 33.03 66.51 23.95 17.60 52.56

BCA(Macro-P@5) 13.66
˘ 0.01

46.06
˘ 0.02

15.67
˘ 0.02

36.12
˘ 0.00

14.28
˘ 0.00

57.14
˘ 0.00

16.79
˘ 0.00

13.11
˘ 0.00

38.29
˘ 0.00

BCA(Macro-R@5) 24.92
˘ 0.00

121.88
˘ 0.00

36.36
˘ 0.00

23.33
˘ 0.00

34.71
˘ 0.00

67.36
˘ 0.00

24.28
˘ 0.00

17.71
˘ 0.00

57.18
˘ 0.00

BCA(Macro-BA@5) 24.92
˘ 0.00

121.88
˘ 0.00

36.37
˘ 0.00

23.33
˘ 0.00

34.72
˘ 0.00

67.36
˘ 0.00

24.28
˘ 0.00

17.71
˘ 0.00

57.18
˘ 0.00

BCA(Macro-F1@5) 29.35
˘ 0.00

110.76
˘ 0.00

38.08
˘ 0.00

29.23
˘ 0.00

27.87
˘ 0.00

63.93
˘ 0.00

25.62
˘ 0.00

19.60
˘ 0.00

51.60
˘ 0.00

BCA(Macro-JS@5) 28.80
˘ 0.00

105.36
˘ 0.00

36.87
˘ 0.00

30.82
˘ 0.00

26.21
˘ 0.00

63.10
˘ 0.00

25.46
˘ 0.00

19.64
˘ 0.00

50.12
˘ 0.00

BCA(Cov@5) 17.82
˘ 0.00

98.49
˘ 0.01

25.15
˘ 0.00

24.08
˘ 0.01

30.93
˘ 0.00

65.46
˘ 0.00

21.85
˘ 0.00

15.87
˘ 0.00

55.71
˘ 0.00

FW(Macro-P@5) 24.71
˘ 0.00

88.82
˘ 0.00

32.65
˘ 0.00

26.36
˘ 0.00

21.40
˘ 0.00

60.70
˘ 0.00

20.20
˘ 0.00

15.66
˘ 0.00

40.13
˘ 0.00

FW(Macro-R@5) 31.02
˘ 0.00

133.28
˘ 0.00

43.14
˘ 0.00

22.59
˘ 0.00

33.91
˘ 0.00

66.95
˘ 0.00

24.15
˘ 0.00

17.64
˘ 0.00

53.83
˘ 0.00

FW(Macro-BA@5) 31.02
˘ 0.00

133.28
˘ 0.00

43.14
˘ 0.00

22.59
˘ 0.00

33.91
˘ 0.00

66.95
˘ 0.00

24.15
˘ 0.00

17.64
˘ 0.00

53.83
˘ 0.00

FW(Macro-F1@5) 30.59
˘ 0.00

114.01
˘ 0.00

40.12
˘ 0.00

25.14
˘ 0.00

27.22
˘ 0.00

63.61
˘ 0.00

22.98
˘ 0.00

17.43
˘ 0.00

47.21
˘ 0.00

FW(Macro-JS@5) 30.87
˘ 0.00

110.45
˘ 0.00

39.45
˘ 0.00

25.12
˘ 0.00

25.84
˘ 0.00

62.92
˘ 0.00

22.19
˘ 0.00

16.89
˘ 0.00

44.90
˘ 0.00

Amazon-670K

Top-5 36.71 259.09 * 34.39 14.21 14.41 57.20 13.39 11.41 19.79
PS-5 36.71 272.96 34.51 15.24 15.68 57.84 14.50 12.35 21.41
Pow-5β“0.25 36.89 270.81 34.65 15.10 15.43 57.71 14.32 12.22 21.07
Pow-5β“0.5 36.49 275.49 34.39 15.58 16.01 58.00 14.81 12.61 21.81
Log-5 36.84 264.86 34.55 14.61 14.87 57.43 13.81 11.78 20.36
Macro-Rprior-5 34.70 273.87 32.86 16.02 16.39 58.19 15.06 12.76 22.30
Macro-BAprior-5 34.70 273.87 32.86 16.02 16.39 58.19 15.06 12.76 22.30

BCA(Macro-P@5) 24.08
˘ 0.00

200.71
˘ 0.08

23.12
˘ 0.01

21.04
˘ 0.01

13.67
˘ 0.01

56.84
˘ 0.00

15.33
˘ 0.01

13.52
˘ 0.01

21.38
˘ 0.01

BCA(Macro-R@5) 33.28
˘ 0.00

265.95
˘ 0.00

31.56
˘ 0.00

17.62
˘ 0.00

16.44
˘ 0.00

58.22
˘ 0.00

15.84
˘ 0.00

13.57
˘ 0.00
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B.2.3 Optimization of mixed utilities on datasets with syn-
thetic labels

Figure B.1: Results (%) for k P t1, 3u of optimization of mixed
utilities on synthetic versions of XMLC datasets with ideal estimates
of marginal conditional probabilities ηpxq “ pηpxq.
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B.2.4 Optimization of mixed utilities on original datasets

Figure B.2: Results (%) for k P t1, 3u of optimization of mixed
utilities on original XMLC datasets with marginal conditional prob-
abilities coming from the PLT model.
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C
Streszczenie (introduction and synopsis

in Polish)

C.1 Uczenie maszynowe i ekstremalna klasyfikacja wielo-
etykietowa

Uczenie maszynowe (ang. machine learning) stanowi obecnie szeroką i dynamicznie
rozwijającą się dziedzinę sztucznej inteligencji, znajdującą się na styku informatyki,
optymalizacji matematycznej, teorii informacji, statystyki, a nawet neuronauki.
Główną ideą uczenia maszynowego jest umożliwienie komputerom odkrywania
algorytmów rozwiązujących zadania, które byłyby zbyt trudne lub kosztowne
do rozwiązania przez ludzkich programistów. Zamiast otrzymywać szczegółowe
instrukcje, komputer dostaje dane dotyczące problemu (np. przykłady poprawnie
wykonanych zadań) i na ich podstawie „uczy się” rozwiązywać zadany problem.

Ostatnie postępy w rozwoju algorytmów uczenia maszynowego spowodowały,
że znajduje ono zastosowanie w coraz większej liczbie aplikacji, co prowadzi do
powstawania nowych kierunków badań. Podejścia uczenia maszynowego trady-
cyjnie dzieli się na trzy kategorie, odpowiadające różnym paradygmatom uczenia,
w zależności od rodzaju danych dostępnych dla systemu:

• Uczenie nadzorowane: Komputer otrzymuje przykładowe dane wejściowe oraz
oczekiwane wyniki (przykłady treningowe), dostarczone przez „nauczyciela”.
Zestaw takich przykładów nazywamy zbiorem treningowym. Celem jest
nauczenie ogólnej funkcji mapującej dane wejściowe na wyjściowe.

• Uczenie nienadzorowane: Algorytm nie otrzymuje etykiet i samodzielnie
identyfikuje ukryte struktury w danych wejściowych.

• Uczenie ze wzmocnieniem: Program komputerowy (zwykle zwany agentem)
oddziałuje z dynamicznym środowiskiem, w którym musi realizować pewien
cel. Podejmując różne akcje, otrzymuje informacje zwrotne analogiczne do
nagród. Celem jest nauczenie strategii maksymalizującej sumę tych nagród.
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Taki podział jest dość uproszczoną próbą skategoryzowania licznych podejść
oraz algorytmów uczenia maszynowego. Niemniej jednak, w niniejszej pracy skupi-
amy się bezpośrednio na podklasie uczenia nadzorowanego, jaką jest klasyfikacja.

Klasyfikacja polega na przypisaniu jednej lub wielu dyskretnych etykiet do
danej instancji (punktu w danych) na podstawie jej cech (np. identyfikacja
obiektów widocznych na obrazie, diagnozowanie choroby na podstawie wyników
pacjenta, przypisanie odpowiednich kategorii i tagów do artykułu, przewidywanie
produktów, które mogą zostać zakupione przez konkretnego klienta). Klasyfikacja
jest jednym z najszerzej badanych i stosowanych zadań uczenia maszynowego w
licznych dziedzinach.

Proste zadania klasyfikacji zwykle obejmują przypisanie jednej etykiety (klasy-
fikacja wieloklasowa) lub określenie obecności bądź braku jednej cechy (klasyfikacja
binarna). Jednak wiele rzeczywistych problemów wymaga jednoczesnego przypisa-
nia wielu etykiet jednej instancji. Taki rodzaj klasyfikacji, nazywany klasyfikacją
wielo-etykietową, wprowadza dodatkową złożoność. Na przykład artykuł pra-
sowy może należeć jednocześnie do kategorii „polityka”, „ekonomia” oraz „sprawy
międzynarodowe”; obraz może zawierać jednocześnie wiele obiektów, jak „osoba”,
„samochód” czy „budynek”; klient może zakupić wiele produktów; pacjent może
cierpieć na kilka schorzeń jednocześnie.

Ekstremalna klasyfikacja wielo-etykietowa (ang. extreme multi-label classifica-
tion, XMLC) rozszerza paradygmat klasyfikacji wielo-etykietowej do przypadków z
wyjątkowo dużą liczbą potencjalnych etykiet (od kilku tysięcy do wielu milionów),
gdzie dla każdej instancji istotna jest tylko niewielka ich część. Taka sytuacja jest
coraz bardziej powszechna w nowoczesnych zastosowaniach, takich jak:

1. Tagowanie dokumentów i mediów w wyszukiwarkach: Identyfikacja tematów,
kategorii czy słów kluczowych z milionów możliwych tagów [Dekel and
Shamir, 2010, Deng et al., 2011, Agrawal et al., 2013].

2. Systemach rekomendacyjnych: Proponowanie klientom niewielkiego podzbioru
produktów z ogromnego katalogu na podstawie ich profili, przeglądanych
przedmiotów [Weston et al., 2013, Zhuo et al., 2020, Song et al., 2020] lub
zapytań do wyszukiwarki [Medini et al., 2019, Chang et al., 2020].

3. Reklama internetowa: Dopasowywanie reklam do zapytań lub stron interne-
towych z ich bardzo dużego zbioru. [Prabhu and Varma, 2014, Jain et al.,
2019].

Skala tych problemów odróżnia klasyfikację ekstremalną od standardowej
klasyfikacji wielo-etykietowej, wymagając odmiennych technik i algorytmów. W
XMLC zarówno przestrzeń cech, jak i etykiet mają wysoką wymiarowość, co rodzi
kilka kluczowych problemów:

1. Wydajność obliczeniowa: metody klasyfikacji wielo-etykietowej często charak-
teryzują się co najmniej liniową złożonością względem liczby etykiet lub
większą, uwzględniając złożone zależności między etykietami. Zastosowanie
tych metod staje się niepraktyczne przy dużej liczbie etykiet. W tej sytuacji
niezbędne są wydajne algorytmy umożliwiające zarówno uczenie i inferencje
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w czasie poniżej liniowego.

2. Problemy statystyczne: przy dużej liczbie potencjalnych etykiet większość z
nich występuje jedynie w niewielkiej części instancji, prowadząc do poważnych
problemów związanych z rzadkością i niezbalansowaniem danych. Duża pula
etykiet sprawia również, że proces etykietowania jest podatny na błedy,
zwłaszcza występuje tutaj problem brakujących etykiet, ponieważ jest prak-
tycznie niemożliwe, aby osoby etykietujące dokładnie przejżała cały zbiór
etykiet przy tak dużej ich liczbie.

C.2 Długi ogon etykiet

Chociaż w tej pracy dotykamy kwestii wydajności obliczeniowej algorytmów,
szczególnie koncentrujemy się na problemie dużej nierównowagi i rzadkości etykiet.
Biorąc pod uwagę dużą liczbę etykiet w zbiorach danych XMLC, sięgającą setek
tysięcy czy nawet milionów, oraz ich zgodność z prawem Zipfa [Adamic and
Huberman, 2002], nie jest zaskakujące, że wiele etykiet jest bardzo rzadkich, przez
co rozkład etykiet charakteryzuje się tak zwanym „długim ogonem” [Bhatia et al.,
2015, Babbar and Schölkopf, 2017]. Na figurze 1.1 przedstawiono rozkład częstości
etykiet dla dziewięciu popularnych zbiorów danych z repozytorium XMLC [Bhatia
et al., 2016], co wyraźnie pokazuje, że tylko niewielka część etykiet jest dobrze
reprezentowana w całym zbiorze, podczas gdy pozostałe tworzą długi ogon, mając
niewiele przykładów.

Paradoksalnie, w wielu zastosowaniach te rzadkie etykiety są uważane za
ważniejsze, jako bardziej informacyjne lub satysfakcjonujące w przypadku poprawnej
predykcji; przykładowo, bardzo ogólne tagi są rzadko użyteczne podczas wyszuki-
wania informacji, a użytkownik czuje większą satysfakcję, gdy otrzymuje trafną
rekomendację nieznanego wcześniej przedmiotu zamiast popularnego, o którym już
wie. Powstaje więc istotne pytanie badawcze: jak najlepiej uwzględnić te rzadkie
etykiety?

C.3 Miary jakości w XMLC

Podczas uczenia klasyfikatora zwykle dąży się do uzyskania jak najwyższej jakości
predykcji, wyrażonej w formie metryki oceniającej wyjście klasyfikatora względem
oczekiwanego wyjścia. Do oceny zdolności klasyfikatora do generalizacji używa się
dodatkowego zbioru (testowego), który nie był wcześniej widziany podczas uczenia
klasyfikatora. Zbiór testowy, podobnie jak treningowy, musi zawierać zarówno
dane wejściowe, jak i odpowiadające im poprawne etykiety. Najprostszą metryką w
klasyfikacji jest dokładność zero-jedynkowa (ang. zero-one accuracy), przypisująca
wartość 1, jeśli predykcja klasyfikatora dokładnie odpowiada oczekiwanemu wyjściu



222 C Streszczenie (introduction and synopsis in Polish)

dla danego wejścia, a 0 w przeciwnym przypadku. Wartości te są następnie
uśredniane po wszystkich instancjach w zbiorze testowym.

Ze względu na specyfikę zagadnienia, obszar XMLC przyjął własny zestaw
standardowych miar do oceny klasyfikatorów. W klasycznej klasyfikacji wielo-
etykietowej ocena decyzji klasyfikatora odbywa się dla każdej etykiety osobno
lub dla całego zbioru etykiet pozytywnych i negatywnych. Z powodu charak-
terystyki aplikacji XMLC, takich jak wyszukiwanie i rekomendacje, często nie jest
istotne uzyskanie dokładnej decyzji dla każdej etykiety, lecz raczej zestawu etykiet
określonej wielkości, który maksymalizuje daną metrykę oceny. Wielkość zestawu
predykcji często wynika z interfejsu graficznego użytkownika, mającego określoną
liczbę miejsc na wyniki wyszukiwania, rekomendacje lub reklamy [Cremonesi et al.,
2010, Chang et al., 2021]. Z tego powodu popularne są metryki typu na „k-tym
miejscu” (ang. „at k”, @k), gdzie klasyfikator zwraca dokładnie k etykiet (czasami
również z określoną kolejnością). Najpopularniejszą metryką jest precyzja@k
(ang. precision@k), licząca, ile spośród k przewidzianych etykiet należy do zbioru
poprawnych etykiet, a następnie metryki takie jak czułość@k (ang. recall@k) czy
(n)DCG@k.

Zauważono, że przy dużej nierównowadze częstości występowania etykiet, dobre
wyniki można osiągnąć, przewidując najczęściej występujące etykiety [Jain et al.,
2016, Wei and Li, 2020]. W efekcie społeczność zaczęła rozwijać nowe metryki
premiujące „wartościowe”[Ye et al., 2020], „różnorodne”[Babbar and Schölkopf,
2019] i „rzadkie oraz informacyjne” [Prabhu et al., 2018a] etykiety kosztem najpop-
ularniejszych.

Problem ten jako pierwsi podjęli Jain et al. [2016], wprowadzając miary oparte
o skłonność etykiet do bycia brakującymi (ang. propensity scores), które szybko
zyskały popularność i stały się standardem w społeczności XMLC. Są to warianty
ważone metryk standardowych, jak precyzja@k, premiujące rzadkie etykiety, jednak
interpretacja wyników tych metryk nie jest oczywista.

C.4 Motywacja

Zauważyliśmy, że nawet popularna precyzja ważona skłonnością (ang. propensity-
scored precision) jedynie nieznacznie lepiej różnicuje klasyfikatory, które skutecznie
przewidują rzadkie etykiety, od tych,które sobie z nimi nie radzą. Ta obserwacja
motywuje poszukiwanie alternatywnych miar jakości, lepiej nadających się do
oceny jakości klasyfikatora na etykietach z długiego ogona.

W klasyfikacji wielo-etykietowej można rozważać szerokie spektrum miar, które
zwykle dzieli się na trzy kategorie, zależne od sposobu uśredniania wyników: uśred-
niane po instancjach (ang. instance-wise), mikro- (ang. micro-averaging) oraz
makro-uśrednianych (ang. macro-averaging). Miary uśredniane po instancjach są
zdefiniowane, jak sugeruje nazwa, na poziomie pojedynczej instancji. Typowymi
przykładami są wcześniej wspomniane precyzja@k, czułość@k, (n)DCG@k, strata
Hamminga oraz instancyjna miara Fβ. Mikro-uśrednianie definiuje się na poje-
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dynczej macierzy pomyłek, która sumuje prawdziwie pozytywne, fałszywie pozyty-
wne, fałszywie negatywne oraz prawdziwie negatywne wyniki ze wszystkich etykiet.
Makro-uśrednianie wymaga, aby binarna miara została zastosowana osobno dla
każdej etykiety, a następnie uśredniona po wszystkich etykietach. Generalnie
każdą binarną miarę można zastosować w każdym ze wspomnianych schematów
uśredniania. Nic więc dziwnego, że niektóre miary, np. strata Hamming, prowadzą
do tej samej postaci końcowej niezależnie od użytego schematu. Można również
rozważać szerszą klasę miar, definiowanych jako ogólne funkcje agregujące macierze
pomyłek poszczególnych etykiet.

Metryki makro-uśrednione wydają się szczególnie atrakcyjne w kontekście oceny
skuteczności w problemach XMLC o długim ogonie, ponieważ traktują wszystkie
etykiety jako równie ważne, zapobiegając marginalizacji tych, które posiadają
niewiele przykładów pozytywnych. Z tego powodu dokładniej analizujemy te
metryki przy budżecie predykcji k, który naturalnie pasuje do ustawienia XMLC.
Budżet ten wymaga od algorytmu predykcyjnego „rozsądnego” wyboru etykiet, co
często powoduje, że wśród przewidywanych etykiet znajdują się również te należące
do długiego ogona. Jest to również naturalne w typowych zastosowaniach XMLC,
takich jak systemy rekomendacyjne, w których liczba pozycji jest zdeterminowana
interfejsem użytkownika.

Aby zilustrować nacisk, jaki metryki makro-uśrednione kładą na rzadkie etyki-
ety, w tabeli 1.1 porównujemy dwa klasyfikatory:1 Pierwszy był trenowany na
wszystkich etykietach, a drugi jedynie na 20% najczęstszych etykiet (pozostałe
odrzucono). Oba modele oceniano na pełnym zbiorze etykiet. Standardowe
metryki wykazują jedynie niewielką zmianę po redukcji przestrzeni etykiet do
najczęstszych. Precyzja ważona skłonnością spada zauważalnie bardziej, czasem
nawet do 35%, jednak ten spadek nie oddaje w pełni niezdolności klasyfikatora
do przewidywania pozostałych 80% etykiet. W przeciwieństwie do tego makro-
uśrednione metryki (precyzja, czułość oraz miara F1) przy budżecie k, a także
pokrycie@k (ang. coverage@k), popularna miara pomocnicza w XMLC [Jain et al.,
2016, Babbar and Schölkopf, 2019, Wei and Li, 2020, Schultheis et al., 2022],
spadają znacznie silniej, nawet ponad 70%, znacznie lepiej oddając brak zdolności
klasyfikatora do przewidywania pozostałych 80% etykiet. Wyniki te wskazują, że
makro-miary z budżetem k mogą być bardzo atrakcyjne w kontekście długiego
ogona.

W niniejszej pracy analizujemy problem rzadkich etykiet przez pryzmat miar
jakości do ewaluacji klasyfikatorów. Proponujemy użycie makro-uśrednionych
metryk z budżetem predykcji k jako alternatywy, koncentrując się na skuteczności
przewidywania „rzadkich etykiet”, łatwych w interpretacji, i badamy problem
ich optymalizacji. Interesującym jest fakt, że optymalizację makro-uśrednionych
metryk można rozważać w dwóch odrębnych podejściach statystycznych – oczeki-
wanej użyteczność na zbiorze testowym (ang. expected test utility, ETU) oraz
użyteczności populacyjnej (ang. population utility, PU) [Ye et al., 2012, Dem-
bczyński et al., 2017]. Podejście ETU polega na optymalizacji wartości oczekiwanej

1Używamy zespołu probabilistycznych drzew etykiet [Jasinska-Kobus et al., 2020], tej samej
metody, którą później stosujemy w rodziale 9 do reszty eksperymentów.
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metryki na danym zbiorze testowym, podczas gdy PU dąży do optymalizacji
wartości metryki obliczonej na oczekiwanej macierzy pomyłek całej populacji. O
ile makro-uśrednione miary, a także ogólniejsza klasa miar oparta na macierzach
pomyłek poszczególnych etykiet, były już dobrze zbadane w klasyfikacji wielo-
etykietowej w obu podejściach, o tyle warianty z budżetem k nie były dotychczas
analizowane. Ponadto wcześniej wprowadzone podejścia optymalizacyjne nie mogą
być bezpośrednio zastosowane do problemów z budżetem, ponieważ ograniczenie do
k predykcji, silnie wiąże ze sobą etykiety, czyniąc problem optymalizacji znacznie
trudniejszym.

Jednym z pierwszych wyników tej pracy jest obserwacja, że istnieje klasa
metryk liczonych po etykietach z budżetem k, które można liniowo rozłożyć
na poszczególne etykiety w formie binarnych użyteczności. Klasa ta obejmuje
zarówno standardowe metryki uśredniane po instanacjach, jak precision@k, jak i
metryki makro-uśrednione, potencjalnie umożliwiając uzyskanie ogólnych wyników
w ramach jednolitego podejścia. Z tego powodu interesuje nas zbadanie, czy
istnieją spójne algorytmy inferencji optymalizujące metryki liczone po etykietach
z budżetem k oraz czy są one kompatybilne z istniejącymi podejściami do XMLC.
Ze względu na bardzo dużą przestrzeń etykiet, niemal wszystkie istniejące metody
XMLC dążą do wygenerowania najlepszych k kandydatów wraz z przypisanymi do
poszczególnych etykiet ocenami ich istotności. Najlepiej, aby oceny te odzwiercied-
lały (lub mogły być skalibrowane do) estymaty brzegowych prawdopodobieństw
warunkowych etykiet. Tak więc, aby algorytm optymalizujący metryki liczonych
po etykietach ograniczone do k był praktyczny, powinien operować na brzegowych
prawdopodobieństwach warunkowych etykiet. Pozwoliłoby to na zastosowanie go
do istniejących i przyszłych metod, niezależnie od ich architektury. Dodatkowo,
oczekujemy od takiego algorytmu spójności (ang. consistency), co oznacza, że
wraz ze wzrostem rozmiaru zbioru treningowego, żal (ang. regret) klasyfikatora
maleje do zera.

C.5 Cel i zakres pracy

Biorąc pod uwagę przedstawione powyżej motywacje, hipoteza niniejszej rozprawy
została sformułowana następująco:

Istnieją spójne algorytmy inferencyjne do optymalizacji miar lic-
zonych po etykietach z ograniczeniem predykcji do k-tego miejsca,
które można zdefiniować za pomocą marginalnych warunkowych
prawdopodobieństw etykiet.

Poniżej przedstawiamy główne osiągnięcia tej pracy.

C.5.1 Klasyfikatory Bayesowskie (optymalne)
Wyprowadzamy postać klasyfikatora Bayesowskiego (optymalnego) dla rodziny
ważonych miar uśrednianych po instancjach, obejmujących precyzje@k lub stratę
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Hamminga@k, a także ich wersji ważonych, takich jak ich odmiany ważone skłon-
nością. Idąc za literaturą, uwzględniamy wyniki dla czułości@k [Menon et al., 2019]
oraz (n)DCG [Jasinska and Dembczyński, 2018]. Podobne wyniki przedstawiamy
dla miar dla etykiet, w tym metryk uśrednianych makro, w ramach podejść opartych
o oczekiwaną użyteczność na zbiorze testowym (ETU) oraz użyteczność popula-
cyjną (PU). Nasze wyniki pokazują, że dla wszystkich rozważanych miar klasyfika-
tor Bayesowski można wyrazić przez marginalne warunkowe prawdopodobieństwa
etykiet, co umożliwia optymalizację tych metryk wykorzystując istniejące pode-
jścia do estymowania prawdopodobieństw etykiet. Ponieważ klasyfikacja XMLC
wymaga wydajnych algorytmów, w razie potrzeby konstruujemy aproksymacje
obliczeniowe działające w czasie liniowym względem liczby etykiet. Dla metryk
uśrednianych po instancjach optymalna reguła decyzyjna sprowadza się do prostego
przeważenia prawdopodobieństw etykiet i wybrania k najwyższych. Jednak dla
metryk liczonych po etykietach procedura inferencyjna jest bardziej złożona. W
związku z tym proponujemy procedurę inferencji opartą na algorytmie optymal-
izacji według współrzędnych blokowych (ang. block coordinate ascent, BCA) dla
podejścia ETU oraz algorytm oparty na metodzie Franka-Wolfe’a (FW) [Frank and
Wolfe, 1956] w celu znalezienia optymalnego klasyfikatora w ramach podejścia PU.

C.5.2 Ograniczenia na żal klasyfikatorów
Formalnie kwantyfikujemy wpływ błędu estymacji marginalnych warunkowych
prawdopodobieństw etykiet na suboptymalność wynikowego klasyfikatora dla
wszystkich proponowanych algorytmów inferencyjnych. Wyniki te wyrażamy w
postaci ograniczeń żalu klasyfikatora [Bartlett et al., 2006, Narasimhan et al., 2015,
Kotłowski and Dembczyński, 2017, Dembczyński et al., 2017]. Pojęcie spójności
różni się nieznacznie w zależności od rozważanych ram statystycznych. Zgodny
klasyfikator w standardowym ujęciu oczekiwanej użyteczności na instancji (EIU,
ang. expected instance utility) optymalizuje oczekiwaną użyteczność na próbce
wraz ze wzrostem rozmiaru zbioru treningowego. W podejściu ETU zgodnym
klasyfikatorem jest ten, który optymalizuje oczekiwaną użyteczność predykcji na
ustalonym zbiorze testowym. Natomiast podejście PU koncentruje się na estymacji,
w tym sensie, że zgodny klasyfikator PU to taki, który wraz ze wzrostem rozmiaru
zbioru treningowego zbiega do optymalnej użyteczności populacyjnej. Pokazujemy,
że dla większości miar rozważanych w tej pracy, niewielkie błędy w estymacji
prawdopodobieństw etykiet prowadzą do odpowiednio niewielkiego pogorszenia
wyników, co potwierdza praktyczną użyteczność proponowanych metod. Ponadto,
przy założeniu, że użyta metoda estymacji marginalnych warunkowych praw-
dopodobieństw etykiet jest spójna (tj. błąd estymacji maleje wraz ze wzrostem
danych treningowych), proponowane metody inferencyjne również są zgodne, za-
pewniając tym samym gwarancje teoretyczne.

C.5.3 Wydajne metody inferencyjne
Przedstawione metody inferencyjne mają złożoność liniową względem liczby etykiet,
co w kontekście XMLC jest uznawane za kosztowne. Dlatego pokazujemy, że wyko-
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rzystując rzadkość etykiet, można ograniczyć tę złożoność o rzędy wielkości kosztem
niewielkiego zwiększenia żalu klasyfikatora. Badamy następnie probabilistyczne
drzewa etykiet (ang. probabilistic label trees, PLTs) [Jasinska et al., 2016], popu-
larną rodzinę klasyfikatorów XMLC, które organizują etykiety w strukturę drzewa i
faktoryzują prawdopodobieństwa etykiet na węzłach drzewa. Mimo że dostarczamy
również dowodów spójności dla PLT oraz proponujemy ich wykorzystanie jako
warstwę wyjściową sieci neuronowej, naszym głównym celem jest przedstawienie
metod inferencyjnych opartych na PLT o złożoności podliniowej, do znajdowania
dokładnie k etykiet z największymi prawdopodbieństw wymnośonych razy dostarc-
zone wagi. Osiągamy to, stosując algorytm BF‹ (ang. best-first-star) [Pearl, 1984]
jako procedurę przeszukiwania drzewa PLT podczas inferencji.

C.5.4 Ewaluacja empiryczna
Na koniec, potwierdzamy nasze wyniki teoretyczne szeroko zakrojonymi ekspery-
mentami empirycznymi na kilku popularnych zbiorach danych XMLC z repozyto-
rium XMLC [Bhatia et al., 2016]. Najpierw symulujemy scenariusz perfekcyjnej
znajomości marginalnych warunkowych prawdopodobieństw etykiet, eliminując
główne źródło żalu wprowadzonych metod i potwierdzając ich optymalność. Następ-
nie przeprowadzamy eksperymenty z oryginalnymi etykietami, odzwierciedlając
realistyczny scenariusz niedoskonałej estymacji prawdopodobieństw oraz dużej
rzadkości danych. Dodatkowo pokazujemy, że wprowadzone metody umożliwiają
optymalizację użyteczności dla etykiet, które łączą metrykę instancyjną, prefer-
ującą popularne etykiety, z metryką makro-uśrednianą. Pozwala to znacząco
poprawić wyniki na rzadkich etykietach kosztem niewielkiego spadku jakości na
popularnych etykietach, a kompromis ten można precyzyjnie kontrolować. Na
koniec badamy wydajność obliczeniową metody inferencyjnej PLT opartej na
wyszukiwaniu BF‹, pokazując, że może być ona obliczeniowo tańsza w porównaniu
do prostszej strategii dwuetapowej.

C.6 Powiązane prace

C.6.1 Optymalizacja złożonych metryk wydajności
Problem optymalizacji złożonych metryk wydajności jest dobrze znany, istnieje
duża liczba publikacji analizująca szeroki zakres miar dla różnych problemów
klasyfikacji. Problem ten rozważany był dla klasyfikacji binarnej [Ye et al.,
2012, Koyejo et al., 2014, Busa-Fekete et al., 2015, Dembczyński et al., 2017],
wielo-klasowej [Narasimhan et al., 2015, 2022], wielo-etykietowej [Waegeman
et al., 2014, Koyejo et al., 2015, Kotłowski and Dembczyński, 2017], oraz wielo-
wyjściowej [Wang et al., 2019b].

Początkowo główny nacisk kładziono na projektowanie algorytmów, bez świadomego
uwzględnienia konsekwencji statystycznych wyboru modeli i ich zachowania asymp-
totycznego. Przykładami takich podejść są algorytm SVMperf [Joachims, 2005],
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metody dedykowane różnym typom miary F [Dembczyński et al., 2011, Natara-
jan et al., 2016b, Jasinska et al., 2016] lub precyzji w czołówce rankingu [Kar
et al., 2015]. Rosnące zastosowanie tak złożonych metryk spowodowało zaintere-
sowanie ich teoretycznymi własnościami, które mogą służyć jako wskazówki przy
projektowaniu praktycznych algorytmów.

Spójność algorytmów uczenia jest dobrze zbadanym zagadnieniem. Przełomowa
praca Bartlett et al. [2006] badała ten problem dla klasyfikacji binarnej pod
względem błędu klasyfikacji. Od tego czasu przeanalizowano już szerokie spektrum
problemów uczenia oraz miar wydajności pod kątem spójności. Wyniki te obejmują
rankingi [Duchi et al., 2010, Ravikumar et al., 2011, Calauzenes et al., 2012, Yang
and Koyejo, 2020], klasyfikację wielo-klasową [Zhang, 2004, Tewari and Bartlett,
2007], wielo-etykietową [Koyejo et al., 2015, Kotłowski and Dembczyński, 2017],
klasyfikację z możliwością wstrzymania się od decyzji [Yuan and Wegkamp, 2010,
Ramaswamy et al., 2018] oraz problemy klasyfikacji z ograniczeniami [Agarwal
et al., 2018, Kearns et al., 2018].

Wkład tej pracy jest bliski [Koyejo et al., 2015] oraz [Kotłowski and Dem-
bczyński, 2017]. Artykuły te analizują teoretycznie złożone miary wydajności
znane z klasyfikacji binarnej w kontekście makro- i mikro-uśredniania w klasy-
fikacji wielo-etykietowej. Nie rozważają one jednak predykcji „na k-tym miejscu”.
Narasimhan et al. [2015] rozważają optymalizację złożonych miar wydajności w
klasyfikacji wielo-klasowej oraz w ramach użyteczności populacyjnej (PU).

W kolejnym artykule [Narasimhan et al., 2022] rozszerzają analizę na ograniczenia
zdefiniowane przez dowolne funkcje macierzy pomyłek. Te ograniczenia są jednak
inne niż budżetowe predykcje rozważane przez nas. Przypuszczamy, że ich podejś-
cie może być uogólnione na nasz przypadek. Nasz algorytm Franka-Wolfe’a został
zainspirowany ich podejściem.

Na drugim końcu spektrum znajdują się metryki uśredniane po instancjach
i mikro-uśredniane typu „@k”, takie jak precyzja@k lub czułość@k. Optymalne
klasyfikatory dla tych metryk sprowadzają się do rozwiązywania niezależnych
problemów binarnych lub wieloklasowych poprzez redukcje typu jeden przeciwko
wszysktim (ang. one-vs-all), wybór wszystkich etykiet (ang. pick-all-labels), czy
wybór jednej etykiety (ang. pick-one-labels) [Menon et al., 2019].

C.6.2 Efektywne metody XMLC
W niniejszej pracy podejmujemy nie tylko problem optymalnego dokonywania
predykcji dla k etykiet, lecz także zapewnienia efektywności obliczeniowej w kon-
tekście ekstremalnej klasyfikacji wieloetykietowej (XMLC). Metody inferencji,
które omawiamy, mogą być efektywnie integrowane z dowolnym estymatorem
prawdopodobieństw etykiet, zdolnym do szybkiego wskazania podzbioru k1 na-
jlepszych etykiet na podstawie przewidywanych brzegowych prawdopodobieństw
warunkowych etykiet lub ocen, które mogą być skalibrowane do postaci praw-
dopodobieństw. Aby zapewnić kontekst dla naszych rozważań, przedstawiamy
krótki przegląd istotnych metodologii w tej dziedzinie. Należy zauważyć, że przed-
stawiona tutaj kategoryzacja jest tylko jedną spośród wielu możliwych perspektyw
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na metody XMLC.
Ostatnia dekada zaowocowała wieloma różnorodnymi metodami mającymi

na celu redukcję kosztów obliczeniowych oraz poprawę skalowalności problemów
XMLC. Należą do nich metody oparte na podejściu jeden-przeciwko-wszystkim (1-
vs-all), które wykorzystują rzadkość etykiet [Yen et al., 2017, Babbar and Schölkopf,
2017], zaawansowane metody filtrowania etykiet [Vijayanarasimhan et al., 2014,
Shrivastava and Li, 2015, Niculescu-Mizil and Abbasnejad, 2017], algorytmy oparte
na drzewach decyzyjnych [Prabhu and Varma, 2014, Choromanska and Langford,
2015] oraz strategie redukcji oparte na kodowaniu [Jasinska and Karampatziakis,
2016, Evron et al., 2018, Medini et al., 2019]. Ostatnio dwie rodziny metod zaczęły
dominować krajobraz XMLC: metody oparte na drzewa etykiet (ang. label tree)
oraz metody oparte na zanurzeniach etykiet (ang. label embedding).

Metody operate o drzewa etykiet organizują etykiety w hierarchiczną strukturę
drzewa, z pojedynczymi etykietami umieszczonymi w liściach drzewa. Nowoczesne
warianty zazwyczaj konstruują to drzewo poprzez hierarchiczną klasteryzację
etykiet, kontynuowaną do momentu, gdy każdy klaster zawiera mniej niż kilka-
set etykiet. Struktura drzewa obejmująca klastry etykiet nazywana jest często
routerem, ponieważ dodatkowe klasyfikatory w węzłach wewnętrznych drzewa mają
za zadanie prowadzić proces inferencji do właściwych klastrów etykiet. Klasyczne
podejścia drzew etykiet wykorzystywały rzadkie cechy TF-IDF [Leskovec et al.,
2014] i trenowały oddzielne liniowe klasyfikatory w każdym węźle drzewa [Jasinska
et al., 2016, Prabhu et al., 2018b, Khandagale et al., 2020, Jasinska-Kobus et al.,
2020, Yu et al., 2022]. Z czasem modele te ewoluowały i zaczęły korzystać z
bardziej złożonych architektur: początkowo wykorzystywano proste zanurzenia
słów lub cech w połączeniu z drzewem zawierającym modele liniowe, które służyło
jako warstwa wyjściowa jak i funkcja straty [Wydmuch et al., 2018], następnie po-
jawiły się modele oparte na rekurencyjnych sieciach neuronowych (ang. recurrent
neural networks) [Hochreiter and Schmidhuber, 1997] wzbogacone o mechanizm
uwagi (ang. attention) [Lin et al., 2017] w każdym węźle drzewa [You et al.,
2019b]. Najnowsze podejścia wykorzystują enkodery oparte na transformerach
(ang. encoder-only transformers) [Vaswani et al., 2017, Devlin et al., 2019] w
celu generowania kontekstowych reprezentacji instancji wejściowych [Chang et al.,
2020, Ye et al., 2020, Zhang et al., 2021, Kharbanda et al., 2022a]. Co istotne,
metody drzew etykiet działają w standardowym paradygmacie klasyfikacji i nie
wymagają dodatkowych metadanych ani cech etykiet poza zbiorem treningowym
zawierającym pary instancja-etykieta. W tej pracy omawiamy i rozszerzamy prob-
abilistyczne drzewa etykiet [Jasinska et al., 2016], stanowiące szczególny rodzaj
drzew etykiet, które szacują brzegowe prawdopodobieństwa warunkowe etykiet
poprzez ich dekompozycję na ścieżkach od korzenia do liści drzewa.

Równoległą linią badań względem drzew etykiet są metody oparte na za-
nurzeniach etykiet. Podejścia te zakładają, że przestrzeń etykiet posiada ukrytą
niskowymiarową strukturę i dążą do zanurzenia przestrzeni cech i etykiet we wspól-
nej przestrzeni niskowymiarowej. Początkowe podejścia do osadzania stosowały
proste projekcje liniowe [Mineiro and Karampatziakis, 2015, Yu et al., 2014, Bha-
tia et al., 2015]. Rozpoznając ich ograniczoną ekspresyjność, kolejne podejścia
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wprowadziły transformacje nieliniowe [Tagami, 2017b], oraz zaczeły naturalnie
wykorzystywać architektury głębokiego uczenia [Yeh et al., 2017, Zhang et al.,
2018, Wang et al., 2019a, Guo et al., 2019a], takie jak autoenkodery [Vincent
et al., 2010] i podwójne enkodery [Gillick et al., 2018]. Metody te korzystają z
przybliżonych algorytmów najbliższych sąsiadów (ang. nearest neighbor) do infer-
encji [Malkov and Yashunin, 2018, Jayaram Subramanya et al., 2019]. Najnowsze
podejścia zaczęły wykorzystywać dodatkowe cechy etykiet, takie jak nazwy czy
opisy w języku natrulanym, integrując je poprzez grafowe sieci neuronowe [Kipf
and Welling, 2016] oraz transformery [Zong and Sun, 2020, Saini et al., 2021].
Dla dalszej poprawy skuteczności metody te często są łączone z dodatkowymi
klasyfikatorami na poziomie etykiet [Dahiya et al., 2021, Mittal et al., 2021, Saini
et al., 2021, Dahiya et al., 2023a,b, Gupta et al., 2023].

Metody inferencji, które wprowadzamy, są bezpośrednio aplikowalne do więk-
szości wymienionych metod XMLC, opierając się na oszacowaniach marginalnych
prawdopodobieństw warunkowych etykiet, które pochodzą od klasyfikatora. Więk-
szość powyższych metod albo bezpośrednio estymuje te prawdopodobieństwa, albo
przewiduje wyniki dla poszczególnych etykiet, które można skalibrować. Ponadto
nasze podejście można łączyć z algorytmami radzącymi sobie z brakującymi etyki-
etami [Saito et al., 2020, Qaraei et al., 2021] oraz z metodami poprawiającymi
wydajność predykcyjną dla rzadkich etykiet poprzez np. wykorzystanie cech etykiet
do oszacowania ich korelacji [Mittal et al., 2021, Saini et al., 2021, Dahiya et al.,
2021, Zhang et al., 2022] lub poprzez augmentację danych i generowanie nowych
przykładów treningowych dla rzadkich etykiet [Wei et al., 2021, Kharbanda et al.,
2022b, Chien et al., 2023].

C.7 Zarys pracy

Niniejsza rozprawa składa się z następujących rozdziałów:

• W rozdziale 1, który został przetłumaczony powyżej, zerysowujemy prob-
lematykę uczenia maszynowego, klasyfikacji wielo-etykietowej i klasyfikacji
ekstramalnej. Omawiamy problem długiego ogona etykie i mierzenia trafnośći
przewidywania przez klasyfikatory tych rzadkich etykiet, który stanowi
główne zagadnienie tej pracy. Krótko omawiamy wkład tej rozprawy, oraz
powiązaną literaturę.

• W rozdziale 2 formalnie wprowadzamy problem klasyfikacji wieloetykietowej
z punktu widzenia statystycznej teorii decyzji. Następnie omawiamy me-
tryki jakości oparte o macierz pomyłek oraz przedstawiamy dwie ramy ich
optymalizacji: oczekiwaną użyteczność testową (ETU) oraz użyteczność
populacyjną (PU). Następnie omawiamy szczególne cechy klasyfikacji ek-
stremalnie wieloetykietowej (XMLC), takie jak rozkłady etykiet o długim
ogonie, predykcja przy ograniczeniu „@k” oraz problem brakujących etykiet.

• W rozdziale 3 analizujemy popularne miary stosowane w XMLC, uśredni-
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ane po instancja, w tym precyzje@k, czułość@k oraz DCG@k, jak również
ich ważone warianty. Dla każdej z metryk wyprowadzamy postać optymal-
nego klasyfikatora oraz podajemy ograniczenia żalu wyrażone w kategoriach
błędów estymacji prawdopodobieństw.

• W rozdziale 4 rozszerzamy analizę metryk uśrednianych po instancjach do set-
ting brakujących (zaszumionych) etykiet. Następnie krytycznie analizujemy
popularny model skłonności (ang. propensity model) zaproponowany przez
Jain et al. [2016], służący do estymowania prawdopodobieństw brakujących
etykiet. Omawiamy również związek między metrykami stosującymi mod-
ele skłonności (tzw. metrykami z poprawką skłonnościową) do szacowania
rzeczywistej jakości klasyfikatora na zaszumionych danych a skutecznością
klasyfikacji dla etykiet z długiego ogona, motywując potrzebę opracowania
i popularyzacji nowych metryk skupionych na ocenie jakości klasyfikacji
rzadkich etykiet.

• W rozdziale 5 wprowadzamy użyteczności liczone po etykietach, zwłaszcza
metryki uśrednione makro, należące do rodziny metryk jakości opartych
na macierzach pomyłek, które mogą stanowić dobrą alternatywę do oceny
jakości klasyfikacji rzadkich etykiet. Pokazujemy, że optymalizacja metryk
etykietowych przy ograniczeniu predykcji do k jest nietrywialnym problemem
optymalizacyjnym.

• W rozdziale 6 analizujemy problem optymalizacji metryk etykietowych z
ograniczeniem liczby predykcji „@k” w ramach ETU oraz wyprowadzamy
postać optymalnego klasyfikatora. Następnie proponujemy efektywną proce-
durę aproksymacji wnioskowania opartą na algorytmie optymalizacji według
współrzędnych blokowych (BCA) oraz przedstawiamy oszacowania żalu.

• W rozdziale 7, analogicznie do poprzedniego rozdziału, analizujemy problem
optymalizacji metryk etykietowych w ramach PU. Pokazujemy postać opty-
malnego klasyfikatora, proponujemy algorytm do znajdowania optymalnego
klasyfikatora metodą Franka-Wolfe’a (FW) oraz podajemy oszacowania żalu.

• W rozdziale 8 omawiamy efektywne strategie implementacyjne. Najpierw
przedstawiamy ogólną metodę wykorzystującą rzadkość przestrzeni etykiet
do redukcji złożoności obliczeniowej wprowadzonych metod. Następnie
wprowadzamy probabilistyczne drzewa etykiet (PLT), popularny klasyfikator
XMLC, oraz pokazujemy jak wykorzystać ich hierarchiczną strukturę do
efektywnego wnioskowania dla omawianych metod.

• W rozdziale 9 przedstawiamy eksperymenty empiryczne, które weryfikują
nasze wyniki teoretyczne oraz porównują wszystkie wprowadzone algorytmy
według jednolitego protokołu.

• W rozdziale 10 kończymy niniejszą rozprawę krótkim podsumowaniem.

• W załączniku A zamieszczamy pełne wyprowadzenia dowodów, które były
zbyt długie, by umieścić je w głównej części pracy.

• W załączniku B omawiamy dodatkowe szczegóły techniczne dotyczące przeprowad-
zonych eksperymentów oraz przedstawiamy dodatkowe wyniki.
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